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Let K be a function field over a perfect constant field of positive characteristic p, and
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which is impossible in the case of number field. Moreover, we give an explicit closed form
description of all the different exponents in L/K in terms of those in all the M/K; results
of a similar nature are given for the genus, the regulator, the ideal class number and the
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of the ramification group filtration of L/K.
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1. Introduction

When investigating algebraic number fields and function fields, Hilbert ramifica-
tion theory is a convenient tool, especially in the study of wild ramification. Fix a
function field K over a perfect constant field of positive characteristic p, and let L
be the compositum of two or more (degree p) Artin-Schreier extensions of K. We
investigate the splitting and the different exponent at a place P of K in the field
extension L/K. In the case where L is the compositum of just two Artin-Schreier

*Research supported by NSERC of Canada.



October 7, 2009 10:17 WSPC/INSTRUCTION FILE ram-groups

2 Qingquan Wu and Renate Scheidler

extensions, i.e. [L : K] = p?, we also completely characterize the collection of ram-
ification groups of L/K at P. Our main results are obtained by extensive use of
valuation theory and the explicit construction of a suitable uniformizer for any place
of L lying above P.

The decomposition of P in L is in essence completely determined by its de-
composition in all the intermediate degree p Artin-Schreier extensions M /K. For
example, if P (totally) ramifies in every such extension M /K, then P totally ram-
ifies in L/ K. Note that this is exactly the opposite of Abhyankar’s Lemma, due to
the fact that P is wildly ramified in all the intermediate degree p extensions M /K.
In fact, much more can be said; namely that P totally ramifies/is inert/splits com-
pletely in L/K if and only if it (totally) ramifies/is inert/splits (completely) in all
Artin-Schreier subfields M /K with [M : K] = p. Thus, for these extreme splitting
types, the decomposition in the compositum of Artin-Schreier extensions faithfully
reflects the decompositions in the intermediate degree p Artin-Schreier extensions.

Literature on the topic of (generalized) Artin-Schreier extensions is extensive.
The terminology arises from a paper by Artin and Schreier [3]. Hasse [16] inves-
tigated Artin-Schreier extensions at length and introduced a standard form de-
scription whose explicit nature facilitates the investigation of these objects con-
siderably. In [20], the standard form description is extended to cyclic generalized
Artin-Schreier extensions (or Artin-Schreier-Witt extensions), while the ramifica-
tion groups of Artin-Schreier-Witt extensions are studied in [24]. For generalized
Artin-Schreier extensions whose Galois groups are elementary abelian p-groups, we
refer to a series of papers by Beelen, Garcia, and Stichtenoth [12,13,4,14,6]. In the
context of applications to coding theory, the main focus of these papers is frequently
the asymptotic“good” or “bad” behavior of field extension towers; specifically, how
the number of rational points varies with respect to the genus in the extension
towers. A good survey can be found in [15].

Throughout this paper, we use the following notation:

k is a perfect field of characteristic p > 0;

K is a function field with constant field k;

P is a place of K whose degree is denoted by deg(P);

vp @ K — ZU{oo} is the (surjective) discrete valuation corresponding to P;
Op ={a € K | vp(a) > 0} is the valuation ring corresponding to P.

Then Op /P is an extension field of k of extension degree deg(P).

For any extension L of K and any place 3 of L lying above P, we write |P.
Let e(B|P), f(B|P), r(P|P), and d(P|P) be the ramification index, relative degree,
number of places of L lying above P, and different exponent of 3|P, respectively;
we note that r(3|P) is in fact independent of 3, but we use this notation to specify
the field L containing P if necessary. If L/K is a Galois extension, we denote the
first three of these quantities by e(P), f(P), and r(P), respectively, if there is no
need to specify L. In this case, e(P) f(P)r(P) = [L : K], the degree of the extension
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L/K, and the ramification groups of B|P are given by
Gi=G;(P|P) ={o € Gal(L/K) | vp(t” —t) > i+ 1 for all t € Op} (1.1)

for i > 0. The connection between these groups and the different exponent is re-
flected in Hilbert’s different formula (see for example Theorem 3.8.7, p. 136, of [23]):
d(BIP) = Y _(#Gi(BIP) - 1) . (1.2)

i=0
We also recall the transitivity of the decomposition data and the different exponent.
If K C F C L are function fields, 3 a place of L, p = BN F, and P =P N K, then

e(BIP) = e(Blp)e@|P), f(BIP) = f(Blp)f(p[P), r(BIP) = r(PBlp)r(p[P) .
(1.3)
and

d(B[P) = e(Blp)d(p|P) + d(Blp) - (1.4)

Henceforth, we restrict to the Artin-Schreier set-up. For 1 < ¢ < n, let y; have a
defining equation of the form

v —yi=a € K . (1.5)

Let L be the compositum of the fields K (y;), 1 <4 < n. Then L/K is an elementary
abelian p-extension of type (p,p,...,p) (at most n copies). Henceforth, we assume
there are exactly n copies, so [L: K] = p™.

2. The Casen =1

When n = 1, then L/K is simply an Artin-Schreier function field extension. This
scenario is very well understood. For any Artin-Schreier generator y of L/K, say
yP —y =c € K, we may assume that

either vp(c) >0, or ptop(c) <0 . (2.1)

This result was given by Hasse [16] and is also formulated as Lemma 3.7.7, p. 125,
of [23]. In fact, when K is the rational function field, Hasse proved that (2.1) holds
simultaneously for all places P of K. When K is an arbitrary function field, we can
assume that (2.1) holds for any fixed place P of K, but the choice of ¢ may depend
on P. The proof of how to choose ¢ corresponding to P is, in essence, revisited in
the proof of Lemma 3.9 below.

Throughout this section, let L = K(y) with y» —y = ¢ € K, such that (2.1)
holds.

Tt is easy to see when exactly k is the (full) constant field of L:

Proposition 2.1. k is the (full) constant field of L if and only if ¢ ¢ k.

Proof. If k is the full constant field of L, then obviously ¢ ¢ k. Conversely, suppose
c ¢ k. Then by (2.1), there exists a place Q of K so that p { vg(c) < 0. Let k be
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a fixed algebraic closure of k. Consider the constant field extension Kk/K, and let
Q be the unique place of Kk lying above Q. Then vg(c) = vg(c) since Kk/K is
unramified. It follows from Eisenstein’s Criterion (Proposition 3.1.15, p. 76, of [23])
that TP — T — c is irreducible over Kk. Hence L has full constant field . ]

Recall the decomposition of a place in an Artin-Schreier extension L/K:

Theorem 2.2. The decomposition of any place P of K in L is
(15 17p) if’UP<C) Z 0
and TP — T — ¢ splits modulo P,
(e(P), f(P),r(P)) = § (1,p,1) if vp(c) =0

and TP — T — ¢ is irreducible modulo P,
(p,1,1) if pfop(c) < 0.

Proof. This is an easy consequence of Kummer’s Theorem (Theorem 3.3.7, p. 86,
of [23]) and Eisenstein’s Criterion (Proposition 3.1.15, p. 76, of [23]). O

Note that T? — T — ¢ always splits modulo P if vp(c) > 0.
Let 8 be any place of L lying above P. By Proposition 3.7.8 (c), p. 127, of [23],
the different exponent of B|P is

-1 ife(P)=0,
—vp(c)if e(P) >0

Hence by Hilbert’s Different Formula (1.2), the ramification groups G; = G;(B|P)
are

d(P|P) = (m + 1)(p — 1) with m = { (2.2)

Go=Gi==GCpm 2D GCpss={Id} .

Finally, we establish a one-to-one correspondence between the places B of L with
vp(y) # 0 and the places P of K with vp(c) # 0.

Theorem 2.3. For any place B|P of L/ K, the following hold:

(1) If vp(c) < O, then B is the unique place of L lying above P, and vp(y) =
vp(c) < 0.

(2) If vp(c) =0, then vy (y) = vp(c) = 0.

(8) If vp(c) > 0, then P splits completely in L/K. If B1 = P, Po, ..., B, are
the places of L lying above P, then vy, (y) = vp(c) > 0 for one index i, and
v, (y) = 0 for all j # i.

Proof. The uniqueness of P in part (1) follows from Theorem 2.2, since P (totally)
ramifies in L/K. The other results in parts (1) and (2) are immediate by applying
the strict triangle inequality at P to the equation y? —y — ¢ = 0. For part (3), when
vp(c) > 0, then P splits completely in L/K by Theorem 2.2. We claim that

v, (y) > 0 for some i = vy, (y) =0 for all j #i . (2.3)
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Indeed, since the Galois group Gal(L/K) of L/K acts transitively on the places
B;, there exists for any distinct pair of indices 4,5 an automorphism o €
Gal(L/K)\ {Id } such that 7 = B;. Then y” = y + 1 for some 1 <! < p—1,
since {y +1 | | € F,} is the set of roots of the equation 7?7 — T = c¢. Now
vp, (y +1) = vpe(y?) = vy, (y) > 0. Hence, by the strict triangle inequality,
o (y) = min{og (y + 1), v, ()} = v, (1) = 0.

Without loss of generality, we can assume that vy, (y) = 0 for 2 < ¢ < p. It
remains to show that vy (y) = vp(c) > 0. Note that vy (y) € {0,vp(c)} by applying
the strict triangle inequality at P to the equation T? — T — ¢ = 0. In particular, we
have

> valy) <wve(e) (2.4)

ap
where £ runs through all the places in L lying above P. Here, equality holds if and
only if vz (y) = vp(c). Note that (2.4) is true for an arbitrary place P of K, as long
as vp(c) > 0. Let Dk and Dy, denote the divisor groups of K and L, respectively,
and consider the principal divisors (¢) € D and (y) € Dr. By part (1), the degree
of the pole divisor of (¢) in Dk equals the degree of the pole divisor of (y) in Dy,.
Hence the same is true for the zero divisors of (¢) and (y), i.e.

> wvaly)deg(Q) = > wolc)deg(Q) . (2.5)
va (y)>0 v (c)>0
By parts (1) and (2) and (2.3), we see that for all places Q of K, vq(y) # 0 for at
most one place Q|Q. Thus, (2.5) implies
Do D valy)deg(Q) = Y volc)deg(Q) - (2.6)
vo(e)>09[Q vg(c)>0
Note that when vg(c) > 0, deg(Q) = deg(Q) for any 9|Q. Our result now follows

by multiplying (2.4) by deg(P), summing both sides of the resulting identity over
all places Q of K such that vg(c) > 0, and comparing with (2.6). O

It should be noted that some of the results of Theorem 2.3 can be generalized to
complete discrete valuation fields of characteristic 0; see Proposition 2.5, pp. 77f.,
of [11].

Corollary 2.4. For every place P of K with vp(c) # 0, there exists a unique place
B of L lying above P such that vy (y) # 0. Conversely, for every place P of L such
that vy (y) # 0, its restriction P = PN K to K has the property that vp(c) # 0.

3. The case n = 2

This setting turns out to be crucial in our analysis of the case of general n that will be
investigated in the next section. Throughout this section, let L be the compositum
of two Artin-Schreier extensions K (y) and K(z), so L = K (y, z) with

y—-—y=acK, 2X-z=beK. (3.1
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For an arbitrary fixed place P of K, we assume throughout this section that (2.1)
holds for both ¢ = a and ¢ = b without loss of generality; that is,

either vp(c) > 0,0r ptovp(c) <0 for ¢ € {a,b} . (3.2)

We also require that K(y) and K(z) be disjoint. To guarantee this, it suffices to
assume that a # ib + dP — d for any ¢ € F; and d € K, by Proposition 5.8.6, p.
171, of [25]. Then L/K is an elementary abelian p-extension of degree p?. Note that
L/K has p + 1 intermediate fields of degree p, given by K(y) and K(iy + z) for
ieF).

We begin again with a characterization of the constant field of L.

Proposition 3.1. k is the (full) constant field of L if and only if a ¢ k andia+b ¢ k
for any i € Fp,.

Proof. We only show that the constant field of L is k if a ¢ k, ia + b ¢ k for any
i € IFp. The other direction is trivial.

By Proposition 2.1, K(y) and K (iy + z) have full constant field k for all i € F,,.
Let I be the constant field of L. Since K (y) has constant field k, [l : k] € {1,p}. If
[l : k] = p, then the compositum K1 of K and [ is a degree p intermediate field over
K in the extension L/K. Hence Kl is either K(y) or K(iy + z) for some i € F),.
This is a contradiction since all these p + 1 fields have constant field k. O

As in the previous section, we provide an easy description of the decomposition
in L/K of any place of P of K. For this, and for comparison to our later results,
we will need Abhyankar’s Lemma (Proposition 3.9.1, p. 137, of [23]):

Proposition 3.2 (Abhyankar’s Lemma). Let F be a function field, E = F1Fy
the compositum of two intermediate fields FF C Fy,Fs C E, B a place of E, p; =
PVNF; fori=1,2, and P =P NF. Assume that P is tamely ramified in F;/F for
at least one i. Then e(P|P) = lem{e(p1|P), e(p2|P)}.

We will also make use of the following lemma:

Lemma 3.3. Let F' be any field with a place P, E the compositum of extension fields
of F so that E/F is Galois, and assue that E/F admits at least one intermediate
field F & M G E. Then P is inert/totally ramified in E/F if and only if P is
inert/totally ramified in all the intermediate fields N with F & N G E.

Proof. If P is inert/totally ramified in F/F, then by (1.3), P is inert/totally
ramified in all the intermediate field extensions N/F. Now let B be any place of E
lying above P. First, suppose that P is inert in all the intermediate fields N with
F ¢ N ¢ E. Then e¢(P) = 1 by Proposition 3.2, so it suffices to show that r(P) = 1.

By way of contradiction, assume that 7(P) > 1. Then 1 < r(P) < [E : F].
Let EP be the decomposition field of B|P. Then EP is an intermediate field with
F ¢ EP ¢ Esothat 1 <r(P)=[EP: F] <|[E: K], and P splits completely in
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EP/F. This contradicts our assumption that P should be inert in the intermediate
extension EP /F.

Now suppose that P totally ramifies in all the intermediate fields N with F' &
N ¢ E, so it suffices to show that f(P)r(P) = 1. Assume again that f(P)r(P) > 1,
so 1 < f(P)r(P) < [E : F]. Then the inertia field B of 3|P is an intermediate
field with £ ¢ EX ¢ E, s0 1 < f(P)r(P) = [E!: F] < [E : F] and P is unramified
in E1/F. This is again a contradiction. m|

We require additional notation. For any place 3 of L, write
P=PNK, po=PNK(y), p=PNK(y+z)forl<i<p. (3.3)
Then P splits in L as follows:

Theorem 3.4. If P,'B,p; (0 < i < p) are given by (3.3), then the decomposition
of Pin L is
(1,1,p?) if r(ps|P) = p for all 0 < i < p;
(1,p,p) if r(p:|P) = p for one i

and f(p;|P) = p for all j #1;
(1,p%1) if f(ps|P) =p for all i ;
(e(BIP), f(BIP),r(BIP)) = (p,1,p) if r(p;|P) = p for one i

and e(p;|P) = p for all j # i;
(p,p, 1) if f(ps|P) =p for one i

and e(p;|P) = p for all j # i;
(p27 13 1) Zf 6(Pz|7)) =D fOT all 1.

Furthermore, if k is a finite field, then the case (1,p? 1) does not occur.

Proof. If r(p;|P) = p for at least two indices 4, then r(p;|P) = p for all 4, so
r(B|P) = p* by Proposition 3.9.6 (b), p. 141, of [23].

Suppose now that r(p;|P) = p for exactly one i. Then f(p,;|P)e(p;|P) = p for
some j # i. Without loss of generality, assume that i = 0 and j = p.

If f(pp|P) = p, then obviously (e(B|P), f(B|P),r(B|P)) = (1,p,p). Further-
more, by Theorem 2.2, TP — T — qa splits modulo P and T? — T — b is irreducible
modulo P, which implies the irreducibility of TP — T — (ia + b) modulo P, for all
1 <i<p. Hence, f(p;|P)=pfor 1 <i<np.

If e(pp|P) = p, then obviously (e(B|P), fF(BIP),r(B|P)) = (p,1,p). Then
vp(a) > 0 and p t vp(b) < 0 by Theorem 2.2. Hence p { vp(ia +b) = vp(b) < 0
by the strict triangle inequality, which implies e(P;|P) = p for 1 < i < p, again by
Theorem 2.2.

Lastly, suppose that r(p;|P) = 1 for 1 < i < p. If f(p;|P) = p for some i and
e(p;|P) = p for some j # i, then arguments similar to the case r(po|P) = 1 apply.
In this case, e(p;|P) = p for all j # 4, and (e(P|P), f(B|P),r(B|P)) = (p,p,1). If
f(p;|P)=pforall 0 <i<pore(p;|P)=pforall 0 <i< p, then our claim follows
immediately from Lemma 3.3.
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Finally, we prove that the case (1,p?, 1) does not occur when k is finite. Let
Op/P = F, and p : u — uP — u the Artin-Schreier operator. Then p is an en-
domorphism on the additive group of F,. It is easy to see that p is a p-to-1 map,
hence the image Im(p) of p in Op/P = F, has cardinality ¢/p and F,/Im(p) has
cardinality p.

Consider the p + 1 polynomials 7? — T — @ (mod P), TP — T — (ia + b) (mod
P), 1 < i < p, over F,. By the Pigeon Hole Principle, at least two of them are
in the same residue class modulo Im(p). Without loss of generality, assume that
TP —T —a=T? —T — b (mod Im(p)), so a — b = u? — u for some u € F,. Then
(p—1)a+ b= (—u)? — (—u), which implies that T? — T — ((p — 1)a + b) (mod P)
has a root in F,. By Theorem 2.2, (p,_1|P) > 1, and hence r(B|P) > 1. It follows
that f(B|P) = p? cannot occur. O

Theorem 3.4 implies that in a compositum of two Artin-Schreier extensions,
the converse of Abhyankar’s Lemma (Proposition 3.2) also holds; that is, if
e(B|P) = lem{e(p;|P,e(p;|P} for some 0 < 4,5 < p, then P is tamely ramified
(and hence unramified) in at least one of the degree p Artin-Schreier extensions
of K. In fact, unless P is inert or totally ramified or splits completely, we have
e(BIP) = lem{e(pi|P) | 0 <@ < p}, f(BIP) = lem{f(pi[P) | 0 < i < p}, and
F(PIP) = lem{r(pilP) | 0 < i < p}.

We saw that the totally inert case described in Lemma 3.3 cannot happen over
finite constant fields. It should be noted that this case happens rather rarely in
number fields as well. For example, let L/K be a Galois extension of number fields
with a non-cyclic Galois group. Then by Corollary 10.1.7, p. 479, of [8], no prime
ideal of K is inert in L/K.

However, the totally inert case does occur in the compositum of Artin-Schreier
extensions L/K:

Example 3.5. For any rational prime p > 0, there exists an (infinite) perfect field
k of characteristic p, so that for any function field K with constant field £ and any
place P of K, there exists a field L that is the compositum of two Artin-Schreier
extensions of K so that [L : K] = p?, k is the full constant field of L, and P is inert
in L.

Proof. For any rational prime p > 0, let FF; be a finite field of characteristic p,
Uy = F,(x) the rational function field, and Uy a fixed algebraic closure of Uy. For
i>1,let Uy={a€Uy|a? €U;_,}, and set k = Uiso Ui- It is easy to see that U;
is a field for all i > 0, and that k is a perfect field.

For any function field K with constant field &, and any place P of K, we choose
aj, bj € K\ k so that a; — 2'*9? € P and b; — 2! ™P™9? € P for all j > 0. This
is possible since k C Op/P. For example, choose a; = z'79P 4+ 7 where 7 is a
uniformizer of P; similarly for b;. Then a;,b; € K\ kasz € k and 7 € K \ k. Set
Lj = K(yj,2j), where y¥ —y; = a;, 2§ — z; = b;, for all j > 0.
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Note that [L; : K] < p?. By Proposition 2.1, K(y;)/K and K(z;)/K define
Artin-Schreier extensions of K with full constant field & for all j > 0. Thus, k is
the full constant field of L; by Proposition 3.1. For 1 < i < p and j > 0, consider
the polynomials

Jog(T) = TP =T =29 [i5(T) = TP =T = (g™ 4 gt 750)

It remains to show by Theorems 2.2 and 3.4 that for some j, the polynomials f; ;(T)
remain irreducible over Op /P for all i € [F,,.
Note that f; ;(T') is defined over k. We claim that

fi;(T) is irreducible over k for all0 < i <pand j >0 . (3.4)

In fact, we prove a more general result:

g(T) =TP — T — h(z) is irreducible over k

if h(z) € Fyfa] with pf deg, (k) . (3:5)

By Artin-Schreier theory (see, for example, Theorem 6.4, p. 290, of [19]), it suffices
to show that ¢(7") has no roots in k. Assume to the contrary that o € Uj is a root of
g9(T). Then ar' € F,(x) is aroot of T? — T — h(z)pl. Since F,[z] is integrally closed,
it follows that o € F,lz]. If I = 0, then a € Fy[z] is a root of T? — T — h(z), which
cannot be the case since p { deg,(h). So [ > 0.

Set a?' = h(z)? ' 4 B with 8 € Fy[z]. Then § is a root of TP — T — h(z)?' .
After a finite number of such steps, with [ decreasing in each step, we eventually
obtain a root v € Fy[z] of T? — T — h(z), a contradiction. This finishes the proof of
(3.5) and hence (3.4).

Next, we claim that the splitting fields of f; ;(T") are pairwise distinct for fixed i
and distinct j. In other words, the fields defined by f; ;, (T) and f; ;,(T) are distinct
for all 7, if j; # jo. Since both polynomials are of Artin-Schreier type, it suffices to
show that

TP L g1 I2P L gP — d for any [ € Fyand d € k ,
jplThp 4 g ltptip £ l(ix1+j2p 4 x1+p+jzp) +dP —dforallle F;«N dek,

by Proposition 5.8.6, p. 171, of [25]. Equivalently, this states that both TP — T —
(x1tip — [ 21H52P) and TP — T — (ix'HP 4 pl+pHip [ (jpltizp 4 p1+p+i2p)) are
irreducible over k, which is true by (3.5).

For any fixed place P of K, Op/P is a fixed extension field of k. Since the
splitting fields of fy ;(T') over k are pairwise distinct for distinct j, there are infinitely
many fo ;(T') that are irreducible over Op /P. Similarly, among these infinitely many
indices j, there are infinitely many f; ;(T') that are irreducible over Op/P. In this
way, we eventually obtain infinitely many indices j so that f; ;(T) is irreducible
over Op /P for all 0 <i < p.

Set L = L; such that f; j(T) is irreducible over Op/P for all 0 < i < p. It
remains to show [L : K| = p? to finish the proof. Clearly TP —T'—a; and TP —T —b;
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are irreducible over K, since they are irreducible modulo P. Also it is obvious that
K(y;) and K(z;) are disjoint, by a similar modulo P analysis. O

Next, we give two examples corresponding for the totally ramified case in The-
orem 3.4. These examples will be revisited and their distinctions explained later on
in this section.

Example 3.6. For an arbitrary rational prime p > 0, let K be any function field
of characteristic p, P any place of K, a any element of K so that p { vp(a) < 0,
b=aPt and L = K(y,z) with y, 2 defined by (3.1). Then P is totally ramified in
L.

Proof. Note that a can for example be chosen to be the inverse of a uniformizer
of P. Then p { vp(a) < 0 and p f vp(b) = (p+ 1) vp(a) < 0, so p  vp(ia +b) =
(p+1)vp(a) < O0forall1 <i < p—1.Hence P ramifies in K(y)/K and K (iy+2)/K
for all 1 <i < p by Theorem 2.2. By Theorem 3.4, P totally ramifies in L/K.

We can provide an alternative proof using the Hurwitz genus formula instead of
Theorems 2.2 and 3.4 if we construct the element a more carefully. Let gx denote
the genus of K, and [(D) the k-dimension of the Riemann-Roch space L£(D) of
any divisor D of K. Then by Theorem 1.5.17, p. 31, of [23], we have I(dP) =
ddeg(P) — gk + 1 for any integer d > 2gx — 1. Take d sufficiently large so that p {d
and d > 2¢gg, and let a € L(dP) \ L((d — 1)P).

Note that P is the only ramified place in K(y)/K and K(iy + z)/K for all
1 <4 < p. By way of contradiction, suppose that P is not totally ramified in L/K.
Then L/K (y) and L/K (iy+z) are unramified for 1 < 4 < p. Denote by gz, go, and g,
the genera of L, K (y), and K (z), respectively. Then 2g;,—2 = p (290—2) = p (29,—2)
by the Hurwitz Genus Formula, which implies go = gp.

On the other hand, again by the Hurwitz Genus Formula,

290 —2 =p(29x —2) + (p — 1) deg(P)(1 — vp(a))
# 029Kk —2) + (p — 1) deg(P)(1 — pvp(a) — vp(a)) =29, — 2,

contradicting go = gp- D

Example 3.7. For an arbitrary rational prime p > 0, let K be any function field
with a perfect constant field k D F,, a € k\ Fp,, P any place of K, a any element
of K so that p t vp(a) < 0, and vg(a) > 0 for all places Q # P of K, b = aa,
and L = K(y,z) with y, z defined by (3.1). Then P is totally ramified in L, and
vp(a) =vp(ia+b) for all 0 <4 < p.

Proof. In lieu of Example 3.6, it suffices to show that vp(ia + b) = vp(a) for all
0 <i < p. But this is obvious since vp(i + a) =0 for ¢ € Fp,, since a € k\F,. O

We now provide a simple description of the entire ramification group sequence
G; = G;(B|P), and hence the different exponent, of any place B|P of L/K. Obvi-
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ously #G; € {1,p,p?} for all i > 0. In lieu of (2.2), it will be useful to define the
quantities

m = min{d(p;|P)/(p—1) —1|0<i < p},

M = max{d(p;|P)/(p—1)—1]0<i<p}, (3.6)

with p;, 0 < i < p, as in (3.3). Clearly, m and M are integers that depend on the
field extension L/K only. For example, if 98 totally ramifies in L/K (and hence in
K(y)/K and K(z)/K by Lemma 3.3), and if vp(b) < vp(a), then m = —vp(a) and
M = —vp(b) by (2.2). We point out that both m < M and m = M can occur when
P totally ramifies in L/K: Examples 3.6 and 3.7 represent scenarios for the former
and latter case, respectively.

It is straightforward to compute the ramification group sequence when P does
not totally ramify in L/K. In this case, e(p;|P) = 1 for some 0 < j < p by Lemma
3.3, so obviously #G; € {1,p}, and m = —1 by (2.2).

Proposition 3.8. Let P be a place of K that does not totally ramify in L, B|P a
place of L, and M defined by (3.6). Then the ramification group filtration of B|P
as defined in (1.1) is given by

G():Glz...:GMQGMJrlz{Id} ,

where #Go = e(P|P) € {1,p}, and M = —1 if and only if P is unramified in L/ K.
Furthermore, d(B|P) = (M +1)(p — 1).

Proof. If P is unramified in L, then there is nothing to prove, so suppose that
e(B|P) = p. Let p; (0 < i < p) given by (3.3). By Theorem 3.4, e(p;|P) = p for
some 0 < j < p, so d(p;|P) = (M +1)(p—1) by (2.2). Then e(B|p;) =1 by (1.3),
and hence d(P|p;) = 0. It follows that d(B|P) = (M + 1)(p — 1) by (1.4). The
characterization of the G; now follows from (1.2). |

The totally ramified case is much more interesting, so we assume henceforth,
until the end of the section, that P totally ramifies in L/K. Our analysis of the
groups G; proceeds in several stages. First, we produce a recursive sequence of Artin-
Schreier generators z, € Kly, z] (h > 0) of L/K(y) whose vyp-value increases as h
increases until a certain threshold is reached. Since this threshold is not divisible
by p, this guarantees the existence of an Artin-Schreier generator w € Kly, z] of
L/K(y) with p { vp(w); note that we cannot choose w = z as vgp(z) = pvp(b)
is divisible by p. Now by Proposition 3.8.5, p. 134, of [23], it suffices to check the
membership property of any G; for a uniformizer ¢ of 8 only. The existence of w
will yield such a uniformizer for which it will be possible to explicitly determine all
the groups Gj;.

By relabeling the intermediate degree p extensions of K in L if necessary, we
may henceforth assume that

m = —vp(a) and M = —vp(b) if P totally ramifies in L . (3.7
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Lemma 3.9. Let P a place of K that totally ramifies in L, B and po given by (3.3),
and m, M defined by (3.6). Then there exist sequences by, € K and z, € K|y, z] such
that for all h > 0 the following properties hold:

(1) vp(bhy1) > vp(bn);
(2) 2 — 2z, € Kly] and vy, (25 — z1) = min{vy, (bp), p(m — M) —m};
(3) zp is an Artin-Schreier generator of L/ K (y).

Proof. By Theorems 3.4 and 2.2, we have p { vp(a) < 0 and p t vp(b) < 0. We
begin by constructing a sequence by, € K (h > 0) such that part (1) of the lemma
holds. Initialize by = b. Suppose we are given by, with h > 0. Since p t vp(a), there
exist iy, jp € Z with ip, > 0 and ipvp(a) + jup = vp(by). Let m be any uniformizer
of P. Then vp(wi*Pa't) = vp(by). Hence, by 7"Pa~" € Op = {a € Op | vp(a) =
0} C K.

Since Op /P is perfect, there exists uj, € Of such that bym~7*Pa~" —ul € P,
so vp (b —IrPa=m — ul) > 0. Set b1 = by, — uf w"Pa’s. Then vp (bpt1) > vp(by)
as required.

Next, we define auxiliary sequences [, oy, € K[y as follows.

Br = upmhy™ (b >0) ,

ap = by — by — B + €Po, ap=bp —bpp1— B, (h>1),

where € = 1if m = M and € = 0 if m < M. We compute the v,,-values for
both these sequences. Since v,,(y) = vp(a) by Theorem 2.3, we have v,,(8r) =
Jnp + ipvp(a) = vp(by). Now fix h > 1if m = M and h > 0 if m < M. Then by
construction of by, and 3, as well as (3.1),

o = uzﬂ-.]hpa'lh _ ulzﬂ-]hl)ylhl) — ulzﬂ—]hpalh _ uﬁw“p(y + a)lh
’L‘h, .
_ _P_Jnp U ip—l1
=—ubm E ( I )y a . (3.8)
=1

Now vy, (y) = vp(a), and obviously vy, (a) = pvp(a), so
vpo (y'a™ ") = (L4 (in = Dp)vop(a) = (pin —U(p—1))vp(a) (0 <1 <idp) . (3.9)
Since vp(a) < 0, the expression on the right hand side of (3.9) strictly increases as
[ increases. It follows that the sum in (3.8) takes on its v,,-value at the term with
I = 1. Since vy, (m"Pa’) = vy, (by) and vy, (y) = vp(a), we obtain by (3.9),
Upo (Oth) = v, (”Tjhpyaihil) = vpo(ﬂ—jhpaih) + vpo (¥) — vp, (@)
= Upo (bn) + (1 = p)vp(a)
= p(vp(bn) — vp(a)) +vp(a) , (3.10)

where equality holds if and only if p { iy. In particular, equality holds for aq if
m < M. We still need to determine vy, (ayp) in the case when m = M. In this case,



October 7, 2009 10:17 WSPC/INSTRUCTION FILE ram-groups

Ramification Groups and Differents in Artin-Schreier Composita 13

vp(a) = vp(la +b) for all [ € F,. Recall that igvp(a) + jop = vp(by) = vp(b) =
vp(a), so we can assume that 7o = 1 and jo = 0. Hence by = b — ufa.

We claim that vp(ug — uh) = 0. To that end, assume to the contrary that
vp(ug — ub) > 0. Then up = uf (mod P), where 6 (mod P) denotes the projection

of 0 € Op in Op/P. Hence vy = —I (mod P) for some | € F;. It follows that
ba=' = —I (mod P), so al +b € P. But al + b =b — upa = b — uba = b; (mod P),
so vp(al +b) = vp(by) > wvp(a), contradicting our assumption m = M. So

vp(ug — ub) = 0.
Since Sy = ugy, we have
ap = uha — ubyP + uoy = uba — uf (y + a) + uoy = (uo — ud))y .
Thus, vy, (o) = vp, (y) = vp(a), so (3.10) holds in this case as well. In both cases,
by (3.7), we have
vp, () =p(m — M) —m . (3.11)

Finally, we construct the sequence z, (h > 0) satisfying parts (2) and (3) of the
lemma. Set zg = z and 2,11 = 2z, — By, for h > 1. Then z, € K|y, z] for h > 0, and
since each z, is a translation of z by an element in K[y, the elements z;, form a
sequence of Artin-Schreier generators of L/K (y). By Theorem 2.3 and (3.7),

Upo (25 — 20) = Vpo (b) = —pM < —pM + (p — 1)m =p(m — M) —m
so part (2) holds for h = 0. Now let & > 1. Then z} — z;, = 7, where

h—1

M

B = B)

= (P = 2)
l

Il
o

h—1

=b—> (b —bip1 — = Bi) — (bo — by + (e = 1)By — )
=1

=bn,+ Ap + Br € K[y]

where A;, = Elhz_ol o; and By, = Zlhz_ol B — €fo. It suffices to prove vy, (yn) =
min{vy, (bn), p(m — M) —m} for all h > 0 to finish the proof of the lemma.

We claim that vy, (Br) > vp,(Ar) = p(m — M) —m # vy, (bs). By (3.10) and
part (1) of the lemma, vy, (Ax) = vy, (o) = p(m—M)—m by (3.11). Since vy, (5;) =
vp(br), we see from part (1) that v,,(5;) also strictly increases as [ increases. If € = 0,
then m < M, so by (3.7),

Upo (Br) = vp, (Bo) = vp(b) = =M = p(m—M)—m+(p—1)(M—m) > p(m—M)—m .
If e =1, then m = M and B, =Y.' B, so
Upo (Br) = vpo (B1) = vp(b1) > vp(b) =—M = —m=p(m —M)—m .

So in both cases, v, (Bp) > p(m — M) —m = vy, (Ap). Now p{ p(m — M) —m, and
D | Vo (br) = pvp(bp), so p(m — M) —m # v, (by). By the strict triangle inequality,
we obtain vy, (y5) = min{vy, (bn), p(m — M) —m} as claimed. |
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Corollary 3.10. There exist an Artin-Schreier generator w € Ky, z] of L/K(y)
with vp(w) = p(m — M) —m.

Proof. Let pg be given by (3.3). By part (1) of Lemma 3.9, there exists an index
h > 0 such that vy, (bn) > p(m — M) — m. Then by parts (2) and (3) of the
same lemma, w = z, € K]y, 2| is an Artin-Schreier generator of L/K(y) with
vp(w? —w) = p(m — M) —m. Since p { p(m — M) —m < 0, by Theorem 2.3,
(1) = vy (W — w) = plm — M) - m. 0

Theorem 3.11. Let P a place of K that totally ramifies in L, B the place of L
lying above P, and m, M defined by (3.6). Then the ramification group filtration of
B|P is given by

Go=G1=-=G2G1=-=G; 2Gs1 ={1d} ,

where r =m and s = m+ p(M —m).

Proof. As mentioned earlier, the membership property of any G; only needs to be
verified for a uniformizer ¢ of J3; see for example Proposition 3.8.5, p. 134, of [23].
We construct a suitable such uniformizer as follows. Let i, j be integers with i > 0
and i(p(m — M) —m) + jp? = 1. By Corollary 3.10, there exists an Artin-Schreier
generator w € K[y, z] with vp(w) = p(m — M) —m. Let 7 be a uniformizer of P,
and set ¢t = win/. Then t € PK[y, z] C P and vy (t) = 1, so t is a uniformizer of P.

Let o and 7 generate the fixed groups of K(y) and K(z), respectively, under
Galois correspondence. Then o and 7 generate the Galois group of L/ K, so it suffices
to compute v (t7 —t) and vy (t™ — t). Obviously y” = y and 27 = z. By replacing
o by a suitable power of ¢ if necessary, we may assume that z = z + 1 without
loss of generality; similarly, y™ =y + 1.

By construction of w, w = z, = z — By, for some h € N, where By, = Zlhz_ol B8 €
Kly]. It follows that (w — 2)? = w — z, and so w? = 2° + w — z = w + 1. Thus,

i—1 .
7 —t=ml(w+1) —w) =" (;)w :
=0

Since vy (w) < 0 by Corollary 3.10, vy (w') strictly decreases as [ increases, so the
sum above takes its vp-value at the term with [ = ¢ — 1. Hence, vp(t” — t) =
vgp (mIw™t) = v (t) — v (w) = 1+ m + p(M — m), where the last equality follows
again from Corollary 3.10.

Finally, we compute ¢t” —¢t. We have w™ = z — B} = w + (B, — Bf). Recall
that B, = Zf;ol B; where B = wnliyh with v, € 0%, 14 € N, ji € Z, and
yivp(a) + jip = vp(by). Thus,

=1 ,.
BB = wr” (y" = (y+1)") = —un” Y (;) y"
n=0
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Since vy, (y) = vp(a) <0, vp, (y™) strictly decreases as n increases. So

Voo (B = B7) = vpo (775" 1) = vpy (B1) — o () = vp(br) — vp(a)
where equality holds if and only if p { j;. In particular, we have v,, (80 — 8§) =
vp(b) — vp(a).
By part (1) of Lemma 3.9, vp(b;) — vp(a) strictly increases as [ increases, so
Upo (Bn — Bfy) = vp, (B0 — B5) = vp(b) —vp(a) =m — M . (3.12)
Thus,
tT—t=n'((w")" —w") =7 (w+ (B, — B}))" —w')

1—1 .
=y (;) (B, — Bf) "t .
=0

Since vp(w) = p(m—M)—m < p(m—M) = vyg(By, — BJ) by (3.12), this expression
takes on its vp-value for I =i — 1, so again by Corollary 3.10 and (3.12),
vp(t™ —t) = vy (77 (B, — By)w'™")
= vp(r?w') — vp(w) + vy (By — BY)
=1—(pm-M)—m)+pim—-—M)=1+m.
It follows that
Gal(L/K) for 0<i<m,
G, =« (o) for m+1<i<m+pM—m),
{Id} for i >m+p(M —m)+1. U

Note that if M = m, then r = s = m, so no ramification group has order p. In
general, the number of ramification groups of order p is s — r = p(M — m). The fact
that this number is divisible by p is a consequence of the Hasse-Arf Theorem [2].
More specifically, an order p group occurs in the ramification group filtration of L/ K
if and only if there exist two degree p Artin-Schreier extensions of K with distinct
different exponents. If this is the case, then the number of such order p groups is
exactly p/(p — 1) times the gap between the two distinct different exponents.

An immediate consequence of Theorem 3.11 is the following simple formula for
the different exponent of B|P:

Corollary 3.12. With the notation of Theorem 3.11, the different exponent of B|P
is d(B|P) = (p = 1)(pM + p+m +1).

Proof. By (1.2), d(B|P) = (r +1)(p> — 1) + (s —r)(p — 1). The result now follows
from Theorem 3.11. O

It is straightforward to determine the relative different exponents d(B|p;) from
Corollary 3.12 via (1.4), namely

d(Blpo) = (m+1)(p—-1), (3.13)
d(PBlpi) = (m +p(M —m) +1)(p—1) for 1 <i <p. (3.14)
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Note that (3.13) is true even if P does not totally ramify in L/ K, by Proposition 3.8.

We remark that Theorem 3.4 of [1] provides a partial result on the relative
different exponents in a compositum of two Artin-Schreier extensions. When P has
distinct different exponents in the two extensions — this corresponds to our case
m < M — then P totally ramifies in L, and the result of [1] agrees with (3.13) and
(3.14). However, when P has the same different exponent in both extensions, then
the result of [1] only specifies a range of possible values for the relative different
exponents, whereas (3.13) and (3.14) provide the actual values.

4. The Case of Arbitrary n

We now derive the decomposition law and the different exponents for the case
of arbitrary n; the ramification group filtration is the subject of a forthcoming
paper. Throughout this section, let L the compositum of n > 2 degree p Artin-
Schreier extensions of K so that [L : K] = p". We assume that each of these
extensions satisfies (2.1). Repeated application of Theorem 3.4 immediately yields
the following;:

Corollary 4.1. Let E be any intermediate field of L/K, and P a place of K.
Then P totally ramifies/is inert/splits completely in E/K if and only if P (totally)
ramifies/is inert/splits (completely) in every intermediate degree p Artin-Schreier
extension of E/K.

Clearly, the intermediate degree p extensions of L/K are crucial in understand-
ing the decomposition of any place of K in L. This suggests the following definitions:
M={M|KCMCLand[M:K|=p}, (4.1)
and
S§={M e M| Psplits in M/K} ,
ZT={MecM|Pisinertin M/K}, (4.2)
R ={M € M | P ramifies in M/K} .
It is easy to deduce that #M = (p™ —1)/(p — 1). The cardinalities of the sets in

(4.2) are given as follows.

Lemma 4.2. Let P any place of K, L the decomposition field of P in L, and H
any mazximal intermediate field of L/ K so that P is inert in every degree p extension
of K contained in H. Set p* = [LP : K] and p' = [H : K]. Then the sets S, I, and
R as defined in (4.2) have the following cardinalities:

s _1 s+t _ 8
ws=L —_ ur-C P oyp P
p—1 p—1 p—1

Proof. We first observe that L” is the compositum of certain Artin-Schreier exten-
sions over K, so it contains exactly (p®—1)/(p—1) intermediate degree p extensions
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of K. By Corollary 4.1, these are exactly the fields M € M in which P splits, i.e.
the fields in S. This proves #8 = (p* —1)/(p — 1).

Next, we note that P is inert in H, again by Corollary 4.1. Furthermore,
HNLP = K, since otherwise H N L” would contain a degree p extension of K that
would impossibly have to belong to both S and Z. Hence, the compositum H L
is a degree p*! extension of K that is the compositum of certain Artin-Schreier
extensions of K. It thus contains (p*t* —1)/(p—1) intermediate degree p extensions
of K. None of these can belong to R by Corollary 4.1, and all (p° —1)/(p—1) fields
belonging to S are among them. The remaining (p*** — p*)/(p — 1) such fields must
therefore represent all of Z.

Finally, #R = #M — #I — #8 = (" — p**)/(p — 1), o
Corollary 4.3. With the notation of Lemma 4.2, HLP = L, the inertia field of P.

Proof. P is unramified in all M € M with M C HLP, and ramified in all other
M € M. By definition of H and L” as well as Corollary 4.1, HL” is the maximal
intermediate field of L/K in which P is unramified. |

An immediate consequence of Corollary 4.1 is the decomposition law for the
case of arbitrary n:

Theorem 4.4. Let M be as given in (4.1), P be a place of K, and s,t as in Lemma
4.2. Then the decomposition of P in L is (e(P), f(P),r(P)) = (p" %, pt, p%).
Furthermore, if k is finite, then t € {0,1}.

Proof. r(P) = [LP : K] = p*, f(P) = [L! : LP] = [HLP : LP] = p' by Corollary
4.1, and e(P) = [L : L] = pn—s~1t.

Now consider the compositum of Artin-Schreier extensions L!/LP. Every place
of LP is inert in L of relative degree p'. If k is finite, then Theorem 3.4 forces
t<1. O

The following example shows that all possible values for s and ¢ can occur.

Example 4.5. Let n € N and s,t € Z so that s,t > 0 and s + ¢t < n. Then for
any rational prime p > 0, there exists a perfect field k of characteristic p > 0, such
that for any function field K with constant field £ and any place P of K, there
exists an extension L of K that is the compositum of n degree p Artin-Schreier
extensions of K, so that the decomposition law of P in L/K is (e(P), f(P),r(P)) =

(pn—s—t7pt7ps).

Proof. Repeatedly apply Examples 3.6 and 3.5 to construct L; and Lo as com-
posita of degree p Artin-Schreier extensions of K so that [Ly : K] = p" 571
[Ly : K] = pt, P totally ramifies in L;/K, and P is inert in Ly/K. Note that
if t > 2, then the base field k£ must be infinite by Theorem 4.4, whereas if ¢ € {0, 1},
any perfect base field k can be chosen.
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Now construct L3 as the compositum of degree p Artin-Schreier extensions of K
so that [Ls : K] = p® and P splits completely in L3 /K. The simplest way to do this
is to set Ly = M1 My --- M where M; = K(y;) with y; as in (1.5) and vp(a;) > 0
for 1 <i < s. Finally, set L = Ly LsL3. ]

In principle, any different exponent d(3|P) could be found by repeatedly apply-
ing Theorem 3.11. However, a closed form formulae can be obtained via Theorem
4.4 by applying the following restructuring technique. For any field M € M with
M as in (4.1), denote by pps a place of M lying above P. Write

{dpm|P) | M € M} ={d1,da,...,di} ,

where the d; are ordered so that dy > dy > --- > d;. Clearly | < n. Now there exist
positive integers my, ma, ..., m; with mq +mgo +---+m; = n so that d(py|P) = d;
for exactly ¢; fields M € M, where

Mttmy M1ty mi _ 1
c; = p b — pmi+1+-~+ml pi (1 <i< l) )
p—1 p—1
Recall that L = K (y1, 2, ..., yn) with y; given by (1.5) for 1 <i < n. Set
KO = Ln =K y

. 4.3
Ky = K(y1,y2, i)y Lici = K(Wis...,yn) for1<i<n, (4.3)
so L = K;L; for 0 < i < n. Now choose Artin-Schreier generators, again denoted
by y1,y2, ..., Yn, SO that

o d(pm|P) =d; for all M € M with M C Ly, 4.ccom, 4 3
[ d(pM‘P) = dl_]_ for all M € M with M g Lm1+.,,+ml72 \Lm1+,,.+m171 ;

® d(pM‘P) = dz for all M € M with M g Lm1+,..+7ni71 \Lm1+...+7ni ;

o d(py|P) = dy for all M € M with M C Lo\ Ly, .

We are now ready to compute d(P|P). The idea is to compute this quantity via
the reordered field extension tower L = K,,/K,_1/ -+ /K1/Ko = K. Note that we
restructured this tower by adjoining at the i-th level the Artin-Schreier generator
y; with the largest remaining different exponent. That way, if q; denotes a place of
K (y;) lying above P, then the field extension tower is reordered in such a way that
the different exponents d(q;|P) range from largest to smallest, from bottom to top.
This “pyramid-like” structure with respect to the size of different exponents turns
out to be convenient for our computation.

Theorem 4.6. Let P a place of K and P|P a place of L. Let y1,y2...,yn be
chosen as above, and K;,L; (0 < i < n) given by (4.3). Set q; = PN K(y;) for
1<i<n, andv; =PBNK; for 0 <i <n. Then the different exponent at P is given
by d(B|P) = d(v,|P), where the intermediate different exponents can be computed
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recursively via d(v1|P) = d(q1|P) and d(v;+1|P) = e(qi+1|P)d(v;|P) + d(q;41|P) for
1<i<n-—1, and we have

a01P) = ‘20 S dprp) | (4.4)

p MeM

where ppr is any place of M lying above P and e(P) is the ramification index of P
in L/K.

Ty © K, =K(yy, yp o Vo) =L

Ty G Ko =Ky, Vor o Via)

4

T, C K=Ky, y,)

=9, C K =K(y,) 02< Kly,) cee 1€ Kly,) 90 € Kly,)

P C K=Kk

Fig. 4.1. Notation for the statement of Theorem 4.6

Proof. Since t; = ¢y, the initialization d(v1|P) = d(q1|P) is obvious. By (1.4),
it suffices to show d(t;1|t;) = d(q;+1|P) and e(t;r1|t;) = e(qip1|P)for 1 < i <
n — 1. However, the second equality immediately follows from the first, since both
ramification indices are equal to 1 or p, and

6(C|i+1|7)) =1 < d(qz+1|'P) =0 <= d(ti+1|ti) =0 < e(ti+1|ti) =1.

We induct on ¢ to prove that d(v;41]v;) = d(q;1+1|P) for 0 < i < n — 1. Since
top = P and vy = (1, this holds for ¢ = 0. Let 1 < ¢ < n — 1 and consider the
elementary abelian p-extension K; /K, 1 of degree p?. Set 5, = BN K;_1(yi11)
and tiJ' = m N Kz’—l(yi +jyi+1) for all 1 < j < p— 1. Then d(t,‘|ti_1) = d(q,|’P),
d(sivi—1) = d(qi+1|P), and d(t;;|v;-1) = d(pm[P) for M = K(y; + jyi+1) by
induction hypothesis. By the definition of the y;, we have

d(q:|P) > d(qi+1|P) - (4.5)



October 7, 2009 10:17 WSPC/INSTRUCTION FILE ram-groups

20 Qingquan Wu and Renate Scheidler

Tia c K,'+1 = ,-.1()’,-, yi+1)

r,C K= Ki-l(yi) $; C Ki.l(yi+1) li,j C K,-_l(y,-+jy,-+1) (1<j<p-1)

Fig. 4.2. Notation for the proof of Theorem 4.6

If equality holds in (4.5), we have d(ppy|P) = d(q;|P) for all M € M with M C
L;_1 \ L; by the definition of y;1. In particular, this implies

d(pr|P) = d(qi|P) if M = K(y; +jyita) forany 1 <j<p—1. (4.6)

Note that (4.6) is true automatically by the strict triangle inequality if inequality
holds in (4.5). Hence d(t; j|vi—1) = d(pm|P) = d(q;|P) for M = K(y; + jyit+1) by
(4.6). Thus d(v;|v;—1) = (M +1)(p—1) and d(s;|v;—1) = (m+1)(p—1); here, m and
M are defined as in (3.6) with K, K(y), K(z) and L replaced by K;_1, K;_1(Yi+1),
K; and K41, respectively. Now d(t;y1|t;) = (m + 1)(p — 1) = d(qi41|P) follows
from (3.13).

Finally, (4.4) follows easily by applying the recursive formula. DO

In particular, if P totally ramifies in L/K, then by Theorem 4.6,
d(BIP) = Y d(pulP) . (4.7)

MeM
The above identity (4.7) can also be found in the (unpublished) PhD dissertation
[26]. Note that once again the closed form formulae (4.7) and (4.4) show that the
different exponent of L/K can be read directly from these intermediate degree p
extensions.
We conclude this section with another application of Theorem 4.4 that leads to
an easy and direct proof of a multiplicative formula connecting the zeta functions of
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L, K, and the intermediate degree p Artin-Schreier extensions of K. This result was
first given in [9], based on techniques from [17] and [10]; see [21]. For any function
field E over a finite field, denote by (g the zeta function of F.

Theorem 4.7. Suppose k is ﬁm'te of characteristic p, and M given by (4.1). Then

_HCM

MeM

Proof. Fix an arbitrary place P of K and set s to be a complex variable. Let R, Z
and S be defined by (4.2), and s, ¢ as given in Lemma 4.2. Since the Euler products
of the zeta functions exist for Re(s) > 1, it suffices to show

A-N =a-N#FM T a-M JJa-~) J[Ja-NpP . @4s8)
MeR MeT MeS
where N = ¢—*9¢(P), By Theorem 4.4, t € {0,1}. Obviously, (4.8) reduces to
(1= NP = (1= N)H#M = NFR (1= NP)#E(L = NP #S

and this identity is straightforward to verify for t = 0,1 using Lemma 4.2. O

Theorem 4.8 easily yields similar multiplicative relationships linking various in-
variants of L, K and the intermediate fields in M. For any function field extension
E/F,(z), let hg, Hg, and Rg denote the divisor class number, the ideal class num-
ber, and the regulator of E, respectively, of E/F,(x) for some fixed z € E that is
transcendental over F,. Also, let fr be the least common multiple of f(p|Px) for
all infinite places p of E, where P, is the infinite place of the rational function field
F,(x). By [22], we have

he fe = HeRg . (4.9)
This implies the following:

Corollary 4.8. Suppose k is ﬁnite of characteristic p, and M given by (4.1). Then
H - 11 Hu
hK MeM Hg

If P is any place of K lying above the infinite place of Fy(x), and s,t as given in
Lemma 4 2, then

H —zfth and p°*~ 1 H —_— ftfl

/\/l

Proof. The divisor class number formula follows immediately from Theorem 4.7.
The ideal class number formula follows by applying (4.8) at all finite places of K
and taking products.

Ift =0, then fr = fx = fu for all M € M. Then the regulator formula follows
from (4.9) and the formulae for the divisor and ideal class numbers. If ¢ = 1, then
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fr = p fr. By Lemma 4.2, there are exactly #Z = (p**! — p®)/(p — 1) = p® fields
M € M satisfying fiy = pfx. The remaining #M — #7 fields M € M satisfy
fu = fi. Again our result follows from (4.9), the formulae for the divisor and ideal
class numbers. D

We remark on an interesting link between the multiplicative divisor class number
formula of Theorem 4.7 and an additive genus formula. By a result of Kani [17],
certain relations among the idempotents of Gal(L/K) in the group algebra over Q
imply corresponding relations among the genera of the intermediate fields of L/K.
Using this result, Garcia and Stichtenoth [12] found an additive genus formula which
was also obtained in [18]. In our notation, if gi denotes the genus of a function field
FE, this reads

Ye3

p—Dp
gL = Z am — p_19K~

5. Conclusion

The different exponents and decomposition properties for a compositum of Artin-
Schreier extensions are essentially determined by the splitting in all the intermedi-
ate degree p Artin-Schreier extensions. In particular, a place is inert/totally ram-
ifies/splits completely in any intermediate field if and only if it exhibits the same
corresponding decompositions in all the intermediate degree p Artin-Schreier exten-
sions.

The decomposition law for Artin-Schreier composita can be used to derive closed
form formulae for any different exponent. This is accomplished by choosing suitable
Artin-Schreier generators. The extension tower is then built up in a pyramid-like
fashion, with the different exponents in the degree p extensions decreasing as the
corresponding level increases. Another direct consequence of the decomposition law
is a multiplicative formula for the zeta function, yielding in turn corresponding
relations for the divisor class number, ideal class number, and regulator.

In a compositum of just two Artin-Schreier extensions, we noted that the con-
verse of Abhyankar’s Lemma (Proposition 3.2) holds. Moreover, the ramification
group filtration is also completely dictated by the decomposition data in the inter-
mediate degree p extensions. A characterization of the ramification group sequence
in a compositum of an arbitrary (finite) number of Artin-Schreier extensions is the
subject of a forthcoming paper.

Also of interest is the question to what extent analogous phenomena occur in
other types of composita; for example, for which types of field extension towers the
behavior of a place in the top level field (or any intermediate field) is characterized
solely by the corresponding behavior at the second level, or more generally, in lower
levels.
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