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Abstract. This paper analyzes reduction of fractional ideals in a purely
cubic function field of unit rank one. The algorithm is used for generating
all the reduced principal fractional ideals in the field, thereby finding
the fundamental unit or the regulator, as well as computing a reduced
fractional ideal equivalent to a given nonreduced one. It is known how
many reduction steps are required to achieve either of these tasks, but
not how much time and storage each reduction step takes. Here, we
investigate the complexity of a reduction step, the precision required in
the approximation of the infinite power series that occur throughout the
algorithm, and the size of the quantities involved.

1 Introduction and Motivation

Basis reduction of fractional ideals is one of the key ingredients in the compu-
tation of invariants of a purely cubic function field of unit rank one, such as the
fundamental unit, the regulator, the ideal class number and, most importantly,
the order of the Jacobian of the field. In fields of characteristic at least five, a
basis reduction procedure was first presented in [2], and its discussion was con-
tinued in [1]. The algorithm was originally used for generating the entirety of
reduced fractional principal ideals and thus finding the fundamental unit and the
regulator of the field. Unfortunately, there are usually exponentially many such
ideals, and enumerating them all is not the most efficient method for computing
the regulator. This is where another aspect of ideal basis reduction comes into
play: it quickly produces from a given nonreduced fractional ideal an equivalent
reduced one.

The infrastructure of the set of reduced principal ideals is a powerful tool for
invariant computations and a variety of other applications in both computational
number theory and cryptography. Loosely speaking, the product of two reduced
fractional principal ideals is generally not reduced; however, reduction produces
a reduced ideal “close to” the product ideal, and the number of basis reduction
steps required is polynomial in the size of the field. This phenomenon can be
exploited for computing invariants of the field much faster than with the naive
approach outlined above. For hyperelliptic, i.e. quadratic function fields (where



reduction amounts to computing a simple continued fraction expansion), this
was successfully accomplished in [3] with an improvement in complexity from p
to essentially p?/®, where p is the number of reduced fractional principal ideals.
Work on the purely cubic setting is in progress at the time of writing, and we
expect a similarly dramatic speed-up from our original method of [2].

While it is known how many reduction steps are required to compute the fun-
damental unit and the regulator of a purely cubic function field of unit rank
one and characteristic at least five, it is as yet unclear how long an individ-
ual reduction step takes, how large the inputs and outputs get, and how much
“precision” is required. Numerical experiments and heuristics suggest that the
answers to these three questions are ‘not very long’, ‘not very large’, and ‘not
too much’, respectively — at least in the reduced case — but we lack proof. This
paper remedies this rather unsatisfactory situation. To that extent, we provide
answers to the following questions:

e What is the complexity of an ideal basis reduction step?

e What is the size of the quantities involved?

e What is the minimal precision required in the approximation of the infinite
series involved?

2 Purely Cubic Function Fields

A detailed treatment of this material can be found in [2] and [1]. A purely cubic
function field is the function field of a plane curve given by the (not necessarily
nonsingular) model y* — D(z) = 0 over a finite field k¥ = IF, of order ¢ whose
characteristic is not 3; here, D(z) € k[x] is a cubefree polynomial. Thus, a purely
cubic function field can be viewed as a cubic extension K = k(z)(p) of a rational
function field k(z) obtained by adjoining a cube root p of a cubefree polynomial
D = D(x) € k[z]; this makes it the function field analogue of a purely cubic
number field. We write D = GH? where G, H € k[z] are squarefree and coprime
and deg(G) > deg(H).

The integral closure O of k[x] in K is both a ring and a k[x]-module of rank 3 that
is generated by the integral basis {1, p,w} where w = p?/H, so w is a cube root
of D=G?H.Ifa=a+bp+cw € K (a,b,c € k(x)), then the conjugates of a are
o' = a+bip+ci’w and o = a+bi?p+cuw where ¢ is a fixed primitive cube root of
unity. The norm of a is N(a) = ad/a” = a®+b*GH?+c3G?* H —3abcGH € k(z).

We henceforth make the following assumptions:

e ¢ = —1 (mod 3) (so k contains no primitive cube roots of unity),
e deg(D) =0 (mod 3),
e The leading coefficient sgn(D) of D is a cube in k* = k \ {0}.

Then K/k(z) has two points at infinity, namely one rational point and one
quadratic point. The former gives rise to an embedding of K into the field
k{z~') of Puiseuz series over k, and the Galois closure of K is embeddable into



k(1)(x~1); nonzero elements in k(z~!) (respectively, k(¢)(z~1)) have the form
a=Y axTt=>"__ a_;x" with a; € k (respectively, k(.)) for i > —m
and a_,, # 0. The degree valuation on k(x) extends canonically to k(z~!) via
deg(a) = m and to k(v)(x~!) via deg(a + Bi) = (deg(a + Bi)(a + Bi?)/2 =
deg(a? —aB+ 3%)/2 € Z (o, € k{z™)). For « = 302 a;z™" € k(z™1),
we set || = ¢4°8(®) sgn(a) = a_,, and |a] = 31" a_;az’ (with [0] = 0 and
0] = 0). For a € K, we have |o/| = ¢%8(®) = |o/a’|'/2. Note that |G| > |H|
implies |p| < |w|.

Under the above assumptions, K has unit rank 1 over k(x); that is, the the group
O™ of units in O is isomorphic to k* x ZZ (see Theorem 2.1 of [2]). A generator € of
the torsionfree part of O™ is a fundamental unit of K/k(z). If € has positive degree
(and is hence unique up to constant factors), then R = deg(e)/2 = —deg(€’) is
the regulator of K/k(x).

3 Fractional Ideals

A fractional ideal (of O) is a subset f of K such that there exists a nonzero
d € k[z] such that df is an integral ideal in O, i.e. an additive subgroup of O
that is also closed under multiplication by elements of O. The unique monic
polynomial d = d(f) of minimal degree that satisfies this condition is the denom-
inator of {. f is principal if it consists of O-multiples of some 6 € K; write f = (6).
The fractional ideals form an infinite Abelian group Z under multiplication, of
which the set of principal fractional ideals forms an infinite subgroup P. The
factor group Z /P is the ideal class group of K/k(x); it is a finite Abelian group
whose order is the ideal class number of K/k(z). The product h = Rh' where R
is the regulator of K/k(x) is the order of the group of k-rational points on the
Jacobian of K; it is independent of the element x and thus the representation
of K as a function field. Two fractional ideals are equivalent if lie in the same
coset in Z/P, i.e. if they differ by a factor that is a principal fractional ideal.

We will henceforth assume “fractional ideal” to mean “nonzero fractional ideal
containing 1”. Then every fractional ideal f is a k[z]-module of rank 3 with a
basis {1, u, v}; write f = [1, i, v]. If § = [1, u, v] where p = (mg + m1p + maw)/d,
v = (ng + n1p + now)/d with mg, my, ma, ng, n1, ne, d € klz] jointly coprime
and d = d(f), then the norm of f is N(f) = a(ming — man1)/d* € k(x) where
a € k* is chosen so that N(f) is monic. The discriminant of f is

11 1)\°2

A(f) =det [ pp' p’ | € k(z).
v V/ l///
Both N(f) and A(f) (up to a constant factor) are independent of the choice of
k[x]-basis of f, and N (f) is multiplicative on the set of fractional ideals.

A canonical basis of a fractional ideal § is a k[z]-basis {1,«, 3} where a =
slu + p)/s, B =8"(v + wp + w)/s with 5,5, 8", u,v,w € k[z], §'s" di-



vides s, s divides H, and ged(s’, H) = 1. Here s = d(f) up to sign, and we may
assume |s'u|, |s"v| < |s|, and |w| < |s’|. Such a basis always exists, and it is a
simple matter to generate a canonical basis from any given basis, or compute
a canonical basis of the product ideal of two fractional ideals given in terms of
respective canonical bases (see [1]).

An element @ in a fractional ideal f is a minimum in f if for any ¢ € f, |¢| < |6|
and |¢'| < |0| imply ¢ € k@; that is, ¢ differs from 6 only by a constant factor.
f is reduced if 1 is a minimum in f. It is easy to see that an element 6 is a minimum
in O if and only if the fractional principal ideal §f = (§~1) is reduced.

We summarize some properties of fractional ideals; the proofs of these results
can be found in [2] and [1].

Proposition 3.1. Let | be a fractional ideal.

A(f) = a® N (§)%A for some a € k*.

A2 < NG < d)I .

If § is reduced, then |A(f)] > 1, so |N(f)| > |A|~1/2.

If § is reduced, then |d(f)| < |A|Y/2, so [N()| < |A||d(f)| 3.
IfF|A()| > |d()|?, d.e. |d()| < IN(DI|A|Y2, then | is reduced.
If § is nonreduced, then |N(f)| < |A|7Y%, so |A(f)| < |A|'/2.

S Gv o v =

Let f be a fractional ideal and let § be a minimum in f. An element ¢ € f is
the neighbor of 6 in f if ¢ is also a minimum in f, |f| < |¢|, and for no ¢ € f,
0] < |¥] < |¢| and || < |€]. ¢ always exists and is unique up to nonzero
constant factors (see Theorem 5.1 of [2]).

The Voronoi chain (0,,), N of successive minima in O where 6; = 1 and 6,41
is the neighbor of 6,, in O yields the entirety of minima in O of nonnegative
degree (Voronoi first investigated this chain in cubic number fields in [4]). This
chain is given by the recurrence 0,,+1 = p,0, where p, is the neighbor of 1 in
the reduced fractional principal ideal f,, = (6,!) (n € IN). The first nontrivial
unit € = 6,41 (p € IN) encountered in this chain is the fundamental unit of
K of nonnegative degree. Since the recurrence for the Voronoi chain implies
Ompin = €"0p for m € Ny and n € IN, {f;,fs,...,f,} is the complete set of
reduced principal fractional ideals in K. The positive integer p is the period of e.
By Theorem 6.5 of [2], p = O(q(1°8(4)/2)=2) "5 there may be (and usually are)
exponentially many reduced fractional ideals in K/k(z).

4 Reduced Bases

For the remainder of the paper, we exclude the case of even characteristic, so k
has characteristic at least 5. For § =1 + mp + nw € K with I,m,n € k(x), we



define

Eo=0-1 =mp + nw,

ng = (1+20)7 10 —0") = mp — nw, (4.1)

Co=0 +6" =2l —mp — nw,
where ((¢ k) is a primitive cube root of unity. Then

1 1

0=50B+G), 00"= 1(3773 +65), (4.2)

80
16| = max{|nel, |Col},  I€o] < max{|6],|6"[}. (4.3)

If {1,0,¢} is a basis of a fractional ideal f, then

4
(€ — Em)? =~ AR, (1.4
A E[z]-basis {1, u, v} of a (reduced or nonreduced) fractional ideal f is reduced if

|£M| > |€V|’ ‘CH‘ < 17 |<V‘ S 17 |,'7LL‘ < 1 S |77V|a (4 5)
if |n,| =1, then |v|#1. '

The following procedure (which is essentially Algorithm 7.1 in [2]) generates a
reduced basis of a fractional ideal.

Algorithm 4.1. (Ideal Basis reduction)

Input: fi, v where {1, 1,0} is a basis of some fractional ideal §.
Output: p, v where {1, p,v} is a reduced basis of §.

Algorithm:

1. Set p=j, v=ro.
2. If |&ul < 1&u| or if |€u] = 1€ and [nu| < |ny|, replace

2 0 1\ (n
(£) o (50) ()
S Af [nul = o

3.1. While |&,m,| > |A(§)|*?, replace

(ff) g (—01 Lé“u}@J)(/;)'
() o (4 geen) ()

3.8. If [nu| = ||, replace

(5) by ((1) —sgn(im;l)> </,f)

3.2. Replace



4. While |n,| < 1, replace

(5) by (01 qu}m)@)'

While |n,| > 1, replace

iz /) =1\ (1
(£) w ("))
5. Replace pu by p— |Cul/2 and v by v — [(,]/2.
6. If |&,| = |nv| =1, replace v by v — |v].

A reduced basis provides an easy means by which to determine whether or not
an ideal is reduced (see [1]):

Proposition 4.2. Let {1, u,v} be a reduced basis of a fractional ideal §.

1. If § is reduced, then u is the neighbor of 1 in f.
2. § is reduced if and only if |u| > 1 and max{|v|, |n.|} > 1.
3. § is nonreduced if and only if |p| <1 or |v] < |n,| = 1.

Part 2 of Proposition 4.2 in conjunction with (4.3) and step 5 of Algorithm 4.1
implies that step 6 can only be entered if the input ideal f is nonreduced. Part 1
of this proposition together with the recursion for the Voronoi chain shows that
repeated application of Algorithm 4.1 to the ideal f,, = (6,,!) with subsequent
division of f,, by the neighbor p,, of 1 in f,, generates all the minima of nonnega-
tive degree in O and hence the fundamental unit of K. A similar recursion allows
for computing from a given nonreduced fractional ideal an equivalent reduced
one.

Let f be any nonreduced fractional ideal and define a sequence (f,,), .y of pair-
wise equivalent fractional ideals as follows.

TL'f n| = b
o=t fue = (@ where o= {27 S0 e o

and {1, ft, vp } is a reduced basis of f,,. The case ¢,, = v, in (4.6) can happen at
most once; that is, if f, is nonreduced with [, | > 1, then f, is reduced and a
reduced basis of f,,; can be obtained directly without applying Algorithm 4.1:

Proposition 4.3. Let f be a nonreduced ideal with a reduced basis {1, u,v} and
let g= (v "Hf=[1,ur= Y v=Y. If |u| > 1, then g is reduced with a reduced basis
{1, ur=t v=1}.

Proof. If || > 1, then by part 3 of Proposition 4.2 and (4.3) [v| < 1 = |n,| = |V/'|.
Let « = pv=t and 8 = v~1. Then |[o/| = || < 1, 50 [na| < 1, [¢a] < 1, and



since |a] > 1, €4 = |a| by (4.2). Furthermore, |8'| = 1, so |(g] < 1, and
I€s] = B8] = |v|~! > 1. Since ng = —n, (V'v") 7L, |ng| = 1.
Since |a| > 1 and max{|S3|,|ns|} > 1, g is reduced by part 2 of Proposition 4.2.

Since |€a| = af > 1]~ = (€], [na| < 1= |nsl, [¢al < 1, and |5l < 1, {1, 8}
is a reduced basis of g.

A polynomial number of steps of recursion (4.6) produces a reduced ideal (see

[1]):

Proposition 4.4. Let f = f; be a nonreduced fractional ideal.

1. The recursion (4.6) produces a reduced fractional ideal f,, equivalent to § for
some m € IN.

2. If m in part 1 is minimal, i.e. |, is reduced and f,, is nonreduced for n < m,
then

1 1
m < max {1, 3 (5 —deg(N(f)) — 1 deg(A)) } .
3. If  is the product of two reduced ideals and m is as in part 2, then

m <

| w

(deg(A) + 4).

As an aside, we mention the infrastructure of the set {f,fs,...,f,} of reduced
principal fractional ideals. If f; = (0;)~! for i = 1,2,...,p, then the distance of
f; is 6; = deg(6;). From part 3 of Proposition 4.4, a reduced principal ideal f can
be obtained by applying no more than 3(deg(A) 4+ 4)/8 iterations of (4.6) to the
initial (generally nonreduced) product ideal f;f;. Moreover, §(f) = d; +J; + 6
with 6 = O(deg(4Q)) = O(logp), so the distance of f is within a logarithmically
small ‘error’ of where one would expect it to be. As pointed out in section 1,
this phenomenon allows for much faster computation of the fundamental unit
and other invariants of K/k(z).

The implementation of Algorithm 4.1 raises a number of questions: How large
do the degrees of 0, &, and 1y (0 € {u,v}) and those of their basis coefficients
get throughout the algorithm? How often the while loops in steps 3.1 and 4
executed? And how does one determine absolute values of £y and 7y, and compute
the quantities |£,/&,] in steps 3.2 and 4 as well as [1,/n,] in step 47 These
questions will be addressed in the next three sections.

5 Input/Output Sizes in Ideal Basis Reduction

We begin with the following empirical observation; for quadratic integers (as
opposed to Puiseux series), this is referred to as the Gauf-Kuz’min law. Let
a = € k{z~!) and define a; = |o;] € k[z] and ;11 = (o —a;) ! for i € INg.
Then the a; (i € INg) are the partial quotients in the simple continued fraction



expansion of «, and for i € IN, a; will almost always have very small degree. The
quotients [&,/&, ] in steps 3.1, 3.2, and the first while loop of step 4 are easily
seen to be partial quotients in the simple continued fraction expansion of &,,, /&y,
where g and vg are the inputs of step 3.1 or, if that loop is never entered, of
step 3.2; similarly for |7, /n,| in the second while loop of step 4. These quotients
will therefore almost always have very small degree, with the possible exception
of the very first such partial quotient.

Let {1, u, v} be areduced basis of some fractional ideal f that was computed using
Algorithm 4.1. Since |n,| < 1 < |n,|, and 7, and 7, differ by a factor that is a
partial quotient as described above, |1, | will usually have quite small degree, and
.| will not be much smaller that 1. By (4.5) and (4.4), |&,] < |€.] < |A()[V2,
so usually, |¢,] will be close to |A()|Y/2, and since &, and §, once again differ
by a factor that is a partial quotient in a simple continued fraction expansion,
|€,| will not be much smaller than |,|.

We have the following rigorous bounds on reduced bases:

Proposition 5.1. Let {1, u,v} be a reduced basis of a fractional ideal, where
= (mog+mip+mow)/d, v = (ng+nip+ now)/d with mgy, my, ma, o, N1, No
€ k[z] and d = d(f).

1. [mo/d| = [mip/d] = [mow/d] = 3|pu].

2. |pl < max{q~" JAR)/2}, |mol, [mapl, [mow| < max{q™*|d|,|A["?}, |v] <
max{1, ¢~ AMVZ}, [nip+naw| < [A[Y2, |no| < max{|d],q~"A['/?}.

3. 1If |ul > 1, then |v| < |ul < JAMIV2, Imo| = |mip| = maw| < [A]'/2,
[0l [n1pl, [naw| < A2,

Proof. Part 1 follows immediately from |n,| < 1 and [{,] < 1. For part 2,
we note that from (4.2), (4.5), and (4.4) |u| < max{|C,|,|&.|} with [(.] < 1
and |€,| = |A(F)[Y2n,|~! < |A(§)|*/2. The bounds on |myp| and |mow| follow
from |mip —mow| = |dn,| < |d| and |mip +mow| = |d€,| < [N ()||A]"/? <
|A|Y/2 by (4.4) and the first two parts of Proposition 3.1. Furthermore, |[mg| <
max{[d€, |,1dC,[}. Now by (4.2) [v] < max{|Gul, &I} with |¢,] < 1 and [&,] <
€l < JAMIY2 by (4.4), 16, | < |dg,] < A2, and ng| < max{|dC, |, dé, |} <
max{|d|, ¢~ *|A|'/?}. The bounds in part 3 follow from part 1, (4.2), and the fact
that |d| < |A|'/2 by part 4 of Proposition 3.1.

Note that unfortunately, we have no rigorous upper bound on |7,| and hence
on |n1p| and |new| in the (nonreduced) case where |u| < 1. However, as we saw
above, these values will generally not be too large. We proceed to analyze the
sizes of the inputs of step 2 of Algorithm 4.1.

Lemma 5.2.

1. Let f; be a fractional ideal and let f,. = (u,*)f, where {1, pn, vy} is a
reduced basis of f, (n € N). Let f = §,,, = [1,p~ ,vu~?t] for some n € N



with @ = py, and v =v,. Then

- 1
maX{|77u1|’ M} _

N
1 v V] V|
S| < — .3 1|§maX{—,— S — o
! min{ |l 1]} ! [l " el )~ ming ]l |}

LAY < max{|€u 7]y o1t} < IA(f)I1/2%W~

If §,, is reduced, then

1
max{|n,-1|, {1 [} = W < |AfIM,
v 1/2
max{lnwf1|’ |§V/F1‘} = |N’| < |A(f>| ’

maX{Ku*lnuu*l |7 |§l/u*177u*1|} = |A(ﬂ|1/2

If §,, is nonreduced and f, is the product of two reduced fractional ideals, then

‘771/ _1|
e { o 22 <

|§wﬁ1‘
V|

51/ 1Ty -1 _
max{smm,M < qlAf) AN,

v'[?

max{mm, } < A A2,

2. Let {1,a, B} be a canonical basis of a fractional ideal §. Then

P v
‘d(f)‘ < leals Inal < I, \d(f)

If § is reduced, then |&. |, |na| > |w| ™1, max{|&s], [ngl} > |p| L.
If  is the product of two reduced fractional ideals, then

\ < max{¢3], Ina} < [l

2 2

q q
> — m > —.
‘fa|a|77a‘ - ‘ Ml/2|W|’ ax{‘§ﬁ|7|77,8|} = | 3|1/2‘p‘

Proof. 1. Wehave by (4.3) |n,—1| < |1/| 7", [§,-1] < max{[u| !, [1/[ 71}, [0, ] <
/[t and [€, 1| < max{|w|lu] =1, [V/]|/| 1} Since |v| < max{L,[§.[} <
max{1, |p|}, we have [v]|u| =" < max{1, |p|~'} < [v/|max{|u| ", /|1 }

A simple computation reveals that
um - T]VCN — "MCV

=1 = _W7 Nop—1 = 2 !



Since max{|Cu|, |n.|} = |¢/|, one of 7,1 and 7,,-1/n, has absolute value
W7t

Now by (4.4) |&,-11,u-1 —&p—11u-1| = |A()[V/2, s0 | A()[*/? cannot exceed
both summands in absolute value. By (4.4), an upper bound on the absolute
values of both terms is given by

V] [AG)IM?

max{|pu|, |1
— R ) = |A(f)|1/2M
W min{[pl, o/} [0/ & min{|pl, [1/[}

1€l

since A(f) = N(u)A(f,).
If §, is reduced, then |u| > 1, so |£,] = max{|u|, ||} = |y and |v|
max{1, |§,|} < |u|. Furthermore,

IN

Coot = Cu Couor = CHCV — 3NuNy
H ,U/NN H 2‘ulﬂu
If |Cll| = ‘:u/|7 then |nV[L_1‘ = |I/H/J“l|_1 and |€u_1| = |2/1'_1 - Cu—1| =

/|71 IE | = W], then [n, -] = [/~ and [€,,-1] = [2vp7! = (pmn| =
[V/||w/| . Finally, |1 |* = [N (u)[|p| ™" > IN(@)||A(F,)| /2 = [A(f)|~*/* and
Wl = AT 2 |71 < JAG) N ()] = [AF)[2.

If f,, is nonreduced, then |u| < 1. If f; is the product of two reduced ide-
als, then by part 3 of Proposition 3.1, |A(f,)] > A(f;)| > ¢*|A|~*. Then
WP > IN(u)| = [AF)AG)M? = ¢*|ARAI? and min{|ul, 1]} >
g IN(p)| = ¢PlAG AT

. Let a = s (u+p), B =s1s"(v+wp+w)} Then & = n, = s'sIp,
&g = §"s7Hwp +w), ng = s”"s7Hwp — w) with |w| < |s'|. Since |¢'s"| <
|s| = |d(f)] and |p| < |w]|, the first set of bounds follows. If f is reduced, then
ld()] < |A]'/? = |pw]| by part 4 of Proposition 3.1. If f is the product of two
reduced fractional ideals, then |d(f)| < |[N(f)|~! < ¢?|4| by parts 2 and 3 of
Proposition 3.1.

We point out that in the situation where Algorithm 4.1 is applied to the product
f of two reduced fractional ideals (as is the case in the infrastructure scenario,

for example), the input is a canonical basis and not of the form {u~

Lvptt)

We now proceed to investigate the workings of ideal basis reduction in more
detail; in particular, we will see how the sizes of the quantities §,, &, 7., and
1, change throughout Algorithm 4.1. We point out that after step 2 of the
algorithm, |§u| < |§u| and |77V| < |77u|-

Lemma 5.3.

1. In step 3.1 of Algorithm 4.1, &, and n, do not increase in absolute value

in the first iteration and decrease in absolute value in each subsequent iter-
ation. £, and n, decrease in absolute value in each iteration. Furthermore,
1€u| > [&0| and |nu| > |n.| after each iteration.



2. Step 3.2 of Algorithm 4.1 decreases £, &, and n,,, but does not decrease 1,
in absolute value. After execution, |£,| > |&,] and |n,] < |l

3. Step 3.3 of Algorithm 4.1 leaves the absolute values of &, &, and 1, un-
changed, but decreases 1, in absolute value. After execution, |€,| > |&,| and
7| <l

Proof. Let {«, 3} be the input and {u, v} the output of any iteration of step 3.1,
step 3.2, or step 3.3.

Since |€,m,| > |A(f)|"/? if and only if |¢,, /&, —n,./n.| < 1, or equivalently, if and
only if |£,/& | = [nu/nv], we have in step 3.1

=5 G = —fat E—J &,
B8

Na
Mu =78, M= "Na+ {—J ng-
ng

Therefore |§,| < |£g] = |€,] and |1,| < |ng| = |nu|. From step 2 of the algorithm,
in the first iteration |4 > €3] and [na| > |18, s0 [€u] < |€al and |9, < |9a]. In
subsequent iterations, we have || > [£g] and [n.| > |1, so [£u] = |€5] < €al
and |n,| = [ng| < |nal-

In step 3.2, the transformations on §,,§,,7n, are the same as in step 3.1, so
each of these quantities decrease in absolute value, and we still have |£,| > [, ].

Furthermore,
(- e (M) | Se
= (e [ ) = (1) &) ]

The first term in the difference has absolute value less than |ng|, while the
second term is at least |ng| in absolute value because ||na/n5] — [€a/Es]] > 1.
So || = sl = 11l

In step 3.3, we have v = 3, so £, and 7, are unchanged. Furthermore, if a =
sgn(nangl), then [£,] = [{a — a&s| = [€a] as || > €3] = || Finally, since
a = [na/ns]; Il < sl = [yl

Analogous results hold for step 4 of Algorithm 4.1:

Lemma 5.4.

1. In the first loop of step 4 of Algorithm 4.1, , and &, decrease in absolute
value in each iteration, while n, and 7, increase in absolute value in each
iteration.

2. In the seconds loop of step 4 of Algorithm 4.1, §,, and &, increase in absolute
value in each iteration, while n, and n, decrease in absolute value in each
iteration.



3. Throughout step 4, £, > |&| and [nu| < |nu|. At most one of the while
loops in step 4 is entered, and after the last iteration of either of the loops,

(€l > 1€ and |n,| <1 < n,|.

The previous two lemmata show that |7, | takes on its largest value throughout
the algorithm either after step 3.2 or after the first loop of step 4 if that value is
less than 1 after step 3.2. Since in both cases |1,£,| = |A(f)|'/2, and we generally
at least expect |€,]| > |d(f)|~*, we usually have by parts 1 and 2 of Proposition
3.1 |n,| < |d||A(F)|Y/? < |A]M2 for this maximal value.

6 Complexity of Ideal Basis Reduction

We now investigate how often each of the while loops in the basis reduction
algorithm.

Proposition 6.1. Let f = [1, u,v] where p,v are the inputs of Algorithm 4.1.
Assume that |€,| > |€,| and |nu| > 0|, so step 2 has been executed. Denote by
r, s, and t the number of iterations of step 3.1, the first loop in step 4, and the
second loop in step 4, respectively. Then

r < max {0, % (deg(éum) - % deg(A(f)) + 1> } ;

s < max{0, deg(6,) — 5 deg(AR)}, o+t < max{0, deg(n) + 1)

Proof. Let {po, v} be the first input and {u;,v;} the output after iteration ¢
(1 < i <r)of step 3.1. From part 1 of Lemma 5.3 [¢,,| < |&,_,| and |n,,| <
[N, 1], so inductively |&,,| < ¢7%&,| and [n,,| < ¢ n,| for 1 < i < r. Then
AN < a v, v, | < @7 leml, s0 ¢ < (16m[|AD] 7 20) /2.

Again, let {po, 0} be the first input and {u;,v;} the output after iteration
i (1 < i < s) of the first loop of step 4. Then |n,,| < 1. Analogous to the
previous part, we infer from Lemma 5.4 that |n,,| > q¢'|n,,| for 1 < i < s, and
[My._ | <1<1|n,|. Then 1 > q|n.._,| > ¢°|nu,|. Here, vg is the v value output by
step 3.3 and hence by 3.2 (since 3.3 leaves it unchanged). Thus, the corresponding
ny is the quantity 7, ,, where we interpret step 3.2 as the (r + 1)-st iteration
of the loop in step 3.1. Now |1, | = [A()[2[&,,. |71 > ¢"|A(F)[V/?]€,| L. Thus,
¢ <6 [1AR) 2.

In the second loop of step 4 of Algorithm 4.1, we have |n,,| < ¢ %|n,,| for
1< <t,and | <1< [, ) Then 1< |y, | < g~CDln], where [uo] is
p value output by step 3.3. The corresponding |7,,| is at most equal to [n,, |-
Then [nu, .| = [mv.| < ¢ "nul, s0 ¢ < gy |.

Corollary 6.2. Letr, s, and t be as in Lemma 5.2. Let § be the input itdeal and
{1, u, v} the input basis of Algorithm 4.1. Assume that |€,| > |&,| and |n,| > |0,
so step 2 has been executed.



1. Suppose f = f,,1 for some n € IN, where §; is a fractional ideal, f,,, =

(B, with {1, o, vn} a reduced basis of f,, (n € IN).

1
If §,, is reduced, then r = s =10, t< 1 deg(A(f)) + 1.
If §,, is nonreduced and f, is the product of two reduced fractional ideals, then
1 1 1 1
r < 1 deg(A) — 5 7 +s5< 3 deg(A) =3, r+t< Zdeg(A(f)A) +1.
2. Suppose {1, u,v} is a canonical basis of f. Then
1
r < 5(deg(d(f))+1), r+s < max{0, deg(d(f))—deg(w)}, r+t < deg(p)+1.

Iff=0,iev=pand p=w, thenr =s=0, t<deg(p)+1.

1
If | is reduced, then r < 1 deg(4), r+s<deg(p), r+t<deg(p)+1.
If | is the product of two reduced fractional ideals, then

1 1
r<j; deg(4), r+s< 3 deg(A) +deg(p) —2, r+t <deg(p)+ 1.

Proof. Part 1 follows directly from the bounds in Lemma 5.2. For part 2, let
{1,a, B} be a canonical basis of f with a = s’s71p and 3 = s"s H(wp + w).
Since |p| < [wl], [€attal[A(F)I 72 < |'plls"w| ™! < |s| = [d(F)], 1€all A7/ =
Is]]s"w| =t < |d(f)||w| 1, and |na| < |p|. Once again by Proposition 3.1, |d(f)| <
|A|Y/2 if § is reduced and |d(f)| < ¢~2|A| if f is the product of two reduced ideals.
Ity = pand o = w, then |£,,] = |p? < [A[? = |AO) and [&,| < | A2

Corollary 6.2 reveals that if the input ideal § of Algorithm 4.1 is either equal to
O (with basis {1, p,w}), or is of the form f = f,; = (u,')f,, where f,, is reduced
and {1, un, vy} is a reduced basis of f,,, then step 3.1, the first while loop in step
4, and step 6 can be omitted. This is the case, in particular, if the regulator
or the fundamental unit of K/k(z) are computed by generating the recursion

fn—‘—l = (M;l)fn Wlth fl = fp+1 = O

Algorithm 6.3. (Basis reduction, input ideal of special form)

Input: fi, U where {1, 1,0} is a basis of some fractional ideal §. Here, {fi,0} =
{p,w} or {ji, v} = {71,001} where {1,¢,0} is a reduced basis of a reduced
fractional ideal.

Output: p, v where {1, p, v} is a reduced basis of §.

Algorithm:
1. Set p=j, v=ruo.
2. If €] < 18] or if 1€u] = 60| and [n,| <'|n|, replace

(£) w (5 0)(2)



8 If Inul = Inul
3.1. Replace

(5) by (—01 L@L}m)(ﬁ)'

3.2. If Inu| = |nu|, replace

(/:) by ((1) —sgn(717w7;1)> </;)

4. While |n,| > 1, replace

(£) o () ()

5. Replace pu by p— |Cul/2 and v by v — [(,]/2.

7 Precision Required for Ideal Basis Reduction

When computing absolute values as well as integer parts of quotients as required
in basis reduction algorithm, the relevant quantities of the form bp 4 cw need to
be approximated to sufficient “precision” with a Puiseux series in k(z~!) that is
truncated at some suitable negative power of z. Our numerical experiments in
[2] show that increasing the precision or even using variable precision does not
have a significant impact on the running time of the algorithm; for example, a
reduction in precision from deg(D) to deg(D)/2 made a difference of only 5-10
percent in computation time. Nevertheless, it is desirable to have a lower bound
on the minimal precision required; in [2], where we implemented Algorithm 4.1
for reduced ideals only, we relied exclusively on heuristics and numerical evidence
in determining our precision.

We define a relative approximation of precision n € INg to an element o =
Yoo aizTt € k(zT!) to be &y, = Z;:_dff(a) a;x™% Then |1 — &/al < ¢, or
equivalently, |a — &| < qdee(@)—n_ To approximate a quantity of the form 6 =
bp+cw with b, ¢ € k(x), such as &, &, n,, and n,, we generate relative approxi-
mations p, and @, of sufficient precision n to p and w, respectively, and approx-
imate 6 by 6= bpn, + cy,. pn is precomputed by explicitly extracting a cube root
of D € k[z] so that the coefficients of zd°8(P)/3 gz 1, 2=t .. z"—dee(D)/3 gare
correct, and w,, is given by the following lemma.

Lemma 7.1. Let p,, be a relative approximation of precision n to p. Then &, =
|zn—dee@) 52 /[ | pdes(W)=n s g relative approzimation of precision n to w.
Here, it is a simple matter to verify that |1 — w,/&,| < ¢~ ™. Henceforth, we
denote by p, and w,, relative approximations of some precision n € IN to p and
w, respectively. For 0 = a + bp 4+ cw with a,b, ¢ € k(x), we set

9:a+b[)n+azjn7 50 :prn"'ca)nv 779 :b[)n_azjnv éa :Za_bﬁn_ca'm



The following lemma gives lower bounds on the precision required to compute
absolute values and integer parts of certain Puiseux series correctly.
Lemma 7.2. Let 0, ¢ € k(x).

1. If m € Z and ¢"T™ > max {|&|, |ne|}, then || = ¢™ if and only if |£9| =
q", 1&el < " if and only if |§g| < ™, and [§g| < q™ if and only if [$o| < g™

@‘} then [6] = ||
1)
3. If ¢ > max{|&]|, |no|}, then |0] = 0] and |¢o) = o).
H
&)
= max{|&|, [no|}q "

2. If ¢" > max {1,

b )

4. If €| > |€4| and ¢" > max{l,

| |Sos then {&QJ
) £¢

ARG

&o
£
Proof. If 0 = a + bp + cw with a, b, ¢ € k[x], then

10— 8] = |¢&6 — Ea| = |Co — Col
= |b(p — pn) + c(w — @n)| < max{[bpl, |cw|}q

—n

This immediately yields parts 1-3. For part 4, we have
So _ % £o(€s — &o) L&

& & Eoéy £
Suppose that [ > [€| and g” > masx{L, |6/€l. 1o/l |€5ms /€3] }. Then
olto —8a) IS0l iyl ol < 1

§¢€¢ |f¢‘2
similarly, |(§g — &) /€| < 1. So |&/&s) = [€0/Es)-

We are now able to give lower bounds on n for the different steps of Algorithm
4.1. We consider a precision of n to be sufficient if in any identity or condition on
a quantity 0, 8 can be replaced by a relative approximation 0 of precision n to
6. For example, n is sufficient for step 3.1 of Algorithm 4.1 if [£,n,| > |A)(f)|'/?
exactly if |&,7,| > |A(F)|Y/? and if [€,/€,] = [£,/&,] in every iteration of the
loop.

Lemma 7.3. Let f be the input ideal and {1, u,v} the input basis of Algorithm
s, and t be as in Proposition 6.1. Then a precision of n is sufficient for

Ty }

|’ My ’

61> 1€amsl 12 Insl? }

4.1 Define {c, B} = {,0} = {p, v} such that |&a| > |€a| and |ny| > |ns|. Let r,
1. step 2 and the if condition at the start of step 3 if ¢" > max{ T |
) ) ’q
[AI27 A(F)[/2 A/

Sal| |Saf |y
7’56

2. step 3.1 if q* > max{

Y

s

where ¢'v = | 22| for r > 1;

(23



fa foﬂ]& o oon—2 sl
3. step 3.2 if ¢" > max g, gt ;
{ ARG A7
4. step 8.8 if ¢" > max{l7 Lﬁz},
PAGHIRG
g2le12
5. the first while loop of step 4 if ¢" > max < |A(f )\1/2 |§ﬂ|7q ) |A( )|1/2} where
¢' = max S and ¢ts—1 = 75”3_1 ;
0<i<s—1 | | &y, Eves

6. the second while loop of step 4 if ¢ > max {qm, qu|A(f)|1/2} where ¢ =

max { i } and ¢t = Ove ;
0<j<t—1 | |, um

7. steps 5 and 6 if ¢" > max{q™, |A(f)|*/?}.

Proof. We use the results of Lemma 7.2 and the same notation as in the proof
of Proposition 6.1. We only prove parts 1-3 and part 5; the other parts follow
analogously.

L. Since ¢ > max{1, [na/éal}, [€a] = [€al, and since ¢ > max{|€s/Eal, [15/Eal},

16,1 < [€u] if and only if |¢,| < |&,|. Finally, ¢" > max{|ns /1., 1€5/n,} imn-
plies |n,| < || if and only if |7,| < |7,| and |n,] > |n,| if and only if

] > |71

2. We have a = Y = Mo and ﬂ =0= o, |£V1 < |£ﬁ|a |nl/i < ‘775|7 and |£V7:nVi >
|A(f)|1/2 > &, 1, | for 0 < i <r — 1. Furthermore, [,,/&.| = |04, /M, ], sO
1w, /€| = [ns/&sl = |ny/&al for 0 < i <r—1.

Hence, since ¢" > max{1,[n,/&al,[€a/ny |}, [§0:| = ‘él/i|’ and |n,,| = [9,,| for
0<i<r—1.Also, if r > 1, then

L/ Y W B ] < g2 \776|21 -,
v, ISTRY PAYGHIRG
so &, | = |&,, |. Furthermore, since
[€amsl _ 1€sl? } [
q'fL > ma'X{ ) > - maX{'nVi >|§Vi }7
[ADIT2T1AD2 ] A2

< |A(f)IM?/I&,] if and only if 7y, | < [A(F)[/2/]&,] for 0 < i <.
Finally, if r > i > 1, then [€,,, /&, | < &m0, | /|ADM? < |€ans|/|AG)[/?
and [1,,, /€| < |ns|* /| A2 Also, €, [, * = [nw, /€0,] for 0 <i <r—
1. Hence, ¢" > max{|€a /s, ny /€, |€ams|/| A2, [ns|* /| A(F)]*/?} implies
I_glh/gulj = LfHI/EV'LJ for0<i<r-—1

3. If r > 1, then |, /&, | = q‘r,

then |7,

2
77’/7‘—1
5117»,1 ,r]l/r71

I, |77<5|2
[A()[T/??

.
&,

= lr

<q




_ Ny Moy quT—2 [7s]?
&, v Mvna |~ |A(f)[*/2

5. We have [n,] < 1 < [, 50 €] > [ADY2 > [6,,] for 0 < i < 5 — 1.
Since ¢" > max{1, |{g|} > max{|n,,|,[€,,] : 0 <i < s—1}, |n,| <1if and
only if [, | < 1. Also |&, /mu.| < [A(IVZ, s0 ¢" > max{1,|A(f)|/*} yields

Eunllur | o,

.| = 70, ]-
Now |, /&0, <q¢for0<i<s—1,and for 0 <i<s—2:
% < nui < 1 guﬂ?w — |A(f)|1/2 < 1
3 Civa | AV v A A2
and ! 2 ! 3
s—1— s—1—
Mps_1 < q < q 5
ngfl |£M571‘ |A(f)|
Mosbis | _VAGI? _  JAGI @
P (e €u o > T JAMI2

Tt follows that £, /&y, | = |€u. /€] for 0 <i<s—1.

Corollary 7.4. Let§ be the input ideal and {1, u, v} the input basis of Algorithm
4.1 or Algorithm 6.3. Define {a, 8} = {~,0} = {u, v} such that |{o] > |€5] and
[y > Ins|. Letl, I, ls—1, m, and my be as in Lemma 7.5.

Sa Sa
fﬂ Ty ’

€512 1€ams] @2 ms)?
TIAMIM2TAF)V2 A2

) )

1. If ¢ > max | |€3], Uil faga
fﬁ fg
g2lo—1-2

W,ql,qm,qmt,qmt|A(f)|1/2, }, then a precision of n is sufficient for
Algorithm 4.1.

Sl || |Gl |Sams) _JEoI" qm,qmt|ﬂ(f)|1/2},thena

2. If ¢" > max , ) )
{ sl &l [y |7| &5 |7 A2
precision of n is sufficient for Algorithm 6.3.

T

9 9

We point out that the values ¢!, ¢, ¢'*=1, ¢™, and ¢ are almost always very
small. In general, we expect the case where f is the product of two reduced
ideals to require the highest precision, since in this case, |N(f)]~! (and hence
the upper bound on |d(f)| by part 2 of Proposition 3.1) is largest. Even in this
situation, it is very likely that the required precision is not too large, say no
more than deg(A); however, only numerical experiments will tell. The scenario
of Algorithm 6.3 requires significantly less precision: here, we expect deg(A)/2
to be sufficient, and this bound is supported by numerical evidence (see [2]).

8 Conclusion and Outlook

We have provided a complete analysis of the algorithm for computing a reduced
basis of a fractional ideal in a purely cubic function field of unit rank 1. The



number of iterations of each while loop of the algorithm is bounded by a fraction
of deg(A). The quantities |£,|, ||, 4], and |n,| appear not to grow too large
throughout our computations; in fact, we expect the bounds of Lemma 5.2 to
significantly exceed the actual sizes of these quantities. Finally, the precision
required to compute absolute values and quotients appears to be a fraction of
deg(A) as well.

As mentioned in section 1, our two algorithms serve two purposes. If Algorithm
6.3 is repeatedly applied, starting and terminating with f = O, it generates all the
reduced principal fractional ideals in O and thus produces the fundamental unit
and/or the regulator of K/k(z) as illustrated in [2]. Algorithm 4.1 can be used to
determine from a given nonreduced fractional ideal an equivalent reduced one. In
particular, if the input ideal is the product of two reduced principal ideals, then
the infrastructure of the set of reduced fractional principal ideals guarantees that
the method finds a reduced principal fractional ideal “close” to the product ideal
very quickly, namely after at most 3(deg(A)+4)/8 applications of Algorithm 4.1.
This phenomenon allows for a rapid movement through this set, thereby speeding
up regulator and fundamental unit computation significantly. The technique can
be extended to yield the ideal class number of K/k(z) and hence the order of
the group of k-rational points on the Jacobian of K. Work on this problem is
currently in progress.

If ¢ = —1 (mod 3), then a representation of unit rank 1 can always be achieved
for any purely cubic extension K/k(x) by applying a simple change of variable;
in particular, any purely cubic extension of unit rank 0 (i.e. when deg(D) is not
a multiple of 3) can always be converted to one of unit rank 1 over the same field
of rational functions k(z). The methods outlined above can also undoubtedly be
generalized to arbitrary cubic function fields of unit rank 1; once again, this is
currently being explored. In addition, we are in the process of investigating the
case of even characteristic. It remains to be seen which elements of Algorithms
4.1 and 6.3 (if any) are of use in cubic extensions of unit rank 2, and to what
extent our techniques can be extended to unit rank 1 extensions of degree higher
than 3. Much of the reduction theory remains valid here, but Algorithm 4.1 needs
to be replaced by an entirely different reduction procedure.
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