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Abstract

In this work we look at an approach to solving Pell’s equation us-
ing continued fractions and fundamental units in real quadratic orders.
We demonstrate that there is an underlying general approach using
Lucas-Lehmer methods for solving Pell and other quadratic Diophan-
tine equations that is often overlooked in the literature.
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1 Introduction

Continued fractions play a vital role in the solutions of Pell’s equations
x2 − Dy2 = ±1. Moreover, the theory of E. Lucas and D.H. Lehmer together
with the interplay between quadratic orders is often disregarded in discussions
of such solutions. In this work we highlight the aforementioned interplay in
a presentation of how to solve Pell’s equations via a generalization of what
Ayoub [1] calls the k-Fibonacci sequences. We uncover not only the continued
fraction connection, mentioned in [1], but also the critical role, absent from [1],
of Lucas-Lehmer theory and its role in the interplay between the fundamental
units of related real quadratic orders.

2 Notation and Preliminaries

Herein, we will be concerned with the simple continued fraction expansions
of

√
D, where D is a positive integer that is not a perfect square. We denote
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this expansion by, √
D = 〈q0; q1, q2, . . . , q�−1, 2q0〉,

where � = �(
√

D) is the period length, q0 = �√D� (the floor of
√

D), and
q1, q2, . . . , q�−1 is a palindrome.

The kth convergent of α for k ≥ 0 is given by,

Ak

Bk

= 〈q0; q1, q2, . . . , qk〉,

where
Ak = qkAk−1 + Ak−2,

Bk = qkBk−1 + Bk−2,

with A−2 = 0, A−1 = 1, B−2 = 1, B−1 = 0. Also, for any k ∈ N,

A2
k−1 − B2

k−1D = (−1)k.

In particular,
A2

k�−1 − B2
k�−1D = (−1)k�.

In the next section, we will be considering what are typically called the
standard Pell equations (2.1)–(2.2), given below. The fundamental solution of
such an equation means the (unique) least positive integers (x, y) satisfying
it. The following result shows how all solutions of the Pell equations are
determined from continued fractions.

Theorem 2.1 Suppose that � = �(
√

D) and k is any positive integer. Then if
� is even, all positive solutions of

x2 − y2D = 1 (2.1)

are given by
x = Ak�−1 and y = Bkl−1,

whereas there are no solutions to

x2 − y2D = −1. (2.2)

If � is odd, then all positive solutions of Equation (2.1) are given by

x = A2k�−1 and y = B2k�−1,

whereas all positive solutions of Equation (2.2) are given by

x = A(2k−1)�−1 and y = B(2k−1)�−1.
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Proof. This appears in many introductory number theory texts possessing an
in-depth section on continued fractions. For instance, see [3, Corollary 5.7, p.
236]. �

We highlight the following fact which will be used throughout.

Remark 2.1 The fundamental solution of x2−Dy2 = (−1)� is given by A�−1+
B�−1

√
D. This is the solution with least positive x, y. Moreover, as stated

in Theorem 2.1, all solutions of (2.1) are powers of A�−1 + B�−1

√
D and all

solutions of (2.2) are odd powers of A�−1 + B�−1

√
D. Thus, (2.2), called the

negative Pell equation, is solvable if and only if � = �(
√

D) is odd, whereas
(2.1), called the positive Pell equation, is always solvable with its fundamental
solution being A�−1 + B�−1

√
D when � is even and A2�−1 + B2�−1

√
D when �

is odd.

Now for the balance of the discussion in this section, we need to define
general orders in which we will work. If D0 > 1 is a squarefree integer, then a
fundamental discriminant with radicand D is given by

Δ0 =

{
D0 if D0 ≡ 1 (mod 4),
4D0 if D0 ≡ 2, 3 (mod 4).

Now suppose that Δ = f 2
ΔΔ0 for given positive integer fΔ . If we set

σ0 =

{
2 if Δ0 ≡ 1 (mod 4),
1 if Δ0 ≡ 0 (mod 4),

then for g = gcd(σ0, fΔ), and σ = σ0/g, Δ = 4D/σ2 is called a discrimi-
nant with associated radicand D = (fΔ/g)2D0 (and underlying fundamental
discriminant Δ0 having fundamental radicand D0). Set

ωΔ0 =

{
(1 +

√
D0)/2 if Δ0 ≡ 1 (mod 4),√

D0 if Δ0 ≡ 0 (mod 4),

then ωΔ = fΔωΔ0 + h where h ∈ Z is called the principal surd associated
with the discriminant Δ. Thus, if ω′

Δ is the algebraic conjugate of ωΔ , then
Δ = (ωΔ − ω′

Δ)2, and

OΔ = [1, fΔωΔ0] = [1, ωΔ] = Z[ωΔ] = Z + ωΔZ

is called an order in Q(
√

D0) having conductor fΔ with discriminant Δ and
associated radicand D.

The fundamental unit of OΔ is denoted by εΔ, that is the smallest positive
unit in OΔ. When σ = 2, then εΔ = (a+b

√
Δ)/2 where a and b have the same

parity.
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3 Lucas-Lehmer Theory and Pell’s Equation

Let α and β be the roots of

x2 −
√

Rx + Q = 0,

where R, Q ∈ Z, with gcd(R,Q) = 1. It follows that

α + β =
√

R, αβ = Q, and α − β =
√

R − 4Q.

Set √
Δ =

√
R − 4Q

from which it follows that

2α =
√

R +
√

Δ =
√

R +
√

R − 4Q,

and
2β =

√
R −

√
Δ =

√
R −

√
R − 4Q.

Definition 3.1 Lucas Functions

Let n ≥ 0 be an integer. Then the following are called Lucas functions :

Un = (αn − βn)/(α − β),

and
Vn = αn + βn.

The above were dubbed functions rather than sequences by Lucas, then
later extended by D.H. Lehmer. They satisfy the Diophantine equation;

V 2
n − ΔU2

n = 4Qn, (3.3)

and the recurrence relations

Un+1 = R1/2Un − QUn−1, (3.4)

and
Vn+1 = R1/2Vn − QVn−1,

—see [2, Exercise 3.1.5, pp. 73–75].
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Remark 3.1 If we let Q = −1 and R = k2 then we get Ayoub’s k-Fibonacci
sequence an+1 = kan+an−1. In [1] it is stated that the following formula can be
derived via the techniques of homogeneous second order difference equations:

an = Un =
(k +

√
k2 + 4)n − (k −√

k2 + 4)n

2n
√

k2 + 4

for any nonnegative integer n. However, this is just a direct application of (3.4)
in the Lucas-Lehmer theory. He looked into this in [1] from the perspective of
solutions to

x2 − (k2 + 4)y2 = ±1,

for which he chooses as solutions (xn, yn) = ((Un+1 + Un−1)/2, Un/2) and goes
on to explain that certain k-Fibonacci sequences such as for k = 2 will yield
rational solutions. However, we know from (3.4) that when k = 2, for instance,
(xn, yn) = (Un + Un−1, Un/2) where Un is even if and only if n is even, which
follows from the fact that U2 = 2 | Un for even n and gcd(Um, Un) = Ugcd(m,n) so
this is no surprise. Indeed, via (3.3), we have that (xn, yn) = (Vn/2, Un/2) is the
solution of x2

n−(k2+4)y2
n = (−1)n, so for k = 2, we have (V1/2, U1/2) = (1, 1/2)

but his masks the fact that since Δ = 8, then taking U1

√
Δ = 2

√
2 we get

1+
√

2 which is the fundamental unit of Z[
√

2]. To get solutions of x2−8y2 = 1,
we look at (1 +

√
2)2 = 3 + 2

√
2 = 3 +

√
8 which is the fundamental unit of

the order Z[
√

8]. Here we have the interaction between the orders Z[
√

2] and
Z[
√

8]. The odd k case, for instance, using Ayoub’s example with k = 3 we
have that Vn/2+Un/2

√
13 = ((3+

√
13)/2)n, so in particular for n = 3 we have

that ((3+
√

13)/2)3 = 18+5
√

13 so all integral solutions of x2 −13y2 = (−1)n

are powers of 18 + 5
√

13 and this holds since the latter is the fundamental
unit of Z[

√
13] whereas (3+

√
13)/2 is the fundamental unit of Z[(1+

√
13)/2].

Hence, what is missed in [1] is this interplay between these two quadratic
orders. Indeed Ayoub says: “Note that in the first example (where k is even)
alternate solutions are integral, while in the second (where k is odd), every
third solution is integral. It turns out his is no coincidence.” Then he spends
the balance of the paper demonstrating this fact. However, as seen above this
is an immediate consequence of Lucas-Lehmer theory.

Moreover, these and more general such radicands have been extensively
studied from this perspective and the types in this example are special cases
of what are called narrow Richaud-Degert (RD) types. Indeed, any radicand
D = k2 + r where |r| | 4k is called an extended (RD) type and is called a
narrow R-D type if |r| = 1, 4. These are well understood and sompletely
defined from the continued fraction perspective—see [2, Theorem 3.2.1, p.
78]. For D = k2 + 4, the continued fraction expansion of

√
k2 + 4 has period

length 5 when k is odd, and if k is even it has period length 2. Moreover, the
fundamental unit in the former case is (k3 + 3k)/2 + (k2 + 1)/2

√
D and in the
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latter case it is (k2 +2)/2+k/2
√

D. The former follows from the fact that the
fundamental unit of Z[

√
k2 + 4] for odd k is given by

(
k +

√
k2 + 4

2

)3

=
k3 + 3k

2
+

k2 + 1

2

√
k2 + 4,

where (k +
√

k2 + 4)/2 is the fundamental unit of Z[(1 +
√

k2 + 4)/2]—see [2,
Theorem 2.1.4, p. 53] and [2, Theorem 3.2.1, p. 78].

It is an exercise to verify the following fact—see [2, Exercise 3.2.7, p. 85].
It is the purpose of this work to show how much more general results may be
achieved via Lucas-Lehmer theory and extend the intent of Ayoub in [1] to
give a complete generalization in an elementary fashion.

Proposition 3.1 Let D0 be a fundamental radicand and let f be the least
positive integer such that f 2D0 = k2 + r with −k < r ≤ k and r | 4k. Also,
let Δ be the discriminant associated with the radicand D = f 2D0. Then the
fundamental unit of OΔ is given as follows.

(a) εΔ = k + f
√

D0 if |r| = 1 unless D0 = 5 and f = 1.

(b) εΔ = (k + f
√

D0)/2 for |r| = 4.

(c) εΔ = (2k2 + r + 2kf
√

D0)/|r| if |r| �∈ {±1,±4}.

Now let Δ = k2±4m2 be a discriminant where m | k, which is of RD-type.
Thus, we may generalize the k-Fibonacci sequence discussed in Remark 2.1 as
follows:

Un+1 = kUn ± m2Un−1 for any n ≥ 0 (3.5)

may be dubbed the (k,±m)-Fibonacci sequence. In this case, Q = ∓m2 and
R = k2. By Proposition 3.1 we have that when m > 1, then by properties of
the Lucas functions, given in [4, Theorem 8.1, p. 272] for instance,(

V2 + U2

√
Δ

2m2

)n

=

(
V2n + U2n

√
Δ

2m2n

)

= εn
Δ =

(
k2 ± 2m2 + k

√
k2 ± 4m2

2m2

)n

,

and

V 2
2n − U2

2n(k2 ± 4m2)

4m4n
=

(
V2n

2m2n

)2

−
(

U2n

2m2n

)2

(k2 ± 4m2) = 1.
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When 2m2 | k, then U2/(2m2) = k/(2m2) ∈ Z and V2/(2m2) = k2/(2m2)±1 ∈
Z and when 2m2 does not divide k, then U3/(2m2) = [(k/m)2 ± 1]/2 ∈ Z and
V3/(2m2) = [k((k/m)2 ± 3)]/2 ∈ Z. (Keep in mind that all of the latter
is under the assumption that m | k.) In the former case the fundamental
solution of x2 − Δy2 = 1 is given by (V2 + U2

√
Δ)/(2m2) and in the latter it

is (V6 + U6

√
Δ)/(2m6).

Example 3.1 Let Δ = k2 + 4m2 = 2252 + 4 · 32 = 50661. Then 2m2 = 18
does not divide k = 225 and U2/(2m2) = k/(2m2) = 225/18 = 25/2 �∈ Z,
but U3/(2m2) = 50634/18 = 2813. Moreover, the fundamental solution of
x2 − 50661y2 = 1 is given by

ε4·50661 =
V6 + U6

√
50661

2m6
=

129884770891458 + 577060507800
√

50661

1458

= 89084205001 + 395789100
√

50661 =

(
5627 + 25

√
50661

2

)3

= ε3
50661.

Note that the fundamental solution is also given by the values from Theorem
2.1 in the simple continued fraction expansion of

√
50661 namely for � = 10

with A�−1 = A9 = 89084205001 and B�−1 = 395789100, namely

ε4·50661 = A9 + B9

√
50661.

Example 3.2 Let Δ = k2 + 4m2 = 4502 + 4 · 32 = 202536. Then 2m2 = 18 |
k = 450 with U/(2m

2) = 450/18 = 25 and V2/(2m2) = 202518/18 = 11251.
Moreover, the fundamental solution of x2 − 202536y2 = 1 is given by

ε4·202536 =
V2 + U2

√
202536

2m2
=

202518 + 450
√

202536

18
= 11251 + 25

√
202536,

which may be obtained as in Example 3.1 via the simple continued fraction
expansion of

√
202536 namely from A�−1 = A1 = 11251 and B1 = 25.

Note that if m = 1 in (3.5) then we get the (k,±1)-Fibonacci sequence

Vn + Un

√
Δ =

(
k +

√
k2 ± 4

2

)n

,

where U1, V1 ∈ Z if k is even and U3, V3 ∈ Z if k is odd. The (k, 1)-Fibonacci
sequence is that of Ayoub [1].
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