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Abstract

We find the number of solutions of norm-form equations 22— Dy? =
¢ for positive non-square integers D), which are less than a certain
bound related to Pell’s equations > — Dy? = +1 and based upon
the ambiguous classes of solutions to the norm-form. This generalizes
recent results in the literature.

1 Introduction

In previous work, such as [4]-[5], we found criteria for the solutions of
norm-form equations in terms of continued fractions. However, more re-
cently, work by Pihko in [2] focused on the number of solutions less than a
certain bound, defined below. We completely generalize these results and
show how this is related to ambiguous classes, also defined below, which is
not mentioned in [2], but really reveals the underlying reasons for this phe-
nomenon to occur. Of course, the Pell equations and norm-form equations
have a long and distinguished history, which can be found, for instance in
Dixon’s work [1].
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2 Norm-Form Equations

Let (T,U) be the fundamental solution of
2’ — Dy =1 (2.1)
and let (¢,u) be the fundamental solution of
2? — Dy* = —1 (2.2)

where D is a positive nonsquare integer. Also, set T; 4+ U;v/D = (T + U\/E)Z
and t; + u;v/D = (t +uy/D)? for any integer i.

Let ¢ > 1 and N > 1 be fixed integers. We call a solution (a,b) of
2? — Dy? = =+c to be trivial if ¢ | a®>. In what follows, we only consider
positive solutions that are nontrivial, namely those for which ¢ does not
divide a?.

Define F(D, ¢, N) to be the number of positive solutions of

v — Dy* =c (2.3)

which are smaller than (Tx+/c, Un+/c), and f(D,c, N) to be the number of
positive solutions of
2 — Dy = —¢ (2.4)

that are smaller than (ty+/c, un+/c).
Theorem 2.1 Let 8 be the set of all solutions of Equation (2.3) that are less

than (Tn+/¢c, Un+/c).

1. Then if 8 has no element from an ambiguous classes of solutions, then
2| F(D,c,N).

2. If Equation (2.2) has solutions, then F(D,c, N) =2f(D,c, N).
Proof. To establish part 1, we first show the following.

Claim 2.1 If (a,b) is a solution of Equation (2.3), then (a,b) € 8 if and
only if (aTy — UnbD,aUy — Tnb) € 8.



Suppose that (a,b) € 8. Since
N((a — bV D)(Ty + UyVD)) = (a®> — ¥’D)(T% — U3 D) = ¢,
then
(a —bVD)(Ty + UyVD) = (aTy — UxbD) + (aUy — Tb)V'D
is a solution of (2.3). Thus, we need only show that
0 < aTy — UnbD < Ty+/c, (2.5)

and
0<aUny —Tnb < UN\/E (26)

To this end, we first establish the following
Claim 2.2 [f aUn —Thb < UN\/E, then aTy — UnbD < TN\/E

From the fact that (a7 — UybD,aUy — Tb) is a solution of (2.3), we
have,

(aTy — UxbD)? = (aUy — Tnb)>D +c < Uy Dc+c = (Ux + 1)c = Txe,
SO
|CLTN — UNbD‘ < TN\/E,

which secures Claim 2.2.

By Claim 2.2, it suffices to show that (2.6) holds and aTy — UybD > 0
in order to secure the sufficiency of Claim 2.1.

We have that

(aUyx + Tnb)(aUy — Tyb) = a*Uxy, — Txb* = (b°D + c)Uy — Tab?* =

(DUR — Ta)b* + cUx = Ugc — 6> >0

since b < Un+/c. Hence, aUy — Tyb > 0. Suppose that aUy — Tnb > Un+/c.
Then we get the contradiction,

Uic > Uyc—b* = (aUy + Tnb)(aUy — Tyb) > (aUy)(Unv/c) > Uxe, (2.7)



where the first inequality follows from b > 0, and last inequality follows from
the fact that a® > a*> — v*D = c. This secures (2.6). Lastly, we establish that
alx — UnbD > 0. Suppose that aTy — UybD < 0. Then

0 > (aTy—UnbD)(aTy+UnbD) = a*Ts—Uxb?*D* = a*(U3D+1) - U3 6> D?
= U3 D(a*> — b°D) + a*> = U3Dc + a® > 0.
This contradiction secures the sufficiency of Claim 2.1.

To prove the necessity of Claim 2.1, we apply the sufficiency to (a/,t') =
(CLTN — UNbD,(IUN — TNb) € 3. ThU.S, (CI,/TN — UNb/D,CL/UN — TNb/) € S.
However,

a'TN — UNb/D = ((ITN — UNbD)TN — UN(CLUN — TNb) =
aTy — TyUnbD — aUx D + UyTybD = a(Tw — Uy D) = a,

and
CL/UN - TNb, == (aTN — UNbD)UN — TN(CLUN - TNb) =

alnUy — UZQ\,bD —alnUn + Tj%b = (T]%, - U]%]D)b = b.
This secures Claim 2.1.

Claim 2.3
a = GTN - UNbD, (28)

iof and only of
b= CLUN - TNb (29)

If (2.8) holds, then aTy = aT% — TnUn Db, so
aly —a=al%—a—TyUyDb=a(Ts —1)—TnUyDb = aU%D — TyUyD0.

Thus, (aTy — a)/(UyD) = aUy — Tyb. However, since (2.8) holds, then
(aTn — a)/(UxyD) = b. If Equation (2.9) holds, then a = (b + Tnb)/Uy =
b(TN + 1)/UN, SO

b(Ty +1) — Uxbd  bT% + 6Ty — URbD

Ty — UnbD =
aln N Ux Ux
b(Ty —UXD)+ 0Ty  b+bTy  b(ITy+1)
Uy Uy Uy 7

which establishes Claim 2.3.



Claim 2.4 If(a,b) € S, then a = aTn—UpnbD if and only if (a,b) is element
from an ambiguous class of solutions.

If a =aTy — UynbD, then by Claim 2.9, b = aUy — Tyb, so
(a+bVD)(~Ty +UnxVD) = —aTy +bUnD+ (Uya—Tyb)VD = —a+bVD,

so (a,b) and (—a,b) are in the a same class.

If (a,b) € 8 is an element from an ambiguous class, then there is an integer
N such that (T + Uyv/D) is a unit with +(Tw + Uxyv'D)(a + bV D) =
—a + bV D. However, if we have the plus sign then this is not possible since
for N > 0, the constant term is positive, and for N < 0 the constant term
is positive by Claim 2.1. Thus, we must have the negative sign. In this
case N > 0 is not possible since then the coefficient of v/D is negative.
Hence only N > 0 is possible and the negative sign, for which we get that
a =Ty — UyxbD, which proves Claim 2.4.

By hypothesis, Claim 2.4 tells us that

if (a,b) € 8 then (aTnx — UnbD,aUyx — Txb) ¢ 8 when a = aTy — UnbD.

However, by Claim 2.1 one of them is in & if and only if the other is in S.
Hence, elements of 8 may be paired with distinct elements of 8 in a one-
to-one fashion. In other words, 2 | F(D,c¢, N) = |§|, which completes part
1.

Now we establish part 2. If T is the set of all solutions of Equation (2.4)
that are less than (ty+/c, un+/c), then |T| = f(D, ¢, N).

Claim 2.5 If (a,b) € S, then (A,B) € T where A = |tya — uyDb| and
B = una — th.

Since
N((ty + uxyVD)(a — bV'D)) = N(A+ BVD) = —,

then (A, B) is a solution of Equation (2.4). Also, by Equation (2.12),

b(1 —u%D) + 2tyuya — 13D _

B = uya— tyb =
Una—tn on

b + 2tNUNCL — (t?\/ + U?VD)I) . b + UNCL - TNb
2ty - 2ty '




Therefore, if (a,b) € 8, b > 0, then by Claim 2.1, Uya — Tyb > 0, so B > 0.
Assume that B = uya — tyb > uy+/c. Then

ura? > 13:b% 4+ ukc + 2tyunby/c = 1 b? + unby/c + ui(a® — b*D).
Therefore, by Equation (2.12),
uxb?D — 13:b* > Unby/ch,
so b > Uy+/c contradicting that (a,b) € 8, so we have shown that
0 < B < uynve.

It remains to show that 0 < A < ty+/c to establish Claim 2.5 . If A =0,
then ¢ | a? contradicting that we have a nontrivial solution, so A > 0. Also,
by the above, A> = B®D — ¢ < Du3c — ¢ = ¢(Du% — 1) = ct%. Thus,
A < ty+/c, which secures Claim 2.5.

Claim 2.6 If (A, B) € T, then both
(a, b) = (—tNA—f-uNDB,tNB—UNA) €38 (210)

and
(a', b/) = (tNA + U,NDB7UNA + tNB> € S. (211)

Let (A, B) € T. Since
N(ty +unyVD)(—A+BVD)) = N(—tyA+unyDB+ (uyA+tyB)WD) = ¢,
and
N(ty +unVD)(A+ BVD)) = N(tyA+uyDB + (uyA + tyB)VD) = ¢,

then (a,b) and (a’,b’) are solutions of Equation (2.3). Thus, to establish
(2.10)—(2.11), it suffices to show that

0<a,a <Tyvcand 0< bt < Uyye.
Clearly, @' > 0 and & > 0. Also, since (A, B) € T, then

b/ = UNA + tNB < UNtN\/E + tNUN\/E = QUNtN\/E = UN\/E,



since
Ty + UnV'D = (tx +uyVD)? = t% +u3 D + 2untyVD. (2.12)
Therefore,
() =DWU)* +c< DUjc+c=c(DUy +1) = cTx.

Thus, we have established (2.11).
To establish (2.10), we employ Claim 2.1. Assume first that

QTN — UNbD > \/ETN

Therefore,
a’TR + Uxb*D* — 2TyUnbD > Tk

However,
a’T3 + Uxb?’D? — 2TnUnbD = a®Tx + b*(Tx — 1)D — 2T\ UnbD =
Tx(a®> = b*D) — b*D — 2TNyUnbD = Tac — b>D — 2TnUnbD < Txe,
a contradiction. Hence,
aTy — UybD < /cTy. (2.13)

Now assume that aUy — Tyb > /cUy. Therefore, we get a contradiction in
exactly the same fashion as the argument in (2.7).
If aTn — UnbD < 0, then

0> aly — Ub*D? = a*Ta — b*D(Tx — 1) = aTx — b*DTx + b°D =

Ty(a®> = b*D) +b*D = T} +b°D > 0,,

a contradiction. Hence, by Claim 2.1, we have (2.10) and so Claim 2.6.

Let 8; be the set of all positive solutions (a, b) of Equation (2.3) such that
(A, B) = (tya — uy Db, uya — tyb) € T, and let 85 be the set of all solutions
(a',0') of Equation (2.3) such that (A, B) = (uyDV —tya',uya’ —tyb') € T.
If (a,b) = (a’, V") € 8 N 89, then tya — uny Db = uy Db — tya, which means
that tya = uyDb. Therefore,

2
e d? —BPD — (UNDb) 0D — u3 D*? — t502°D _

tn 2,



’D(uyD — %)  —b’D

5% o
so tic = —b?D. Thus, c | *D, so ¢ | a*, which contradicts that we have a
nontrivial solution. Hence §; N 8y = @. Moreover, by Claim 2.6, 8; U 8y C
§ and by Claim 2.5, § C 8, U8y, so 8§ = 8§ U 8y. Thus, F(D,c,N) =
2f(D,e,N). Note, as well that by Claim laim 2.5, F(D,¢, N) = 0 if and
only if f(D, ¢, N) = 0. This secures the entire result. O

Corollary 2.1 ([2, Theorem 1, p. 402])
Ifc =n%*>1 forn € N and 2(Ty + 1) is not a perfect square, then
2| F(D,c,N).

Proof. We begin with the following key result. If (a.b) € 8, then
Claim 2.7 2(Ty+1) = 22 for some z € N if and only if 20*(Tn+1) = UZn?.

By Claims 2.3-2.4, § has an element in an ambiguous class if and only if
b = aUx — Tnb, and this holds if and only if aUy = b+ Txb = (Tx + 1)b if
and only if U}a® = (T + 1)?0? if and only if

Uin? = [(Ty + 1) — DUV = (Tg — DU% + 25 + 1)b? = 2b*(Tx + 1),

so 2(Tx + 1) = U3n?/b* = 2%, Thus, by Theorem 2.1, if 2(Ty + 1) is not a
perfect square, then 2 | F(D,c, N) O

Corollary 2.2 [Pihko, [2, Theorem 2, p. 402]
If c = n? > 1 for some n € N and Equation (2.2) has solutions then
2(Ty + 1) is not a perfect square.

Proof. By Claim 2.7, 2(Ty + 1) = 22 for some z € N if and if 20*(Ty + 1) =
U%z%. Hence, by Equation (2.12), U3n? = 2b*(Ty+1) = 20* (13 +ud D+1) =
20%(2t3, + 2) = 4(t3 + 1), which cannot be a perfect square. O

In [2, p.405], classes of radicands D are cited where 2(Ty + 1) is not a
perfect square. However, it is not mentioned that these are special cases of
the well-known and studied Richud-Degert types, D = m? + r where r | 4m,
see [3], for instance.

However, by Theorem 2.1, we can say much more than Corollary 2.2.



Corollary 2.3 If Equation (2.2) has solutions, then 8 has no element from
an ambiguous class.
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