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Abstract

We find the number of solutions of norm-form equations x2−Dy2 =
c for positive non-square integers D, which are less than a certain
bound related to Pell’s equations x2 − Dy2 = ±1 and based upon
the ambiguous classes of solutions to the norm-form. This generalizes
recent results in the literature.

1 Introduction

In previous work, such as [4]–[5], we found criteria for the solutions of
norm-form equations in terms of continued fractions. However, more re-
cently, work by Pihko in [2] focused on the number of solutions less than a
certain bound, defined below. We completely generalize these results and
show how this is related to ambiguous classes, also defined below, which is
not mentioned in [2], but really reveals the underlying reasons for this phe-
nomenon to occur. Of course, the Pell equations and norm-form equations
have a long and distinguished history, which can be found, for instance in
Dixon’s work [1].

∗Mathematics Subject Classification 2000: Primary: ; Secondary: Key words and
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tions.
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2 Norm-Form Equations

Let (T, U) be the fundamental solution of

x2 −Dy2 = 1 (2.1)

and let (t, u) be the fundamental solution of

x2 −Dy2 = −1 (2.2)

where D is a positive nonsquare integer. Also, set Ti +Ui

√
D = (T +U

√
D)i

and ti + ui

√
D = (t + u

√
D)i for any integer i.

Let c > 1 and N ≥ 1 be fixed integers. We call a solution (a, b) of
x2 − Dy2 = ±c to be trivial if c | a2. In what follows, we only consider
positive solutions that are nontrivial, namely those for which c does not
divide a2.

Define F (D, c, N) to be the number of positive solutions of

x2 −Dy2 = c (2.3)

which are smaller than (TN

√
c, UN

√
c), and f(D, c, N) to be the number of

positive solutions of
x2 −Dy2 = −c (2.4)

that are smaller than (tN
√

c, uN

√
c).

Theorem 2.1 Let S be the set of all solutions of Equation (2.3) that are less
than (TN

√
c, UN

√
c).

1. Then if S has no element from an ambiguous classes of solutions, then
2 | F (D, c, N).

2. If Equation (2.2) has solutions, then F (D, c, N) = 2f(D, c, N).

Proof. To establish part 1, we first show the following.

Claim 2.1 If (a, b) is a solution of Equation (2.3), then (a, b) ∈ S if and
only if (aTN − UNbD, aUN − TNb) ∈ S.
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Suppose that (a, b) ∈ S. Since

N((a− b
√

D)(TN + UN

√
D)) = (a2 − b2D)(T 2

N − U2
ND) = c,

then

(a− b
√

D)(TN + UN

√
D) = (aTN − UNbD) + (aUN − TNb)

√
D

is a solution of (2.3). Thus, we need only show that

0 < aTN − UNbD < TN

√
c, (2.5)

and
0 < aUN − TNb < UN

√
c. (2.6)

To this end, we first establish the following

Claim 2.2 If aUN − TNb < UN

√
c, then aTN − UNbD < TN

√
c.

From the fact that (aTN − UNbD, aUN − TNb) is a solution of (2.3), we
have,

(aTN − UNbD)2 = (aUN − TNb)2D + c < U2
NDc + c = (U2

N + 1)c = T 2
Nc,

so
|aTN − UNbD| < TN

√
c,

which secures Claim 2.2.
By Claim 2.2, it suffices to show that (2.6) holds and aTN − UNbD > 0

in order to secure the sufficiency of Claim 2.1.
We have that

(aUN + TNb)(aUN − TNb) = a2U2
N − T 2

Nb2 = (b2D + c)U2
N − T 2

Nb2 =

(DU2
N − T 2

N)b2 + cU2
N = U2

Nc− b2 > 0

since b < UN

√
c. Hence, aUN − TNb > 0. Suppose that aUN − TNb ≥ UN

√
c.

Then we get the contradiction,

U2
Nc > U2

Nc− b2 = (aUN +TNb)(aUN −TNb) ≥ (aUN)(UN

√
c) ≥ U2

Nc, (2.7)
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where the first inequality follows from b > 0, and last inequality follows from
the fact that a2 > a2− b2D = c. This secures (2.6). Lastly, we establish that
aTN − UNbD > 0. Suppose that aTN − UNbD < 0. Then

0 > (aTN−UNbD)(aTN +UNbD) = a2T 2
N−U2

Nb2D2 = a2(U2
ND+1)−U2

Nb2D2

= U2
ND(a2 − b2D) + a2 = U2

NDc + a2 > 0.

This contradiction secures the sufficiency of Claim 2.1.
To prove the necessity of Claim 2.1, we apply the sufficiency to (a′, b′) =

(aTN − UNbD, aUN − TNb) ∈ S. Thus, (a′TN − UNb′D, a′UN − TNb′) ∈ S.
However,

a′TN − UNb′D = (aTN − UNbD)TN − UN(aUN − TNb) =

aT 2
N − TNUNbD − aU2

ND + UNTNbD = a(T 2
N − U2

ND) = a,

and
a′UN − TNb′ = (aTN − UNbD)UN − TN(aUN − TNb) =

aTNUN − U2
NbD − aTNUN + T 2

Nb = (T 2
N − U2

ND)b = b.

This secures Claim 2.1.

Claim 2.3
a = aTN − UNbD, (2.8)

if and only if
b = aUN − TNb. (2.9)

If (2.8) holds, then aTN = aT 2
N − TNUNDb, so

aTN −a = aT 2
N −a−TNUNDb = a(T 2

N − 1)−TNUNDb = aU2
ND−TNUNDb.

Thus, (aTN − a)/(UND) = aUN − TNb. However, since (2.8) holds, then
(aTN − a)/(UND) = b. If Equation (2.9) holds, then a = (b + TNb)/UN =
b(TN + 1)/UN , so

aTN − UNbD =
b(TN + 1)− U2

Nbd

UN

=
bT 2

N + bTN − U2
NbD

UN

=

b(T 2
N − U2

ND) + bTN

UN

=
b + bTN

UN

=
b(TN + 1)

UN

= a,

which establishes Claim 2.3.
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Claim 2.4 If (a, b) ∈ S, then a = aTN−UNbD if and only if (a, b) is element
from an ambiguous class of solutions.

If a = aTN − UNbD, then by Claim 2.9, b = aUN − TNb, so

(a+b
√

D)(−TN +UN

√
D) = −aTN +bUND+(UNa−TNb)

√
D = −a+b

√
D,

so (a, b) and (−a, b) are in the a same class.
If (a, b) ∈ S is an element from an ambiguous class, then there is an integer

N such that ±(TN + UN

√
D) is a unit with ±(TN + UN

√
D)(a + b

√
D) =

−a + b
√

D. However, if we have the plus sign then this is not possible since
for N > 0, the constant term is positive, and for N < 0 the constant term
is positive by Claim 2.1. Thus, we must have the negative sign. In this
case N > 0 is not possible since then the coefficient of

√
D is negative.

Hence only N > 0 is possible and the negative sign, for which we get that
a = TN − UNbD, which proves Claim 2.4.

By hypothesis, Claim 2.4 tells us that

if (a, b) ∈ S then (aTN − UNbD, aUN − TNb) 6∈ S when a = aTN − UNbD.

However, by Claim 2.1 one of them is in S if and only if the other is in S.
Hence, elements of S may be paired with distinct elements of S in a one-
to-one fashion. In other words, 2 | F (D, c, N) = |S|, which completes part
1.

Now we establish part 2. If T is the set of all solutions of Equation (2.4)
that are less than (tN

√
c, uN

√
c), then |T| = f(D, c, N).

Claim 2.5 If (a, b) ∈ S, then (A, B) ∈ T where A = |tNa − uNDb| and
B = uNa− tNb.

Since

N((tN + uN

√
D)(a− b

√
D)) = N(A + B

√
D) = −c,

then (A, B) is a solution of Equation (2.4). Also, by Equation (2.12),

B = uNa− tNb =
b(1− u2

ND) + 2tNuNa− t2Nb

2tN
=

b + 2tNuNa− (t2N + u2
ND)b

2tN
=

b + UNa− TNb

2tN
.
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Therefore, if (a, b) ∈ S, b > 0, then by Claim 2.1, UNa− TNb > 0, so B > 0.
Assume that B = uNa− tNb ≥ uN

√
c. Then

u2
Na2 ≥ t2Nb2 + u2

Nc + 2tNuNb
√

c = t2Nb2 + uNb
√

c + u2
N(a2 − b2D).

Therefore, by Equation (2.12),

u2
Nb2D − t2Nb2 ≥ UNb

√
cb,

so b ≥ UN

√
c contradicting that (a, b) ∈ S, so we have shown that

0 < B < uN

√
c.

It remains to show that 0 < A < tN
√

c to establish Claim 2.5 . If A = 0,
then c | a2 contradicting that we have a nontrivial solution, so A > 0. Also,
by the above, A2 = B@D − c < Du2

Nc − c = c(Du2
N − 1) = ct2N . Thus,

A < tN
√

c, which secures Claim 2.5.

Claim 2.6 If (A, B) ∈ T, then both

(a, b) = (−tNA + uNDB, tNB − uNA) ∈ S (2.10)

and
(a′, b′) = (tNA + uNDB, uNA + tNB) ∈ S. (2.11)

Let (A, B) ∈ T. Since

N(tN +uN

√
D)(−A+B

√
D)) = N(−tNA+uNDB +(uNA+ tNB)

√
D) = c,

and

N(tN + uN

√
D)(A + B

√
D)) = N(tNA + uNDB + (uNA + tNB)

√
D) = c,

then (a, b) and (a′, b′) are solutions of Equation (2.3). Thus, to establish
(2.10)–(2.11), it suffices to show that

0 < a, a′ < TN

√
c and 0 < b, b′ < UN

√
c.

Clearly, a′ > 0 and b′ > 0. Also, since (A, B) ∈ T, then

b′ = uNA + tNB < uN tN
√

c + tNuN

√
c = 2uN tN

√
c = UN

√
c,
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since

TN + UN

√
D = (tN + uN

√
D)2 = t2N + u2

ND + 2uN tN
√

D. (2.12)

Therefore,

(a′)2 = D(b′)2 + c < DU2
Nc + c = c(DU2

N + 1) = cT 2
N .

Thus, we have established (2.11).
To establish (2.10), we employ Claim 2.1. Assume first that

aTN − UNbD ≥
√

cTN .

Therefore,
a2T 2

N + U2
Nb2D2 − 2TNUNbD ≥ cT 2

N .

However,

a2T 2
N + U2

Nb2D2 − 2TNUNbD = a2T 2
N + b2(T 2

N − 1)D − 2TNUNbD =

T 2
N(a2 − b2D)− b2D − 2TNUNbD = T 2

Nc− b2D − 2TNUNbD < T 2
Nc,

a contradiction. Hence,

aTN − UNbD <
√

cTN . (2.13)

Now assume that aUN − TNb ≥
√

cUN . Therefore, we get a contradiction in
exactly the same fashion as the argument in (2.7).

If aTN − UNbD < 0, then

0 > aT 2
N − U2

Nb2D2 = a2T 2
N − b2D(T 2

N − 1) = aT 2
N − b2DT 2

N + b2D =

T 2
N(a2 − b2D) + b2D = cT 2

N + b2D > 0, ,

a contradiction. Hence, by Claim 2.1, we have (2.10) and so Claim 2.6.
Let S1 be the set of all positive solutions (a, b) of Equation (2.3) such that

(A, B) = (tNa− uNDb, uNa− tNb) ∈ T, and let S2 be the set of all solutions
(a′, b′) of Equation (2.3) such that (A, B) = (uNDb′− tNa′, uNa′− tNb′) ∈ T.
If (a, b) = (a′, b′) ∈ S1 ∩ S2, then tNa − uNDb = uNDb − tNa, which means
that tNa = uNDb. Therefore,

c = a2 − b2D =

(
uNDb

tN

)2

− b2D =
u2

ND2b2 − t@Nb2D

t2N
=
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b2D(u@
ND − t2N)

t2N
=
−b2D

t2N
,

so t2Nc = −b2D. Thus, c | b2D, so c | a2, which contradicts that we have a
nontrivial solution. Hence S1 ∩ S2 = ∅. Moreover, by Claim 2.6, S1 ∪ S2 ⊆
S and by Claim 2.5, S ⊆ S1 ∪ S2, so S = S1 ∪ S2. Thus, F (D, c, N) =
2f(D, c, N). Note, as well that by Claim laim 2.5, F (D, c, N) = 0 if and
only if f(D, c, N) = 0. This secures the entire result. 2

Corollary 2.1 ([2, Theorem 1, p. 402])
If c = n2 > 1 for n ∈ N and 2(TN + 1) is not a perfect square, then

2 | F (D, c, N).

Proof. We begin with the following key result. If (a.b) ∈ S, then

Claim 2.7 2(TN +1) = z2 for some z ∈ N if and only if 2b2(TN +1) = U2
Nn2.

By Claims 2.3–2.4, S has an element in an ambiguous class if and only if
b = aUN − TNb, and this holds if and only if aUN = b + TNb = (TN + 1)b if
and only if U2

Na2 = (TN + 1)2b2 if and only if

U2
Nn2 = [(TN + 1)2 −DU2

N ]b2 = (T 2
N −DU2

N + 2N + 1)b2 = 2b2(TN + 1),

so 2(TN + 1) = U2
Nn2/b2 = z2. Thus, by Theorem 2.1, if 2(TN + 1) is not a

perfect square, then 2 | F (D, c, N) 2

Corollary 2.2 [Pihko, [2, Theorem 2, p. 402]
If c = n2 > 1 for some n ∈ N and Equation (2.2) has solutions then

2(TN + 1) is not a perfect square.

Proof. By Claim 2.7, 2(TN + 1) = z2 for some z ∈ N if and if 2b2(TN + 1) =
U2

Nz2. Hence, by Equation (2.12), U2
Nn2 = 2b2(TN +1) = 2b2(t2N +u2

ND+1) =
2b2(2t2N + 2) = 4(t2N + 1), which cannot be a perfect square. 2

In [2, p.405], classes of radicands D are cited where 2(TN + 1) is not a
perfect square. However, it is not mentioned that these are special cases of
the well-known and studied Richud-Degert types, D = m2 + r where r | 4m,
see [3], for instance.

However, by Theorem 2.1, we can say much more than Corollary 2.2.
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Corollary 2.3 If Equation (2.2) has solutions, then S has no element from
an ambiguous class.
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