Intern. Math. Journal, Vol. 3, no. 1, 2003, 41 — 58

Matrices and Continued Fractions *

R.A. Mollin and K. Cheng

Abstract

In this presentation, we establish the fact that any palindrome of
natural numbers can be realized as the symmetric part of either the
simple continued fraction expansion of v/D or (14+v/D)/2 for a suitable
nonsquare natural number D, the polishing of a result known to Perron
via the use of matrices. This result allows us to generalize our notion of
a continued fraction beeper, introduced in earlier work, to what what
we call Mega-beepers, which have arbitrarily long period lengths in
their simple continued fraction expansions and the symmetric part is
the repetition, for any numbers of times required, of a palindrome that
is itself the repetition of a given simple continued fraction expansion.
We display several examples including examples related to Fibonacci
numbers. We are also able to explicitly determine the fundamental
unit of the underlying quadratic order.

1 Introduction

In [8]-[9], Schinzel studied integral polynomials f from the perspective of
the period lengths £(4/f(X)) of the simple continued fraction expansion of
V/ f(X). The case that he covered, in which we are most interested, is the
quadratic case. In this case, Schinzel showed that limx_..¢(1/f(X)) < oo if
and only if f(X) = A2X2+ BX +C, with A € N, B2 —4A%C # 0, and (B?—
4A%C) | 4ged(2A42, B)%. 1t is easy to verify that without loss of generality, we
look at f(X) = A2X2+2BX +C where A is even. Moreover, if B2— A2C = 1,
for nonsquare C, then Schinzel’s condition is always satisfied. In (6], we
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exhibited infinitely many such families Ji(X) with lim, .., (/F.(X )) =
for any fixed X € N, whereas for fixed k € N, U/ (X)) = e(/J.(X + 1))
for all X € N, and we were able to easily exhibit the explicit fundamental
unit for each order Z[/f(X)]. We continued this work in [3]-[5].

In this current endeavor, we observe that Perron knew the fact that any
palindrome of natural numbers is realizable as the simple continued fraction
expansion of either v/D or (1 + VD) /2 for some nonsquare natural number
D. This appears not to be widely known and we exhibit generalizations,
using this result, of some recent results in the literature. Moreover, we are
able to extend our notion, introduced in 3], of a continued fraction beeper,
which allows us to display simple continued fraction expansions of arbitr
length and complexity building upon recent results of Madden [1]. Of course,
we are indebted to the pioneering work, not only of Schinzel, but also of Dan
Shanks [10]-[11] and others who followed over the last 20 years in developing
families of quadratic surds with unbounded period lengths (see [6] for an
overview). However, as we will see below, we perhaps owe the greatest debt
to Perron [7].

The following sets some notation. We denote the simple continued frac-
tion expansion of & (in terms of its partial quotients) by:

Q:(%;Qn---aqnw--),

and if & is periodic, such as v/D for nonsquare integers D > 0 for instance,
we denote the simple continued fraction expansion by

VD = (081,180, 200),

with period length ¢(v/D) = ¢. The convergents (for n > 0) of a given
@ = (Qo; ¢y, - . .) are denoted by

:Io'n qnxn-l + m!‘l-—?
w - Dy Q) = ——— 2 1
yn (qo QI q ) qny-n_l + yn-R ( )

We also will need the following for the convergents of any quadratic irra-
tional a = (P + v/D)/Q, with period length £ = ¢(a).

Teor = QoYe-r + Yp_a, (2)

TiYi-1 — TiaY; = (—1)! (j EN), (3)

and
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and if we set, for any j > —2
g9; = Qx; — Py, (4)

then the following important result holds.

Theorem 1 If D > 0 is a nonsquare integer and we set 0 = 1 if D # 1
(mod 4), and 0 = 2, otherwise then the fundamental unit of the real quadratic
order Z[(oc — 1+ v/D)/0] is

Gey + ye—l\/ﬁ
o ?
where £ = {((c — 1+ v/D)/o).
Proof. See [2, Theorems 5.5.2-5.5.3, pp. 261-269]. O

2 Results

A beautiful result by Perron, (so-called by Perron himself-see [7, bottom
page 88]), is the following which should be well-known but appears not to be
as we shall see.

Theorem 2 Given a palindrome q,,...,q._, of natural numbers for £ > 2,
there exist integers u,v,w € Z such that the following matrix equation holds:

-1
(fo)=(s ®)
: 1 0 v ow
=1
If we set
o= 1 ifu=vw=0(mod 2),
"~ 1 2 fu=vw+1=0(mod 2),

and either choice of 0 = 1 or o = 2 is allowed if u is odd, then there exists
a nonsquare D € N such that

o—-1++vD

g

= (qo; q1,.--,9e-1,2q0 — 0 + 1), (6)

where ‘
@ =(0—1+uz— (-1 vw)/2 (7)
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for some x € Z. Moreover, when this holds, and z;/y; is the j* convergent
of (¢ =1+ v/D)/o, then

U=Ye-1, V=Yp2,and w=uzx,,— GoYe-2, (8)
and
D = (090 — 0 +1)* + 020 — 0%(—1)%? = (9)
9\% 5 2 2 (=1 9\% o 2 252
(E) U’z -I-(cr'u— 5 uvw)x+(-2—) vw*® — (—1)'0%w?
Proof. See [7]. O

Notice that any choice of z which makes o — 1 + uz — (=1)®»w even and
positive will suffice. Thus for a suitable choice of

s | lvw/u] +1 if ¢is even,
e —vw/u| if £ is odd,

we may find infinitely many such (o — 1 + vD)/o with the palindrome as
symmetric part.

It is also quite worth observing another matrix sequence of values. we
present this here with proof since we are unaware of any place in the literature
where the result appears for arbitrary quadratic orders, and the result is
certainly worthy of display as a result of interest in its own right.

Theorem 3 (Fundamental Unit Theorem for Quadratic Orders)
Suppose that (6) holds. Then

e_1 g 1 G 1 (0-1J6t+{g—l)s+oa (0—1)s+t
H( 1: 0 ) ( 1 0 ) = (G—Egs+t ; h (10)

7=0

where
2 —s’D = +0?,

and (t + sv/D) /o is the fundamental unit of the order Z|(o — 1 + vD)/a].

Proof. Using (5), we get:

ﬁ g 1 % 1Y\ _ [ ¢*u+2qv+w Qo + v (11)
1 0 1 09— QU + v u d

3=0
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nvergent Now let

s=u and t =o(gu+v) — (0 — 1)u. (12)

(8)

Therefore, ((¢ — 1)s +t)/o = gou + v. We now show that upper left entries
in the matrices (10)—(11) agree. By substituting the values for s, ¢, and D
(9) given in (9) and (12), we have,

(6 =)ot + (o —1)s+ Ds

= = gu+ wz — (=1)'w*u + (0 — 1)v.

Thus, we need only show that 2g,v+w = wvz—(—1)*uw?+ (o —1)v. However,
en and from (7), we deduce that we only need to verify that v* — uw = (—1), which
follows from (2)—(3) and (8).

It remains to show that (¢ + sv/D)/o is indeed the fundamental unit.
However, by (2), (4), (8), and (12),

t+svVD g“+y, n/—

e as
ag
5. we and by Theorem 1, this is the fundamental unit. O
ature
ult is Example 1 Given D = 245,

V 245 = (151 1! 1! 11 71 6! 71 11 ]-1 11 30} — (%: ‘h; SN Qe-n 2%),

ﬁ 15 1 811440 51841\ [ sD t
0 51841 3312 )\t s )

J=0

S0

with t? — s2D = 51841% — 3312% . 245 = 1, where 51841 + 3312\/245 is the
fundamental unit of Z[v/245).

Example 2 For D = 45, (1+ v/45)/2 = (3;1,5), and

(2 §)(338)=(2 1)=(Eamr o).

=0
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s0s=1t=7, and (2 _ g245 = 4, with (T + J45)/2 being the fundamental

unit of Z|(1 + V45)/2:
then we could also have chosen 0 = 1 in

Notice that since g1 = 1= qe1»
Theorem 2. for instance, V3 = (1;1,2) where

(e 5)(s)=( D) b

3=0

so (t+ svD)/o =2+ /3 is the fundamental unit of ZV3].

As noted in Theorem 2, it is a fact that the existence of a palindrome of

natural numbers
s = Qh"':q.‘.—l

rix given by (5). we may now in-

necessarily gives rise to a symmetric mat
see [2]). First we notice that the

voke Lucas-Lehmer theory (for instance,
eigenvalues &, (3 of the matrix

u v
M_(v w) (13)
are given by
_u+w+\/(u—w)2+4v2 5 u+w—\/(u-—w)3+4v2

Y= 2 G 2

so we may define the Lucas functions for this scenario as
K _ 3k
-l
a—p
A simple induction shows us that for any k€N,
Upsr — WU U
| e k41 k k
M= ( U, Ui — uly ) (14)

also easily established by

(u+w)Uksr — det(M)Us,
is odd or

using he fact that Uiz =
9, if either Uiy — wU,

induction. Thus, by Theorem

Uerr — WU = WU (Uksr — uU,) (mod 2),

then

and otherwis

Example :
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then
v D = <q0;sa37' "7s)2q0)a
N —’
k copies
and otherwise,
1++vD
5 = (G0} 8,8, - - -+ S, 2¢o — 1).
N —r’
k copies

Example 3 Let s =qi,...,¢ = 2,1,1,2. Then we may calculate that

13 5
= (5 3)

15+ v/221 15 — v/221
o=— o PET

U - (15 + v221)F — (15 — V221)*
* 2k/221 ’

and

M* = Uerr —wUy U,
vlU, Ueer —ulU, )

In particular, if kK = 2, then
o [ 194 75
M= < 750029 )
so by choosing = —|vw/u] = —|75-29/194] = —11, ¢ = 2,and £ =9 we
get )
G =21= 5(0 — 14 uz — (—1)%vw)
and
D, = 1745 = (oqo — 0 + 1) + 0zv — 0?(—1)"w?.
Thus,

1+ /174
—+2—§ = (21;,2,1,1,2,2,1,1, 2, 41),

containing the two copes of the original palindrome in the symmetric part,
and for any choice of x > —11 we get infinitely many such D to represent
these two copies. Similarly, for k =3,

s [ 2897 1120) |
M= ( 1120 433 )’
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soc=1,£¢=13 and by choosing T = —166, we get o = 2029 and Dy =
4118410 with

JAT18A10 = (2029;2,1,1,2,2,1,1,2,2, 1,1,2,40587),

representing the three copies of the original palindrome. Again infinitely
many such Ds may be found to so represent these three copies, and S0 0T for
any k such that

O_‘:_l_-*-———k—-—( *5. 8 5.2 _-1>
o == qG: 1 LR qn £
k copies

Note that D, = 29 and V29 = (5,2,1,1,2,10).

The process {lustrated in Example 3 of repeating a part of a symmetric
period in a given continued fraction was studied from another perspective in
(3], wherein we introduced he following concept.

Definition 1 Suppose that C € N and o = (P + VD)/Q is a quadratic
irrational having simple continued fraction expansion & = (Co3 El',""_,'EnTG)
Furthermore, let

w,[.:} :Ch.--,Cng,Cl,.--,%,Cg,-.-,cl,---,cﬂ, (15)
which is m > 0 iterations of
Cl'l"‘|cn?cl

followed by one iteration of
C1y+ 1Oy

which is the empty string ifn=0. Then a simple continued fraction of the

form
(qo; W, qe)

is called an m-beeper for a.

Example

where Fr

a (2k
involv

the !
(23 4
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Example 4 Set a = (1+ v/5)/2 = (1) and for any k, X € N, let
Dip(X) = 4F2X? + (20F? 4+ 8(—1)*) X + 5,

where F), is the nt* Fibonacci number for any n € N. In (4], we showed that

1+ /D (X
%k() = <F2kX + 1w, 2F,, + 1> =

<F2kX+1;1,1,...,1,2F2k+1>,
S—_——

2k—1 copies
a (2k — 1)-beeper for . In [3], we presented the following as an example,
involving Fibonacci numbers, where

%e <—1+ V2D‘°(X)> = 92t,

UV Di(X)) =

the minimum possible according to [12]. Ifk =3t fort € N, and 8 = /5 =
(2;4), then

Do(X) = <2(F6,X 1) 0@, 4(Fo £ 1)> _

<2(F6,X +1);4,4,...,4,4(F, + 1)> ,
N ——

2t—1 copies

a (2t — 1)-beeper for 3. However, we did not prove this, relying instead
on referring to the techniques developed in [4] as a means for the reader to
verify this. However, with Theorem 2 at our disposal, it is an easy task,
and a rather informative one, to prove this result here. If we let g; = 4 for
j=1,2,...,0—1=2t—1, then for £ =2t and k = 3t:

-1
Qj 1 — Fﬁt/2 Fs:-3/2
. 10 Foss/2 Fass/2 )’

Jj=1

and
FGt—BFGt-—G — FG!—-SFSt—G + 16 o 1
2F;, 2F, '
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Thus, by choosing
Fﬁt—-SFBt-—G Fﬁt—?oFﬁ -6 + 16
= —_— 1= -
T \ 5T, R-H-SX-\- ____-—-—-""‘21:.& +8X

in, Theorem 2, We get the Jesired expansion since

1 1

Qo = ‘.i('u'm —yw) = )
U FeuX + 1).

= Fsllz,! Yoz — Fa:—3/21 Te-2~ QoY

Also, note that Ye—r = Yot
and the fundamental unit of ZV/ Da (X)) 18
= Tea T Ye-1V Dat(x)s

Eapa(X)

(=1, Fe/2)-

given by
(mt-h'yt—l) = (Fezt‘x + 5F:3s/2 t=

as well that in Example 4,

DN = S o

k—+co

whereas for fixed k = 3t, say,
1
lim 2((1 + \/ D,,(X))/2) = 2t.

lim 2(\/Dk(X)) =
e is the following, which

X =00
instance from (3] that we did not prov
ortunity 1O provide an illustration of Theorem 9 and estab

families related to Fibonax:ci numbers.

1+ JA5)[2 = (3;1,9) and for ks X

2
Fue) x? +4E“-'5X + 45.

2
Dk(X) = (T Fﬂ:

Notice

1+ D.(X))/2) =

Another
is also an OpP

more infinite
e N, let

Example 9 Set o =

In (4], we proved that
P T
@ OF,/3+ 5} =

}_t___ﬁw = (Faxf?’ + 35 Wity

I

a(k— 1
{6‘112!"

(2F,

a3
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1 D.(X
'H/___Q_k_—(—) = <F4kX/3+3;&5,1,5,...,1,511,2p;k/3+5>,

k—1copies of 1,5

a (k — 1)-beeper for a. In (3], we stated without proof that for § = /45 =
(6;1,2,2,2,1,12), and k = 3" with t € N,

, ) - VDUX) = (2FuX/3+ 6,05}, AFuX/3 1 12) =

(2FuX/3+6,1,2,2,2,1,12,...,1,2,2,2,1,12,1,2,2,2,1, 4F, X/3 + 12),
3t-1 —lcapic:rof 1,2,2,2,1,12

- Fo6/2, a (3! — 1)-beeper for B, and for any X,t € N,
0(v/ D (X)) = ¢ (1_*_*___ \/203()()) _o.3 =0

We now use Theorem 2 to establish this fact. One may establish that for

@t1_1645 . )
{gj};%: given by w,_,, we get

-1
H q; 1 — F4~3‘/6 F4-3‘—-3/2
1 0 Fogs/2 3F.g /2 )

=1

and

[9F4-3‘—3F4~3‘—6J - OF gt o Fyat_s + 144 1

2F, 4 2F, 5

Thus, by choosing x = Fast_oFastos + 8X + 1 in Theorem 2, we get the
' 2F, ¢
- which result since 1
stablish D=3 (uz —vw) =
1 F4~s‘ gﬂ'st—sFms‘—s + 144 3F4~3‘—3 F:;.st—s 2F4-3‘X
- D= = .
2( 6 ( 2F,y +8 5 2 3 1O

Moreover, Yoy = Fi5t/6, Yoo = Fugt_5/2, Te_z — QoYe-2 = 3Fyqt_¢/2, s0
the fundamental unit of Z[y/ Dy (X)) is given by

E4D3t(X) = Loy + Yo Da‘(X)
gien by
(Tem1s Yeor) = (Togt o1, Yoat 1) = (F4-3‘X/9 + Fogt + Fyat_3/2).
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Example 6 We can also use C = 29 from Ezample 3, so A, =1, B, = 5,
a=(14+v29)/2 = (3;5), By + AV29 = (5 + V29)k/4*, s0 if

D,(X) = A2X? + 2B, X + 29,

then

BUET ik S,
LHUIMAY o ) = B T

2 oy Wak_y,

2k—1 copies

since n = 0 in Definition 1 for this case. Also, £((1+ /Di(X))/2) = 2k.

Now we are in a position to exploit both Definition 1 and Theorem 2 to
create a new infinite family of continued fractions.

Definition 2 IfC, a, and w are given as in Definition 1, and ¢, c,, . . ., ¢,
is not a palindrome, and m > 0, then a simple continued fraction of the form

(o; wip, Wi,y ..., w29, — 0 + 1)

~
k copies

is called a k-times Mega-m-beeper for a.

Example 7 The situation in Ezample 4 does not apply since c,,c,, ..., ¢,
is a palindrome and so the application of Theorem 2 to it would only lead
to a longer beeper. However, Example 5 provides us with an opportunity to

ilustrate Definition 2. For instance, take w)_,, where k = 3t with t € N.we

have that
M = F4-3‘/6 F4-3‘—3/2
F4v3"—3/2 3F¢-3‘—e/2 :

so we invoke theorem 2 with u = F, 3 /6, v = Fygt_3/2, w = 3F, 3t_¢/2,

. F4,3'/6 + F4-3‘—3/2 =} \/(F4»3'/6 == F4A3‘~a/2)2 ¥+ 4(F4-3"—-3/2)2

= 5 ;

Fat /6 5 Fms‘«-a/z e \/(F&a‘/ﬁ = F4-3‘—3/2)2 o e 4(F4-3‘~3/2)2
5 .

ﬁ:

Th

S0

G
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Then taking powers of M will achieve copies of wi5y_,, a Mega-beeper for

a = (14 +/45)/2. For instance, take k = 2, and t = 2. Then

M? = 92977572651856 6584708258628
—\ 6584708258628 4663316283121 /'’

so we choose

6584708258628 - 4663316283121
T = —3302578930194 = — l 92977572651856 J )
. 0297757265185(—3302578930194) + 6584708258628 - 4663316283121
o — e
2
1554438761049,

and
D= 15544387610492-1—(—3302578930194)65847082586284—46633162831212 =

2416279861853751838867210.
Then a 2-times Mega 2-beeper for v = /45 is:

VD = (1554438761049; wS”, wi"”, 3108877522098),

where
wé”) =1,2,2,2,1,12,1,2,2,2,1,12,1,2,2,2,1,

where £(v/D) = 35.
In [6], we proved the following.

Theorem 4 Let A,B,C,k, X € N with 2 | A and C not a perfect square,
and
a=VC = (cy;c1,. .-, Cny 2C0)-

Suppose that (z,y) = (B, A) is the smallest positive solution of 2 — Cy? = 1
with x even and define, for each k € N,

By + AWC = (B + AVC)

and
Dp(X) = A2X?% + 2B, X + C.
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Then the fundamental solution of X% — Dp(X)Y?2 =1 is
(X,Y) = (AZX + By, Ax)
and,

(a) ifn € N is even,

Di(X) = (AX + co, win' 1, 2(Ax X + ¢p))
with €(/Di(X)) = 2k(n + 1)
(b) and if n is odd,

Di(X) = (AeX + co, wi), 2(AeX + o))
with €(r/Dr(X)) = k(n + 1).

Before proceeding with the use of the above in conjunction with [1], we
first present an illustration of the difference between a k-times Mega m-
beeper and a km-times beeper from Example 7.

Example 8 For v = /45 = \/C, we have that B; = 1730726404001 and
A; = 258001459320, so

v/ Ds(1) = 66564753014711067670447 = (As + 6; wl”, 2(A; + 6))

(258001459326, T, 2,2,2,1,12,1,2,2,2,1,12, 1,2, 2,2, 1,12, 1, 2,2, 2, 1, 12,
1,2,3,2,1, 516002018652),

with £(\/Ds(1)) = 30. Compare this with Example 7 to see the subtle differ-
ences between the above 4-times beeper for v and the 2-times Mega 2-beeper
for v given therein.

We can now get very intricate repetitions from a recent result of Madden
[1], by using his explicit descriptions and employing the above as follows.

is gn

Thu
3 €1

’U)h’Ll
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Example 9 In (1], the following type of ezamples were created. Forb,c,n €
N,

v/ (6(2bn + 1) + )2 + 2(2bn + 1)° =
(b(2bn 4 1)° + n; b, 2b(2bn + 1), b(2bn + 1),2b(2bn + 1)°-2,b(2bn + 1), . ..
b(2bn + 1)=-2, 2b(2bn + 1), b(2bn + 1), 2b, b(2bn + 1) + n,
2b,6(2bn + 1)=-1, 2b(2bn + 1), b(2bn + 1), b(2bn + 1)e-2,2b(2bn + 1)2, ...,
2b(2bn + 1)°-2,b(2bn + 1), 26(2bn + 1), b, 26(2bn + 1) + 2n),
with £(~/C) = 4c + 2, and the fundamental unit of

Zla) = 2, [\/5] = Z{/(6(2bn + 1)° + )2 + 2(2bn + 1)
15 given by

_ (1 +bn+8%(2m + 1)° + b/O)>
B+4vC = (3(=b(2n + 1) — n + /C)?

Thus, we may form B, + A,/C = (B + AVC)* when B — A*°C =1 and A
15 even, then set

Di(X) = A2X* + 2B, X + C,

which allows us to invoke Theorem 4 to get

VDe(X) = (AX +b(2bn + 1)+ 1,0, 2(AX + b(2bn + 1) + )

with £(\/Di(X)) = k(4c + 2). Hence, the intricate patterns for continued
fractions formed by Madden in [1] can be replicated with period lengths k
times that of his continued fractions for any k € N. As a specific instance,
we look at the example given in (1, p. 144], withb =1, and n = 5. Then

a=VC=+11%F12-11¢ 5 95 =

(11°+ 5, 1,2 T1°7, 11,2 - 117, 117, 2 - 113, .., 112, 2 11, 1157, 2, 1155,
2,11, 2 1L 115,211, .., 2- 11°-2, 11, 2- 117, 1, 2- 1  10),

so with By, and A, as above, and

D, =A2X*12B.X + C,
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we have that

De(X) = (ApX + 11° + 5,0, 2(Ax X + 11° + 5)),

a (k — 1)-beeper for o with £(1/D,(X)) = k(4c+ 2). For instance, if ¢ = 3,

and k =2, then \/D(X) =

\/ 41302790891926679907850997291126488084791718951714899395384166944714008194328 —

(203230880753705045561431662320132428060; 1, 242, 11, 22, 121, 2, 1336,
2,121,22,11,242,1,2672,1,242,11, 22,121, 2,1336,
2,121,22,11, 242, 1,406461761507410091122863324640264856120),
where (/D (X)) = 28,

B, = B, = 271718851538112224670701162864258388517297,

and
A, = A, = 203230880753705045561431662320132426724.

Hence, any pattern that can be produced in [1] can be replicated k times
plus a “tail” consisting of the symmetric part for VC, and a period length k
times larger than that of /C for any k € N. Moreover, using the techniques
of Frample 5 we can provide k-times m-beepers for VC for any and all values
of k and m chosen.

Remark 1 It is worth observing that each of Madden’s expansions developed
in (1] can be immediately extracted from Theorem 2 on the palindromic part.
Hence, we owe much, perhaps unezpressed, debt to Perron for his pioneering
work and cataloging in continued fractions.

Acknowledgements: The author’s research is supported by NSERC
Canada grant # A8484, which also supports the second author, his graduate
student.
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