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Abstract

We look at the relationships between class numbers of quadratic

structures (orders and fields) and the solutions of exponential

Diophantine equations. We conclude with necessary and sufficient

conditions for a class group to have an element of a given order.

1. Notation and Preliminaries

If D is a squarefree integer, then its discriminant is given by
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Then ∆ is called a fundamental discriminant with associated radicand D,

and
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is called the principal surd associated with ∆. This will provide the

canonical basis element for our orders. First we need notation for a
Z -module



R. A. MOLLIN538

[ ] { },,:, Z∈β+α=βα yxyx

where ( ),, ∆=∈βα QK  the real quadratic field of discriminant ∆ and

radicand D. For this reason, fundamental discriminants are often called

field discriminants.

We need to be able to distinguish those Z -modules that are ideals in

.∆O

Theorem 1 (Primitive Ideals and Norms). Let ∆ be a fundamental

discriminant, and set ( )0≠I  be Z -submodule of .∆O  Then I has a

representation of the form [ ],, ∆ω+= cbaI  where N∈ca,  and Z∈b

with .0 ab <≤  Furthermore, I is an ideal of ∆O  if and only if this

representation satisfies ,|ac  ,|bc  and ( ).| ∆ω+ cbNac  (For convenience,

we call I an ∆O -ideal.) If ,1=c  then we say that a non-zero ideal I is a

primitive ∆O -ideal. If I is a primitive ∆O -ideal, then a is the least

positive rational integer in I, denoted ( ) aIN =  called the norm of I.

Proof. See [5, Theorem 1.2.1, p. 9]. We need to know when ideals are
equal.

Theorem 2 (Criteria for Ideal Equality). If ∆ is a fundamental

discriminant and [ ]α= ,aI  is a primitive ∆O -ideal, then [ ]α+= zaaI ,

for any integer z.

Proof. See [5, Theorem 1.2.2, p. 10].

The class group of ∆O  will be denoted by ∆C  and equivalences of

ideal I, J therein by .~ JI  We will also be using the fact that if 1~jI

(namely if jI  is a principal ideal in ∆C ), and d is the smallest positive

integer such that ,1~dI  then .jd |

The following will be a useful criterion in our study of complex
quadratic ideals in the next section.

Theorem 3. If 0<∆  is a fundamental discriminant and =I
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[ ]∆ω+ba,  is a primitive ∆O -ideal, satisfying ( ) ( ) ,2
∆∆ ω<ω+ NbN  then I

is principal if and only if either 1=a  or ( ).∆ω+= bNa

Proof. See [5, Theorem 1.3.2, p. 16], and [5, Exercise 1.5.7, p. 29].

 2. Results

The following results are complex analogues of the results for real
quadratic orders presented in [7], and is a generalization of the real case
in [5, Theorem 3.1.1, p. 67]. Although the following is generalizable to
arbitrary quadratic orders, we only state the result for the maximal
orders (in quadratic fields) so that we may simplify the presentation. The
reader may use the ideas in [5, Theorem 3.1.1, p. 67] and [7] to derive the
more general context.

Theorem 4. Let rtD −= 2  be a negative squarefree integer with,

,1, ≥rt  and ( ).4mod1≡/D  Assume that there exist integers ,0≥m

,1>N  and ,1>n  such that

,44 2 rmtmN n +−= (1)

and if n is odd, [ ] .1,2 22 −≠− nn NNtm  Then D4C  has a cyclic

subgroup of order n.

Proof. Let [ ],2, DtmNI +−=  which is a primitive D4O -ideal

with norm N, by Theorem 1. We consider two cases.

Case 1. ( ) ( )22 DNDtmN <+−

We may invoke Theorem 3 to conclude that [ ]DtmNI nn +−= 2,

is principal, since ( ) .2 nNDtmN =+−

Now ( ).,gcd ∆= hng  Then there exist integers u and v such that =g

,vhun ∆+  so

( ) ( ) .1~~~ uhunvhnug IIIII ∆
∆
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Therefore, by Theorem 3, ,ng =  namely ,∆|hn  and since 1~/jI  for any

nj <  by Theorem 3, then I has order n. Thus, ∆C  has a cyclic subgroup

of order n.

Case 2. ( ) ( )22 DNDtmN ≥+−

We first demonstrate that =− 22 nNtm  in this case. We have that

,2DN n ≥  so it follows from Equation (1) that ( ) .2 22 Dtm ≥−  Since

( ) ,2 2 nNtmD −−= (2)

( ) ,22 2tmNtm n −−≥−

so ( ) .22 2 nNtmtm ≥−+−  Therefore, ( ) ,12 2 nNtm ≥+−  from which

we get .12 2 −≥− nNtm  However, since ( ) ,02 2 <−− nNtmD

.2 2nNtm <−  Hence, if n is odd, =− 22 nNtm  and if n is even,

then ,12 2 −=− nNtm  contradicting the hypothesis.

Example 1. An illustration of the odd n case in Theorem 4 is given

by the following. If ( ),4mod2715118 32 ≡−=−=D  then ,0=m

tm −2  ,71815 223 ==≠== nNt  and ,1712 =−≠ nNt  so

∆C  has a cyclic subgroup of order .3=n  In fact, .6=∆h

Lest we think that 0=m  is the only possibility, we provide the

following.

Example 2. Let ( ),4mod31652161 2 ≡−=−=D  with ,165,2 == rt

,4416524144143 228 rmtmN n ++=+⋅⋅−⋅==

and since ,1802 2 −==− nNtm  644−∆ = CC  has a cyclic subgroup of

order 8. In fact 16=∆h  and ∆C  is a direct product of cyclic group of

order 2 and one of order 8.

An immediate consequence of the proof of Theorem 4 is the following.
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Corollary 1. If ( ) ( )4mod12 2 ≡/−−= nNtmD  is a negative squarefree

integer with ,1,0,1 >≥≥ Nmt  and ,1>n  and

,2 DN n −< (3)

then ∆C  has a cyclic subgroup of order n.

Example 3. If ( ),4mod374897 42 ≡−=−=D  where ,48=t  7=r

,N=  ,0=m  ,4=n  ,722 DN n −<=  so the hypothesis of Corollary 1

holds and 388−∆ = CC  has a cyclic subgroup of order 4. In fact,

.4388 =−h

Remark 1. Condition (3) in Corollary 1 is tantamount to saying that

( ) ( ) ,2 2
∆ω<++ NDtmN

so as in the proof of Theorem 4, we immediately have the result. Note
that conditions 1-2 in Theorem 4 are always satisfied, in this case, since

0<+ jND  for any j properly dividing n by condition (3).

We also have the following consequences.

Corollary 2 (Mollin [4]). If ( )4mod12 ≡/−= nNtD  is a negative

squarefree integer with 5,1,1 ≥>≥ Nnt  odd, and

( ),112 −≤ − NNt n (4)

then .∆|hn

Proof. Condition (4) implies that condition (3) holds, so .∆|hn

Remark 2. We presented Corollary 2 in 1986 as an analogue of a
result by Cowles (see Corollary 7 below). As with that result, we may
improve the bound in (4) considerably. Since the essential issue is to force

( ) ( ) ,2
∆ω<+ NDtN  with ,0=m  then

12 −≤ nNt (5)

is the sharpest bound possible, so (5) should replace condition (4) in
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Corollary 2, for the best possible result.

Corollary 3 (Murty [9, Theorem 1, p. 87]). If nND −=1  is squarefree

with 1, >NN  and 5≥N  odd, then ∆C  has a cyclic subgroup of order n.

The following is an illustration of the necessity of the conditions in
the hypothesis of Theorem 4, and demonstrates the sharpness of the

above bound for t.

Example 4. If ,3772759646341 52 −=−=D  then ==− ttm2

,377275946 225 == nN  and 5 does not divide .28=∆h  Note that

,1222 −>≥ nnn NNN  in reference to Remark 2.

Remark 3. Example 4 is special in that it was shown, in [1], to be the

only exception when n is a prime, a refinement of [5, Theorem 3.1.1, p.

67] for the case of prime exponent. In other words, we have the following.

Corollary 4. If ( ),4mod1≡/D  where D is a negative squarefree

integer, with ,2 pNxD −=  where ,2,1 ≥≥ Nx  and 2>p  is prime, then

Dhp 4|  except when 377,341 == ND  and .5=p

Proof. See [1, Corollary 7, p. 62].

The following provides an example to show that Theorem 4 cannot be

used for the ( )4mod1≡D  case.

Example 5. Let ( ).4mod11921171 22 ≡−=−=−= rtD  Then

rmtmN n +−=+⋅−⋅== 441921641642 229

and .22212 2 =≠=− nNtm  Yet 9 does not divide .7=∆h

Now we consider the case where ( )4mod1≡D  and relate it to

results in [1]-[5] and [7] .

Theorem 5. Suppose that ( )4mod142 ≡−= rtD  is a squarefree

negative integer with ,1, ≥rt  and there exist integers ,0≥m  ,1>n

1>N  with



CLASS NUMBERS, QUADRATICS, … 543

.2 rmtmN n ++=

 Also, ≠+ 222 nNtm  when n is odd, and 122 2 −≠+ nNtm  when n

is even. Then DC  has a cyclic subgroup of order n.

Proof. Set [ ( ) ].22, DtmNI ++=  Then if (( ) ) <++ 22 DtmN

( ) ,2
∆ωN  we argue as in the proof of Theorem 4 to conclude that I has

order n so that we have the desired conclusion. On the other hand if

( ) ,
4

1
2

2 2
2






 −=ω≥







 ++
∆

DNDtmN

then we deduce, in an analogous fashion to that of the proof of Theorem 4
to conclude that

.1222 22 −≥+> nn NtmN

Therefore, when n is odd, =+ 222 nNtm  and when n is even tm +2

,12 2 −= nN  both contradictions to the hypothesis.

Now we show the proper context into which to put Example 5.

Example 6. Since rtD 44841171 22 −=⋅−=−=  and

,4851152 227 rmtmN n ++=+⋅+==

and ,122212 27 −⋅==+ tm  so the hypothesis of Theorem 5 is

satisfied with .7=n  Thus, 71−∆ = CC  has a cyclic subgroup of order 7,

and as we saw in Example 5, it is in fact a group of order 7.

As with Theorem 4, the following is immediate from Theorem 5.

Corollary 5. If ( ) ( )4mod142 2 ≡/−+= nNtmD  is a negative

squarefree integer with ,1,0,1 >≥≥ Nmt  and ,1>n  and

( ) ,412 DN n −< (6)
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then ∆C  has a cyclic subgroup of order n.

Example 7. Let ,424539 242 nNtD −=⋅−=−=  with 0=m  and

( ) ,4110222 DN n −=<=  so 39−∆ = CC  has a cyclic subgroup of order

4 and since ,4=∆h  it actually is a cyclic group of order 4.

The following consequences of Theorem 5 are from the literature.

Corollary 6 (Gross and Rohrlich [3, Theorem 5.3, p. 222]). If −= 1D
nN4  is a squarefree negative integer with 1>N  and n prime, then

.Dhn |

Corollary 7 (Cowles [2]). If nNtD 42 −=  is a negative squarefree

integer with ,1,1,1 >>≥ nNt  and

( ),14 12 −≤ − NNt n (7)
then .Dhn |

Proof. The inequality forces (( ) ) ( ) ,2 2
DNDtN ω<+  so as in the

proof of Theorem 5, .Dhn

Remark 4. The bound given in Corollary 7 can be sharpened. What

is at stake here is that 0=m  and we want to ensure that (( ) )2DtN +

( ) .2
DN ω<  This is given precision when

.12 2 −< nNt (8)

This is the sharpest bound possible, so Inequality (8) should replace
Inequality (7) to give the most precise bound.

Observe that when (( ) ) ( ) ,2 2
DNDtN ω<+  it must be the case that

Condition (6) holds, so the hypothesis of Theorem 5 is always satisfied.

The following illustrates how “tight” the conditions in Theorem 5
happen to be, and just how sharp the bound in Remark 4 happens to be
as well.

Example 8. Let ,4454249499 2262 rtNtD n −=−=⋅−=−=  where
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,0=m  and ,122492 2 −===+ nNttm  which negates the hypothesis

of Theorem 5 with ,6=n  and indeed .3499 =−h  Note that =2125

( )( ) .541 62 ==− nND  In other words, ( )( ) ( ) ,22 2
∆ω=+ NtmN  just

violating Theorem 3 at the borderline. This also shows that Inequality (8)
in Remark 4 is exact.

However, if we view this differently and take 325=r  with ,3=n

,25=N  and ,0=m  then ,1252122249 232 −⋅=−=+= nNtm

and the hypothesis of Theorem 5 holds with .3=n  This illustrates and

explains more fully the result we found in [5, Theorem 3.1.1, p. 67], of
which Theorems 4-5 are generalizations.

Example 9. If ,4494431967 22 rtD −=⋅−=−=  with

.4943332 229 rmtmN n ++=+⋅+==

Since ,224592 29 ⋅=≠=+ tm  1967−∆ = CC  has a cyclic subgroup of

order 9. In fact, .36=∆h

The above illustrates the odd case. The following illustrates the
necessity of the conditions in Theorem 5 in the odd case.

Example 10. If ,445455919 2272 nNtrtD −=−=⋅−=−=  then

,559=t  ,0=m  and ,25592 2===+ nNttm  so the hypothesis of

Theorem 5 fails. Indeed .119 == −∆ hh

Remark 5. Example 10 is one exception of two in the case ≡D

( )8mod5  given in [1]. Below we cite the pertinent results pertaining to

the above and present each of the examples as illustrations of our results.
It is worth remarking that in [8], we gave two counterexamples, one from
this author and one from another, to the main result in [1] and discussed
the fact that they were the only two, and why. We will remark on these
facts below as well. In fact, [8] was the genesis for the work in this paper.

Corollary 8. If ( )8mod542 ≡−= pNxD  is a negative squarefree

integer, where 3>p  is prime ,1≥x  ,2≥N  then Dhp |  except when
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3,11 =−= ND  and ;5=p  or 5,19 =−= ND  and .7=p

Proof. See [1, Corollary 7, p. 62].

Example 11. If ,4343111 252 nNtD −=⋅−=−=  then ,0=m  and

,2312 2==+ nNtm  so the hypothesis of Theorem 5 fails. In fact,

.111 == −∆ hh

Corollary 9. If ( )8mod142 ≡−= pNxD  is a negative squarefree

integer with 2>p  prime, 1≥x  and ,2≥N  then Dhhp =| ∆  except

when ,2,7 =−= ND  and { }.13,5,3∈p

Proof. See [1, Corollary 7, p. 62].

Example 12. If ,47 2 rtD −=−=  where ,2 2 rmtmN nn ++==

and ( ) ( ) ( ) ( ){ },8192,0,13,181,8,3,5,5,2,2,3,1,,, ∈rmnt  then in each

case we have: =+ tm2 22 nN  .  Hence, the hypothesis of Theorem 5

fails and indeed .17 =−h  Note that nt 272 =+  is the celebrated

Ramanujan-Nagell equation.

Example 12 is related to the results in [8]. Therein we looked at the

results of [1] in a new light as mentioned in Remark 5. For instance,

( ) ( )1414 −=− kkn QQ  if and only, if ( ) ( ) 21414 xkkn =−−  for some

.Q∈x  In [8], we demonstrated that for ,1>n  the only integral value of

x is ,3=x  for which we get ( ) ( ),763 QQ =  with 4=n  and .2=k

This leads us to a similar equation, equation ( ) ( )17172 −−= nx  which

is also written as .716 2 =+x  It is the solutions to this equation for

which we found a counterexample in [8] to the main result in [1], which

in turn led us to this paper.

As mentioned earlier, the results herein may be generalized to non-

maximal orders. This is a good place to demonstrate this with an example

related to the above. If ,424163 242 nNtD −=⋅−=−=  with ,0=m

then ,1214212 22 −=−⋅≠==+ nNttm  so 63−∆ = CC  has a cyclic
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subgroup of order 4. Indeed, ∆C  is a cyclic group of order 4.

Now we turn to necessary and sufficient conditions for the class

group to have an element of a given order.

Theorem 6. If ( )4mod12 ≡/−= rtD  is a squarefree negative integer

with ,1≥t  ,1≥r  and let 1>n  be an integer. Then the following are

equivalent.

(1) D4C  has a cyclic subgroup of order n generated by [ ],, DbNI +=

where 2nb N<    when n is odd.

(2) There exist integers ,0≥m  and 1>N  with ,44 2 rmtmN n +−=

where 22 nm t N− ≠    when n is odd.

Proof. By Theorem 4, part 2 implies part 1. If part 1 holds, then we

set ( ) .2btm +=  This is an integer since we may use Theorem 2 to

replace b by an appropriate integer if not. To see this, assume that b is

even and t is odd. Then N is odd since D is squarefree. Therefore, we may

replace b by Nb ±  which is odd. If b is odd and t is even, then N is odd

since, if N is even, then r is odd so ( )4mod1≡r  since ( ).4mod1≡/D

Thus, ( )4mod1010 22 +−≡+−≡≡ rtbN n  a contradiction. Hence, we

may replace b by Nb ±  which is even.

With the above choice of m, ,44 2 rmtmN n +−=  and ≠− tm2

2nN   when n is odd given the restriction on b.

In a similar fashion, we get the following criterion.

Theorem 7. If ( )4mod142 ≡−= rtD  is a squarefree negative integer

with ,1≥t  ,1≥r  and let 1>n  be an integer. Then the following are

equivalent.

(1) DC  has a cyclic subgroup of order n generated by [ ( ) ],2, DbNI +=
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where <b 22 nN   when n is odd and <b 22 nN  − 1  when n is even.

(2) There exist integers ,0≥m  and 1>N  with ,2 rmtmN n ++=

where ≠+ tm2 22 nN   when n is odd, and 122 2 −≠+ nNtm  when

n is even.

We conclude with the observation that we may achieve analogous

criteria for real quadratic orders using the ideas in [7].
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