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Abstract
We complete the task, begun in [19], of determining when the

central norm (determined by the infrastructure of the underlying real
quadratic field) is equal to 2 in the simple continued fraction expansion
of the associated quadratic surd.

1 Introduction

In [19], we showed that when the integer D > 1 is not a perfect square
and D = 2ac where a > 1 and c is odd, then the central norm (defined in
the next section) being 2 for

√
D is directly related to the central norm of√

D/2a−1 being 2. Then we settled the case for D = 2c for all except the case
where c is divisible only by primes congruent to 1 modulo 8. In this note, we
solve that case as well and give a new general criterion for all cases, thereby
completing the project, which was motivated by correspondence with Irving
Kaplansky as outlined in [19].

2 Notation and Preliminaries

We write the simple continued fraction expansions of
√

D, D ∈ N (the
natural numbers), D is not a perfect square by:

√
D = 〈q0; q1, q2, . . . , q�−1, 2q0〉,
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where 	 = 	(
√

D) is the period length of
√

D.
The jth convergent of α for j ≥ 0 are given by,

Aj

Bj

= 〈q0; q1, q2, . . . , qj〉 =
qjAj−1 + Aj−2

qjBj−1 + Bj−2.
(1)

If we set: P0 = 0, Q0 = 1, and for j ≥ 1,

Pj+1 = qjQj − Pj, (2)

qj =

⌊
Pj +

√
D

Qj

⌋
, (3)

and
D = P 2

j+1 + QjQj+1. (4)

We will also need the following facts (which can be found in most intro-
ductory texts in number theory, such as [14], or see [13] for a more advanced
exposition).

AjBj−1 − Aj−1Bj = (−1)j−1, (5)

Aj−1 = PjBj−1 + QjBj−2, (6)

and
A2

j−1 − B2
j−1D = (−1)jQj. (7)

When 	 is even, P�/2 = P�/2+1, so by Equation (2),

Q�/2 | 2P�/2, (8)

where Q�/2 is called the central norm, (via Equation (7)), and

q�/2 = 2P�/2/Q�/2. (9)

We will need he following in the next section. Note that this result cor-
rects the oversights in [15, Theorem 1.3, p. 334], [16, Theorem 1.3, p. 101],
and [17, Theorem 1.2, p. 221]. (Fortunately, the correct version below is the
one actually used in those papers, rather than the incorrectly stated ones.
The problem only arises when the norm is not squarefree.)

Lemma 1 If D > 1 is not a perfect square, then Qj | 2D and Qj | 2Aj−1 for
some j < 	 (where the Qj, Aj, and 	 are as defined in the previous section
for

√
D) if and only j = 	/2.
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Proof. If Qj | 2D and Qj | Aj−1, then by Equation (6) Qj | 2Pj (since
gcd(Aj−1, Bj−1) = 1 by Equation (5)). Now the proof follows exactly as in
[18, Theorem 2.3, p. 64] (where Qj was assumed therein to be squarefree in
order to achieve the latter divisibility condition).

The converse is proved exactly as in [18, Theorem 2.3, p. 63] since no
squarefreeness was needed or assumed therein. ✷

For work related to the work herein, which helped to inspire this author’s
work along with the aforementioned correspondence with Kaplansky see [1]–
[12], and [21]–[23].

3 The Criterion

The following is a general criterion for Q�/2 = 2 (where 	 is defined in he
previous section as are the symbols used below) when D ≡ 2 (mod 4) which
completes the general case for reasons cited in the introduction.

Theorem 1 Let D = 2c where c > 1 is odd (possibly a perfect square) . If 	
is even, then the following are equivalent.

1. Q�/2 = 2.

2. q�/2 = P�/2.

3. There exists a solution to the Diophantine equation x2 − Dy2 = ±2.

4. There does not exist a factorization c = ab with 2 < a < b for which
there is a solution to the Diophantine equation ax2 − by2 = ±1.

5. There does not exist a divisor a > 2 of D such that a | A�/2−1.

Proof. The equivalence of 1 and 2 is a consequence of Equation (9). The
equivalence of 1 and 3 was proved in [20], as was the equivalence of 1 and 4.
It remains to show the equivalence of 1 and 5.

Suppose that 5 holds and Q�/2 = a. Then by Lemma 1, a | 2D and
a | 2A�/2−1. If a is odd, then 5 forces a = 1, a contradiction. If a is divisible
by 4, then by Equation (8), 2 | P�/2, so by Equations (5) and (7), 4 | D,
a contradiction. Hence, a ≡ 2 (mod 4). If a > 2, then (a/2) | D and
(a/2) | A�/2−1, so by 5 a/2 = 1. Conversely, if 1 holds, then by Lemma 1, 5
must hold. ✷
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The new condition in terms of criteria for Q�/2 = 2 is 5 in Theorem 1.
This completes the work done in [19]. The following completes the proof of
a conjecture of Kaplansky begun in that paper.

Corollary 1 If D = 2pq where p and q are distinct odd priimes, then

1. If p ≡ q ≡ 7 (mod 8), then 	 is even. Also, Q�/2 = 2 if and only if 	/2
is even and A�/2−1 ≡ 2 (mod 4).

2. If p ≡ q ≡ 3 (mod 8), then 	 is even and Q�/2 = 2.

3. If p ≡ 1 (mod 8) and q ≡ 3 (mod 8), then 	 is even. Also, Q�/2 = 2 if
and only if 	/2 is odd and A�/2−1 ≡ 2 (mod 4).

4. If p ≡ 1 (mod 8) and q ≡ 7 (mod 8), with p > 2q, then 	 is even. Also,
Q�/2 = 2 if and only if 	/2 is even and A�/2−1 ≡ 0 (mod 4).

5. If 	 is even and p ≡ q ≡ 1 (mod 8), then Q�/2 = 2 if and only if
gcd(A�/2−1, pq) = 1.

Proof. Parts 1–4 were proved in [19]. Part 5 follows from Theorem
1. ✷

We conclude with an example that illustrates case 5.

Example 1 Let D = 2 ·17 ·41. Then 	 = 6 and Q�/2 = 2. Here A�/2−1 = 112
which is relatively prime to c = 17 · 41.

If D = 2 · 41 · 113, then 	 = 8, Q�/2 = 82 and

gcd(A�/2−1, c) = gcd(2214, 4633) = 41.
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