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Introduction

Let K/F be finite Galois where F is an algebraic number field, and let [A4]
denote the class of the central simple K-algebra A in the Brauer group B(K) of
K. We define Ug(K) to be the subset of B(K) consisting of those classes [4] such
that:

(0.1) If the index of A is m then ¢, a primitive m™ root of unity is in K, and

(02) If 2 is a K-prime lying over the F-prime 4 and 6e€G(K/F), the Galois
group of K/F, with ¢, =¢% then the Hasse & invariant of A4 satisfies:

invg(A)=binvgzo(A) (mod1).

Ur(K) is a group called the group of algebras with uniformly distributed
invariants, over K relative to F.

We note that whenever [A]e Uy(K) and ¢ and ¢, are K-primes above the F-
prime ¢ then A®yK; and A®, K, have the same index. We denote the
common value of the indicies A®y K, for all K-primes ¢ above ¢ by ind,(4),
called the g-local index of A, (see Mollin [13]).

The Schur subgroup S(K) of B(K) consists of those algebra classes contain-
ing a K-isomorphic copy of a simple summand of KG for some finite group G.
We note that S(K) is in fact a subgroup of Uy(K), (see Mollin [13]). We studied
the relationship between Up(K) and S(K) in [9-16].

The main result of this paper is the classification of the division algebra
representatives of the classes of U(K) the absolute uniform distribution group
for K, (see Mollin [13]), i.e., we prove that if D is a K-central simple division
algebra then [D]eUp(K) if and only if D is K-isomorphic to what we call a
uniform Kummer algebra, [see 4.1]. This classification yields a description of
the division algebras underlying the cyclotomic algebras which represent the
elements of S(K), [20, Cor.3.11, p.33]. This is of particular interest when S(K)
=U(K). One of several examples we provide is an explicit description of the
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200 R. Mollin

quaternion division algebras over @ in the form of a linearly independent
generating set of division algebras for U(Q)=S(Q). (By a linearly independent
set {{D;]} in B(K) we mean that whenever [|[D;]~1 in B(K) then [D,]~1 for

each i in B(K) where ~ denotes equivalence in B(K).)

Let S(K, ¢) (respectively U(K, ¢)) denote the subgroup of S(K) consisting of
all elements having ind,A=1 for all F-primes 4+ ¢. Necessary and sufficient
conditions for S(K) to be the direct sum of S(K, ¢) as ¢ ranges over all F-primes
are unknown. We present for the first time, necessary and sufficient conditions
for Up(K) to be the direct sum of subgroups U(K, ¢) where ¢ ranges over all F-
primes. From this result follows a new sufficient condition for S(K) to be the
direct product of the S(K, ¢). Moreover, several consequences of this result for
Up(K) follow.

The author wishes to thank the National Research Council of Canada for
their support of this research, and Steve Pierce for his moral support.

§1. Notation and Preliminaries

We will make full use of the following results concerning the power and norm
residue symbols. The theory is well known and may be found for example in [2]
or [5]. We state the results for algebraic number fields which are our major
concern in this paper, but the theory holds in general for a given global field.

Let n be a fixed positive integer and K a fixed algebraic number field
containing ¢,. Let S denote the set of K-primes containing the infinite primes
and all primes dividing n. For elements o;e K* let S(a,,...,,) denote the set of
primes of S together with the K-primes dividing o; for each i. Let IS denote the
subgroup of the ideal group I of K generated by the K-primes outside S. Now,
for £eI3® the power residue symbol («/4) is defined by:

Yot O =(/t)y/n

where ¢ denotes the Artin map in L=K(%) over K. We note that if £ is a
prime unramified in L then ¢(£) is the Frobenius automorphism of 4. Moreover

(a/6) is an n' root of unity independent of the choice of {/& and the following
properties hold:

1) (ea/B)=(a/)(/6) if seI5®*)

(12) (a/e&)=(/t)(a/t) if 4,6 elS®,

Therefore: (a/8)= [] (o/)**®
#¢S()

where £=[]x*%.

(1.3) (Generalized Euler Criterion). If £¢S(a) then N(£)=1 (modn) where N
denotes the norm in K/Q, and («/4) is the unique n™ root of unity such that
(@/f)=aN®~ D (mod )
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(1.4) For ¢S(a) the following are equivalent
(@) (a/)=1.

(ii) The congruence x"=a (mod ) is solvable with xe®
(iii) The equation x"=u is solvable with xeK e

(1.5) If ¢ is an integral ideal prime to n then ({/£)={™®~1m for {e(e,>.
(1.6) If eIS®=*) and

Kﬁ'

o' =o (mod £)
then
('/6)=(a/t).

The following results concern the norm residue symbol and will be of
particular interest throughout the paper.
For o, Be K* and an arbitrary prime £ of K we define (o, f) , by the equation:

/24P =, ),/

where ,: K% —G(x) is the local Artin map associated with K(%)/K, and
G(#)~GK ﬁ(%)/K 4) is the decomposition group of 4 in G(K(W)/K). Moreover,
(o, ﬂ)/, is an n™ root of 1 which is independent of the choice of V&, and the
following properties hold.

(L7 (@ B)u(2 B)p=(a. B B),
and
(@ B, B)y=(aet, B) .
(1.8) If either o or Be(K%)" then (a, B)=1.
(19) If B is a norm from K ,(3/) then (x, f),=1.
(110) (%, B), (B2, =1.

V4(8)
(1.11)  If 4¢S(e) then («, f),= 9‘—) g where v, denotes the 4-adic valuation. In
particular («, f) ,=1 for £¢5(a, B).
(1.12)  For a, feK* we have:

l-[ (o, ﬂ)ﬁ =1,

the product being taken over all the primes 4 of K.

Now we present some preliminary information concerning the Brauer groups
and crossed products. The Schur subgroup S(K) of the Brauer group B(K) may
be described as consisting of those equivalence classes which contain a simple
component of the group algebra KG for some finite group G. By Yamada [20,
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Cor. 3.11, p. 33] this is equivalent to S(K) being the subgroup of B(K) consisting
of those equivalence classes which contain a cyclotomic algebra; i.e., a crossed
product of the form (K(g), y, f) where ¢ is a root of unity and the factor set f has
values which are roots of unity in K(g).

In general we denote a crossed product by (L,G, ) which is the central
simple K-algebra having L-basis u,, 1€G =G(L/K) subject to:

U, =PB(r,0)u,
and
u,x=x'u, for xeL.
When G is cyclic then (L, 7, f) denotes the crossed product in which:

U=u, 1<i<|L:K|
B if i=|L:K|.

For further information on crossed products the reader is referred to the
beautifully written book by Reiner [17]. Note also that most fundamental
results concerning the Schur group may be found in [20].

Finally we give some comments on notation. When we write a tensor
product D®K we assume this tensor product is taken over the centre of the
factor on the left.

§2

In the case where p is an odd rational prime and K/Q is finite abelian, Janusz [7,
§6, p.276] has mentioned certain sufficient conditions for S(K), to be the direct
sum of groups S(K,q) as q ranges over all rational primes. However necessary
and sufficient conditions are unknown. The first result of this section allows us
to present a new sufficient condition for this to occur in the more general case
where K/F is a finite Galois extension of number fields, while solving the
problem for Ug(K).

We now set the stage for the theorem. We let G =G(K/F), and for a given F-
prime ¢ the decomposition group of a K-prime ¢ above ¢, in G is denoted by
G(4). The rational prime which ¢ divides is denoted by q.

We now present for the first time necessary and sufficient conditions for
Ux(K) to be the direct sum of groups Ux(K, ¢) as ¢ ranges over all F-primes.

Theorem 2.1. There exists
[A]eUg(K, ¢)

with ind, A=n if and only if
(1) &, is in K, and
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(2) Y. b; =0 (mod n) where &} =¢bi for coset representatives o; of G(g) in G
with 4 any K-prime above ¢ and b; ' the multiplicative inverse of b; modulo n;
0<b;<n.

Proof. Assume [A]eUg(K, ¢) with ind, 4 =n. By the definition of Ug(K), ¢, is in
K.

For the remainder of the theorem we let ¢;; j=1,2,...,g be the distinct K-
primes above ¢ with ¢, = 4. We may assume g5’ =g, for j=1,2,...,g where {o;}
are as in (2) above; see [5, §5.4, pp. 82-84]. By Mollin [13, Corollary 2.6, p.255]
we may assume inv; A=1/n, and so it follows that:

inv, A=b; 'inv,A=b; !n  (mod1).
Hence: Zinvéj A Ezbf_ '/n (mod 1). Since ind , A=1 for all F-primes 4+ ¢ then
by Hassés’s sum the]orem we get ) by '=0 (modn) as required.
Conversely assume (1) and (2).jDeﬁnc a central simple K-algebra 4 by
inv,A=1/n and inv; A=b;'/n
and inv; 4 =0 for all K-primes / not dividing ¢. Thus Zinv¢JA=Z(bj‘ 1n)=0

J J
(mod 1) by (2), and so by Hasse’s sum theorem [A4] exists in B(K). By (1) and the
construction of 4 we have in fact that [A]eUg(K, ¢) with ind, A=n. QE.D.

Now, let m be the order of the group of roots of unity in K. In the following
corollary we assume Q(¢,)NF =Q.

Corollary 2.2. There exists [A]€ Up(K, ¢) with ind, A=n>2 for 4 f n if and only
if ¢, is in K and g/ =1 (mod n) where f is the residue class degree of ¢ in F/Q.

Proof. Since ¢t n then ¢ is completely split in F(e,)/F if and only if ¢/ =1
mod n). Now we show that there exists [4]e Ug(K, ¢) with ind, A=n if and only
if ¢ is completely split in F(e,)/F.

By Mollin [13, Th.2.3, p.251], if [A]e Ux(K) with ind, A =n then ¢ splits in
F(e,)/F. Conversely if ¢, is in K and ¢ is completely split in F(e,)/F then choose
coset representatives {o;} of G(¢) in G through H =G(K/F(e,)) where ¢ is a K-
prime above ¢. Now if €7/ =¢’ then

é(n)
byt =H:D@I ¥
. =

where 0<t;<n; (t;,n)=1 and ¢ is the Euler function. Since Q(¢,)nF=Q and ¢,
is in K then n|m; so G(F(g,)/F) is isomorphic to (Z/nZ)* and since n>2 then
¢(n)>1. Hence the t; may be arranged in pairs t;, n—t; which implies Y. b;1=0
(mod n). By Theorem2.1 there exists [A]€Ur(K, q) with ind, A =n. This secures
the theorem. Q.E.D.

We note that the above corollary generalizes [13, Th.2.7, p. 256], [9, Th. 1.5,
p.274] and [9, Th.1.1, p.273]. The latter generalized Witt’s results [19,
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Th.10.11, p.243]) for K/Q finite abelian. Thus we have pushed the generali-
zation to the case where K/F is finite Galois under the hypothesis of Corol-
lary2.2.

Furthermore for F =@ we note that by examining the proof of Corollary 2.2
we get the following corollary as an immediate consequence there of.

Corollary2.3. If p is an odd prime and K/Q is finite Galois then U(K), is the
direct sum of groups U(K, q), as q ranges over all rational primes.

Corollary 24. If p is an odd prime, €,q is the highest p-power root of unity in K,
where K/Q is finite abelian and p } |K :Q(e,q)| then S(K), is the direct sum of
S(K,q), as q ranges over all rational primes.

Proof. From Mollin [9, Corollary 2.8, p.280] U (K),=S(K),. The result is now
immediate from Corollary2.3. Q.E.D.

§3

The following results from Kummer theory will be useful in establishing the
main theorem of this section.

Lemma3.1. The discriminant of L=K(V&) over K divides n"o«"~' and ¢ is
unramified in L/K if ¢ does not divide O,-na. Thus if o is the least power of o
such that o/ =x" (mod g) is solvable then f is the residue class degree of ¢ in L/K.

Proof. See [2, Lemma 5, p.91].

Lemma 3.2. Let p be a rational prime and assume &, is in K.

Let L=K({/&) where a is not a p* power of an element of K. Let £10x - p;
# X aand Oy(1—¢,)=4"-J where 4 and J are relatively prime then:

If the congruence x?=a (mod ™) has no solution in Oy then 4 is ramified in
L .

If x*=a (mod#™?*1') is solvable in Oy then # splits in L. Finally, if x?=q«
(mod £™?) is solvable in O but the above congruence is not, then # is inert in L.

Proof. Ribenboim [18, 6C, p. 278].
The following existence theorem will be crucial in proving the main result of
the next section.

Theorem 3.3. Let K be a finite Galois extension of Q with &, in K where n=p°,
d>0, p being a rational prime. Let S={q;} be a finite set of distinct rational
primes with q; completely split in Q(e,)/Q.

Let ¢; be a fixed K-prime above q; and denote by {a¥, ¢¥, -0} distinct
coset representatives of G(g,), the decomposition group of ¢, in G =G(K/Q) with
8:5”=sz5”; g.cd. (b, n)=1. Suppose that Y’ [b"]~' =0 (mod n). Then there exists a,

iJj

i,
Pe0y, the ring of integers of K, such that:

1) Br=o=TT (7)o
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. . . . . . . (i) . .
where g, are finite and s is a K-prime which is relatively prime to g77 for al_! i, j
and to 4 for all K-primes 4 above p. Moreover, if ¢; is (real) infinite then /3‘;1: <0
for all j; (where B , is the image of B under the map K — K 2

(2) (®)=1, a K-prime which is relatively prime to s, all K-primes s above p, and
to the (finite) 47"

) (& p),=1.
(4) For each |p with i+ 3i"” then (x, B),=1.
() (@ B),, =&, =51, p),, for all i, j where g, is finite.
(6) (o B),=1.
Proof. Let of =]'—[_(ﬁ-’f“’)"’a‘"’_2 and let o/ denote the class of .« in the class group

LJ
of K, (respectively the extended class group of K whenever there are infinite

primes in S; [8, §3, p. 203]). Choose a prime se.o/ ~! such that s is relatively
prime to </ and to » for each 4|p. This choice is allowed by [8, 10.3, p. 182;
4.6.2, p. 132]. Thus s/ =(p) where Be,. If infinite primes exist in S then we
choose — f rather than f. In this case § is totally positive since we considered
the extended class group. Hence the image of —f in K » is negative for the real
infinite prime peS. We now have (1).

Since 4, the 4’s and the ¢;’§')’s are relatively prime then by [17, 4.11, p. 48]
there exists a solution y to the following congruences: x=1 (mod 4); x=a%"
(mod ¢y for all 4"\ p where aeK is a p*~%th power modulo ¢; but not a
p?~%*'-th power modulo ¢; (the existence of a is guaranteed by the fact that g
being cimpletely split in Q(s,)/Q implies g;=1 (modn,)), and for

21D, pEgl"  forall ij;

x=0 (mod,"?*'). We note that if £|p and 4eS then by hypothesis p is
completely split in Q(e,)/Q. Thus p’=n=2. For such 4, x=b%"(mod[1%"]"?)
with b being a square modulo 4™ but not a square modulo #"P* !,

Now choose a prime 2 in the class (y) such that » is relatively prime to the
/s, the ¢%s and to 4. Then 2=(a), and we have (2).

Since =1 (mod ) then (x f),=1 which is (3). For each 4|p with s+ 42°
then «=0 (mod ™" *") yields from Lemma 3.2 that (o, B)=1, which is (4). If 4|p
and /¢=¢;’5') then a=b"" (mod [/zdy)]"'") yields W =p (mod ™). By Lem-
ma 3.2 the choice of b guarantees:

()~ 1 )
(@, B, =(a P =,

Now for g7/"™\p then a=a""(mod ¢%"). Thus from (1.3) (™ ""/g) =(a/g))
=¢, by Lemma 3.1. By the choice of 8 we have v, (B)=1 for all i, so from (1.11),

((X, ﬁ)w =(d/¢,-) =(a[oj(‘)] i l/7:‘) =(a[a}”] i |* B)yi =&,
for all i,j. This is (5).
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Now extend each o to G(L/F) such that ¥« %" =Y a®', where L is the
normal closure of L= K(/— ) over F, and we maintain ¢; as notation for the
extended automorphism. From [8, 2.2-2.4, pp. 98 -99] the fact that ¢ %" s
unramified in L guarantees [¢{"]" lllx,l(ﬂ)a"’—lll;’g (B) where Y, is the local
Artin map. Therefore:

(a[,j(n)]—t’ﬁ ;{')=(a, ﬂ);,?n )
But

@, By, = (@ B,

Therefore

[T pef =TT Py

by hypothesis. Hence we have:

[1(xp).=1.

T¥1

By the product formula we must have (a, f),=1 which is (6). Q.E.D.

§ 4. Uniform Kummer Algebras

Throughout this section K/Q will denote a finite Galois extension of number
fields with ¢, in K. A Kummer algebra over K is a crossed product (L/K, o, f)
where G(L/K) is of exponent n and the values of 8 are algebraic integers in L.

We note that the fundamental theorem of Kummer theory asserts that L/K is
a Kummer extension; i.e., L=K('i/ac'1 s ...,'i/&:) where {a;,...,a,} is a system of
coset representatives of M;={yeK:y=x";xel*} over K" and |L:K|
=|M_ :K*"|. For details the reader is referred to [8, § 8].

By studying such algebras Hasse provided a clear link-up of norm residues
with his generalization of the Hilbert symbol. In fact he did not require the
existence of n'® roots of unity in K, (see [6]).

Also by investigating these algebras Chevalley was the first to define a local
Artin symbol in the ramified case, (see [3]-[4]).

These connections provide class field-theoretic methods of dealing with our
classification problem.

We shall be interested in special kinds of Kummer algebras which we now
introduce.

Definition4.1. A Uniform Kummer Algebra of index n over K relative to F is a
cyclic Kummer division algebra D such that whenever D®K, *1 for some K-

prime ¢ then D ~(K( f ), ¥, ) where
(1) ¢ is unramified in K(’i/&), for ¢ finite
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(2) Suppose |[K a('i/&)xa' =m, and {0} is a set of coset representatives of G(4)
the decomposition group of § in G(K/F) with &7/ =¢b; g.c.d. (b;,m)=1,0<b;<m.
Then

@7 B);=(@B)=e, and v,(B)=b; > () (modm)

for all j.
Now we are in a position to prove the main result.

Theorem 4.2. Let D be a K-central simple division algebra. Then [D]eU(K) if and
only if D is K-isomorphic to a Uniform Kummer algebra over K relative to Q.

Proof. Let D=(K (’i/&), 7, B) be a Uniform Kummer algebra over K relative to Q,
with DK, ~1. Let {0,} be coset representatives of G($) in G=G(K/Q). By
Definition 4.1, finite ¢ is unramified in K (’i/&) and (o, B)§=£m, where m
=|Ka('i/&):Ka|. Therefore, by [2, Prop. 2, p. 141; Prop.1.2, p.163] we get v, (B
=%(g) where , is the local Artin map and #(4) is the Frobenius automor-
phism of ¢ in G=G(L/K) where L=K('i/&). Now we extend each g; to G(L/Q)
such that j/a® =%/a’, where L is the normal closure of L over 0, and we
maintain ¢; as notation for the extended automorphism. From [8, 2.2-2.4, pp.
98-99] we get a;‘t/xi(ﬂ)oj=1//‘;a,(ﬁ). Also since (oc”f_l,ﬂ)v.=(oc,ﬂ),.=em and &%
=ep, then Y., (B) =, (B)>. Therefore

F(§7)=F (). (%)

Let k be the least positive integer such that y*eG(3), the decomposition
group of  in G. Then DK ;~(K é('i/&)’ %, B), and if r is an integer relatively
prime to |G($)| with Y= () then inv; D=rv,(B)/m, (see [17, p. 281]). From (x) it
follows that k is the least positive integer such that y*€G(4%) and that y*"»
=% (4°)). Therefore: D®Ki,j~(K¢aj({/&),y",B) with inve, D=b;vq,(f)-r/m.
By Definition4.1 we have:

inv,0;D=b;-b; > v,(B)-r/m (mod 1)

=b; 'inv,D (mod1).
From definition 4.1 if g=oo then inv¢,,D=invi D. Hence [D]eUg(K) as
required.

It suffices to prove the converse for [D]eU (K), where D has index n=p?, p a
rational prime, where D is a generator. Thus for {¢1,...,¢g} the distinct F-
primes where 1<ind, D=n. Now for each i choose and fix a K-prime 4; above
¢: such that inv, 4 =1/n, (see [13, Cor. 2.6, p.255]).

Let {o{"} be distinct coset representative of G($) in G with &7 =¢4",
g.c.d. (b, m)=1. We have that since [D]eU(K),:

invge D=[b"1~'inv 5 D=[b}"]"!/n (mod 1).
Hence:

Y.invye D=y [b"]~!/n=0 (mod 1),
ij i

by Hasse’s sum theorem.
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So:
Y. [b¥]7'=0 (modn).
i

Moreover by Mollin [13, Th. 2.3, p. 251] ¢, is completely split in Q(g,)/Q for
all i. Therefore the hypothesis of Theorem 3.3 is satisfied, so we may choose
o, fe0y satisfying (1)6) of Theorem 3.3.

Set D, =(K (’i/&), 7, B). From Theorem 3.3, D, is a Uniform Kummer algebra
over K relative to Q. We now show D~D,.

Let k; be the smallest positive integer such that y*eG(s,). Since g, 18
unramified in K(W) and |Ka1('i/&):Kaz| =n then we may assume without loss of
generality that y=%(g,).

Since D, ®K,~1 if and only if (a, f),=1, [1, Th.7, p. 95] then by Theo-
rem 3.3, DK, ~1 for all 7+ 47°. Consider, for each i, D,®K,, ~(K¢i('i/&), P, B).
Then inv, D, =v, (B)/n, (see [17, p.281]). But, by Theorem3.3, v, (B)=1 so
invé‘D1 =inv5iD for each i. From Mollin [13, Lemma 2.9, p.259] it follows that
D, ~D as required. Q.E.D.

§ 5. Examples

First we exhibit the quaternion division algebras over Q@ as uniform Kummer
algebras. Since U(Q)=S(Q), [20, Th. 7.2, p. 96] then the following gives a
description of the division algebras underlying the cyclotomic algebras which
represent the elements of S(Q).

For rational primes p#2 choose a prime g,=3 (mod 4) such that (g,/p)
=(—1)?*Y2 and if p=2 choose ¢,=3 (mod8). Set D, ,=(Q(}/ —4q,).7, —p),
where oo denotes the infinite rational prime. It is easily seen that D, is a
Kummer algebra. We now show that in fact D, is a Uniform Kummer algebra
and {D, .}, where p ranges over all finite rational primes forms an independent
set of division algebras which represent the classes of U(Q)=S(®). First we
calculate the Hasse invariants of D, .. As previously cited D, ,®Q ~1 if and
only if (—q,, —p).=1. Now, since (—q,, —p),=1 for all 1%q,, p, oo; [8, Prop.
3.11, p.153] then D, ,®Q,~1 for all T4q,, p, 0. We check for the remaining
primes.

(=9, —DPp=—1,
(=45, —P),=(—1,P),(q,,P),(— 1, =1),(q,, —1), by (1.7)

M EEHOH @ for p=1 (mod4)
={(=) @) @) 1) for p=3 (mod4)
M= e-1y(-1) for p=2.
=-1 for any finite p.

(—4,> =)y, =(—P/a,)=(—1/q,)(p/q,)= —(p/q,)=1 by (1L.1)~(1.11).
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Hence D, ., has non-trivial Hasse invariants exactly at p, and oo. But the
index of D, ., must divide |Q(}/ —4,):Q|=2. Therefore inv,D =invD,

=1/2. From the above we see that D, ., is a uniform Kumr;,lerp,algebra and
{D, o}, clearly forms an independent set of division algebra representatives of
U(Q)=S5@Q).

Now let K =Q(]/E) where d+ —1 is a square-free integer. In Mollin [12] we
gave an explicit description of cyclic crossed product division algebras which
generate U (Q(]/E)). The only distinction between those algebras A =(K (1/3). ¥, o)
and the uniform Kummer algebras of Definition4.1 is that AQK ,~1 for 4

ramified in K(VB)/K. However, from the property of the norm residue symbol:
(2 B),(B,®),=1 it follows that A~(K(]/&), 7, B). Hence from [12] we essentially
have a description of all uniform Kummer algebras over Q(ﬂ)=K.

The next example provides a description of the Uniform Kummer algebras

which represent the classes of U(Q(e3)); =5(Q(e;)); (see Mollin [9, Cor. 2.8, p.
820]). First we need a lemma.

Lemma 5.1. Given an odd prime p and a prime q=1 (mod p) there exists a prime r
such that g is a p™ power modulo r but r is not a p*-power modulo q.

Proof. By the Chinese remainder theorem there is a solution to (1) x=2 (mod p)
and (2) x=g (modgq) where g is a primitive root modulo gq. By Dirichlet’s
theorem on primes in arithmetic progression we may choose a prime r from
{a+pqn},, where a is a solution of (1) and ).

We now show that (1) guarantees that g is a p™ power modulo . Let h be a
primitive root modulo r, and suppose g=h" (mod r). Since g.cd.(r—1,p)=1 then
for suitable s and ¢ the following congruence is solvable: kP!~ ¢~ 1s=p» (modr).
Hence, g is a p™-power modulo .

Since g=1 (mod p) and g is a primitive root modulo q then (2) yields that r is
not a p™* power modulo g. Q.E.D.

Let K=Q(e;), F=Q and g=1 (mod 3). Set D, =(Q(es, %), Y, q) where r is a
prime chosen as in Lemma5.1. We now show that the division algebras D
provide an independent set of representatives of the generator classes in Up(K),
=8(K);.

Since a unit is a norm in an unramified extension, [8, Prop. 3.11, p. 153] then
(r,q) =1 for all K-primes t+4, 2, 4,, ¢, where 4|3, ¢|r, and #:1q. Thus
D,®K_~1 for all K-primes T¥4, 1, ¢4, ¢, by [1, Th.7, p.95].

Now we check for the remaining primes. Since ¢ is a cube modulo r then qis
a cube modulo +. Therefore by (1.11), 1 =(g/2)=(q, r),. Thus D,®Q,(e;)~ 1.

Since r is not a cube modulo g, and Q,(e3)=Q, since g=1 (mod 3) then we
may assume without loss of generality that (r/¢)=e¢,. Also if (6 =G(K/Q) then
(/) =(r/1)’ = €3. Hence

inv, D,=1/3 and inv,,D,=2/3.

The only prime which we have not checked is #13. By the product formula
(r,q) ,=11is forced. We have shown that D, is a uniform Kummer algebra with
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ind, D,=3 and ind; D, =1 for all rational prime s+4. These are the generators of
U(Q(e3)); =S(Q(e;)); as division algebras.

As a final example we illustrate a connection between the main result of §4
and a sufficient condition given in Mollin [13] for the existence of an element in
U(K).

Let K=Q(e;n+1,)/q) where n>2, and g=3 (mod2"*!). Let D
=(K(ezn+2), ]/E). We show that [D]eU(K) and that D is a Uniform Kummer
algebra. Since the order of gmod 2"*! is 2"~ ! and ¢*" %1 (mod 2"*?) then:

(€gn+1) 1/(})‘,:(82,.“/7)55‘2“::;1‘ V2= —1(mod ¢)

for each K-prime ¢ above g. Thus inv, D=1/2 for all K-primes ¢ above q. Since
there is only one K-prime above 2 and D® K, ~ 1 for all K-primes 7 not above g
or 2 then the product formula forces inv, D=0 for all K-primes 7 not above q.
By construction D is a uniform Kummer algebra and so [D]}e U(K).

It is interesting to note that since (€;n+1, 1/5),(1[, Exn+i1), =1

then

D~(Qsn+1,Y/9), 7, e3me1)=D).

Set L=Q(e3n+1, ‘{/«}). G(L|@) is the direct product of the cyclic group of order
2, the cyclic group of order 2"~ 2, and the Dihedral group of order 8. Moreover
G(L/K) is central in G(L/®). This latter condition on D, was a sufficient
condition for a crossed product algebra (not necessarily a division algebra) to lie in
Ug(K), (see Mollin [13]).

A question pertaining to S(K) and uniform Kummer algebras is: “When can
the uniform Kummer algebras underlying the cyclotomic algebras be repre-
sented as cyclotomic division algebras?” A look at our representation of the
uniform Kummer algebras over @ shows that this does not. happen in general.
Progress made by the author in determining when this does happen will be
published at a later date.
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Note Added in Proof
January 9, 1979. The above problem has been solved as of this date.







