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INTRODUCTION 

In this paper we continue the investigation into the group of algebras with 
uniformly distributed invariants U(K), and its relation to the Schur subgroup, 
undertaken in [9]. The notation is the same as in [9]. 

In the first section we investigate the index 1 U(K), : S(K), 1 where q is an 
odd prime. We obtain [9, Theorem 2.71 as a special case of Theorem 1.2, 
wherein we obtain that the above index is infinite when q 1 / K : Q(+)], 
where +, is the highest q-power root of unity in K, a > 0 provided 
qa+h +’ /L : K 1, where L is the smallest root of unity field containing K, and 
++b is the highest q-power root of unity in L. 

In the case where aatb 1 / L : K /, the author’s conjecture made in [9] is 
validated. 

In Section 2, we show that 1 U(K), : S(K), / is infinite where K/Q is finite, 
imaginary, and abelian. As an illustration of this result we calculate generators 
of U(Q(E~,,))~ for primes p + 1 (mod 4) explicitly. 

1. THE INDEX QUESTION 

We let K/Q be finite abelian and fix some additional notation from [6]. 

L = Q(e,,J = the least root of unity field containing K. 

W = W(L), = group of roots of unity of q-power order in L. 

q” = order of W(K), . 

q”+b = order of W(L), . 

p = prime not dividing m. 

G = Gal(L/K) identified with Gal(L(E,)/K(e,)). 

(T) = Gal(L(c,)/L). 
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Gx(T) = Gal(L(c,)/K). 

(T = element of G which satisfies u(w) = zul+pa for all w in W. 

C, = subgroup of G fixing W. 

C,P” = subgroup of C, consisting of all qdth powers of elements in C, . 
(By the phrase “the order of y in C,/C$” we shall mean the order of the coset 
yC$ in the group C,/C$). 

r = prime dividing mp for which q divides ~(L(E,)/K, r), ramification 
index. 

p = K-prime above Y. 

0 = B(r) a generator of the inertia group of p in Gx(7). 

o = isi(r) Frobenius automorphism of p in G%(r). 

0 = &(f-)&7n(r); 0 < h(Y) < qb, &. E c, , 0 < n(r) < p - 1. 

f(r) = f(K/Q, r) = inertial degree of p over r. 

e(r) = order of 8. 

qh = the power of q dividing e(r). 

qg = the power of q dividing rf(r) - 1. 

V(Y) = max{O, a + h -g}. 

W) = [(I + P”)” - 11/P”. 
Z(P) = [(Pfcp) - lYP1 - W(P)). 

X(p) = integer which satisfies X(p) V(qb) = Z(p) (mod qa+b). 

No(p) = u-Qb+(qz,. 

N(p) = order of A’(p) in the group C,/C,“” where qd = gcd(qa, p - 1). 

S(L/K) = subgroup of S(K) consisting of algebra classes split by L. 

THEOREM 1.1 (J. Janusz [6]). The maximum p-local index of an element in 
S(K), is max{qy(@, N(p)}, where p does not divide m. 

Now we use Theorem 1.1 to investigate 1 U(K), : S(K), 1 when 

4 I I K : Q(Q)’ and 4 a+b{~L:KI. 

We note that [9, Theorem 2.7, p. 171 is included as a case of the following 
theorem. 

THEOREM 1.2. If K/Q is finite abelian, q divides 1 K : Q(.+)I, a > 0 and 
qa+O +’ 1 L : K I, then 1 U(K), : S(K), j is infinite. 

Proof. We begin by finding suitable primes p and using Theorem 1.1 
to show there are no elements [A] in S(K), with ind,(A) = q”. 
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Case 1. b > 0. We first obtain the result for the case where G is of q-power 
order. 

We choose a generator 01 of Gal(L/Q(e,,)) where m’ = m/qb satisfying 
0~: Ed”+* - $$’ . We let 01 be the Frobenius automorphism in L/Q corre- 
sponding to some prime p. The order of DI is qb. Now we show that v(p) < a. 
First we need to show that f(p) = qb. 

For 0 < s < b, the fixed field of ~(1 is Q(emn) where m” = mlqb-s. Thus if 
C& E Gal(L/K) then K C Q(E~-) in which case, s = b. Thereforef(p) = qb as 
asserted. We have that p = 1 (mod qa) and p + 1 (mod qa+l), which implies 
that h = a. Also pf(p) = 1 (mod qa+b). Therefore g = a + b. Now: 
a + lz -g = a + a -- a - b = a - b. It follows that V(P) < a, since 
b > 0. 

Now we proceed to show N(p) < q”. Since 01 restricted to K has order qb 
and the order of o( is qb then O, the Frobenius automorphism of d in G, is 
trivial. It follows that 6, = 1 = ok(P). Hence M(p) = o-qbXfp). However 
qa+b 7 j L : K / by hypotheses, so that JV(P)@-’ = 1, since G is of q-power 
order. Clearly then -4’(p)““-’ E Cy”, which implies that N(p) < qa, as 
required. 

Hence by Theorem 1 .I, the maximum p-local index of an element in 
S(K), is max{qy(“), N(p)) < qO. Therefore there are no elements [A] in 
S(K), with ind,(A) = qQ. 

Now we prove the result for arbitrary G. We let G, denote the Sylow 
q-subgroup of G and let F denote the fixed field of G, . Then there is an 
element a: in G, such that (Y: cyofb -+ ~$‘bn . We let o( be the Frobenius auto- 
morphism corresponding to p, say. If there is [A] E S(K) with ind,(A) = q” 
then [A &F] E S(F). H owever, /F : K / is relatively prime to q. Therefore, 
ind,(kl &F) = q”, a contradiction by the case previously covered. 

We have shown that for b > 0 there are no elements of S(K) with 
ind,(A) = qa. 

Case 2. b = 0. 
Choose any element g of q-power order in Gal(L/Q(e,,)) such that a 

restricts nontrivially to K. Such an element exists since q 1 / K: Q(+)l. 
By the Dirichlet density theorem [5, Corollary 9-2-7, p. 1681, .% is the 

Frobenius automorphism in L/Q of infinitely many primes p. 
J. Janusz [8] has shown that for b = 0, we have: 

W% = bYQ(Q)O a(<,& %VK), . 

If there is an [A] in S(K), with ind,(A) = qa then we have by Janus2 
result that: 

PI = [RShua,Kl * [Cl> 
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where PI E W?(+h and [C] E S(L/K), . Thus, if B is a K-prime above the 
Q(<,,)-prime + and if +Z lies above p in Q then: 

inv&4) - invP(B@o(,,.)K) + inv&C) (mod 1) 

= I K9 : QD(ega)I inv#) + inv9(C> (mod 1) 

by [3, Chap. 71. But 4 1 / Kp : QJ+)] by choice of p and ind,(B) ,< @, by 
[9, Corollary 1.2, p. 51. Thus ind,(B &,,)K) < qa. Therefore; ind,(C) = @ 
since ind,(A) = q”. However, L splits C. Therefore, if 9’ is an L-prime 
above 8: 

inv&C &L) = 1 Lp : Kg 1 inv&C) (mod 1). 

It follows that qa 1 1 L : K I. This is a contradiction, since we assumed 
qa+b +’ 1 L : K 1, and b = 0. Hence for b = 0 there are no elements [A] in 
S(K) with ind,(A) = q”. This completes Case 2. 

We have shown that whenever q 1 / K : Q(+)l and qa+b f / L : K 1, it is 
possible to find primes p such that there are no elements of S(K), with 
ind,(A) = qa. We note that for each such p there is an [A,] in U(K) with 
ind,(A,) = qa and ind,(A,) = 1 for r # p by [9, Theorem 1.3, p. 51. More- 
over, by Dirichlet’s density theorem [5, Corollary 9-2-7, p. 1681 there are 
infinitely many such primes p. Thus there are infinitely many such [A,] 
in .U(KbS(K). Moreover, [A,] . [A,,]-l 6 S(K) for p # p’. Therefore the 
[API’s provide an infinite number of coset representatives of S(K) in U(K). 

Q.E.D. 

Now we consider the case where qa+b 1 / L : K /, a > 0 and q / I K : &(+)I. 
The following example validates the conjecture made by the author in [9, 
p. 191, to the effect that q I I K : Q(+)I is not a sufficient condition for 
1 U(K) : S(K)/, to b e infinite. In fact, the following is an example where 
q I I K : Q(+)I and U(K), = S(K), . 

We let L = Q(E&; q = 3. We let (u) = Gal(L/Q(c,)) and let K be the 
fixed field of (u”). Thus, a = 1, b = 0, and IL : K j = 3 so that 
qa+b 1 1 L : K I, as required. 

First we proceed to show that given any odd primep z 1 (mod 3), p # 19, 
then max{3y(p), N(p)} = 3. 

The list of notations given at the beginning of the section is in force. 

Case 1. f(p) is not divisible by 3. 
It is easy to check that v(p) = 1 and N(p) = 1 or 3. Therefore, 

max{3y(P), N(p)) = 3. 

Case 2. f(p) is divisible by 3. 
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Since p = 1 (mod 3) then X(p) = z(p) = 0 (mod 3). Hence A’(p) = f, . 
However, since Gal(L/Q(<s)) is cyclic andf(p) is divisible by 3 then <+(p)) = 
Gal(L/K); so that (r+(p)) = (5,). Now, C, = Gal(L/K) and Cl3 = 1 so 
that N(p) = 3. 

It is easy to check that r(p) = 0 in this case. Hence, we have that 
max(3v(P), N(p)} = 3 . ..*. 

Now the proof of Theorem 1.1 given in [6] shows the max{3y(p), N(p)} is 
attained by some element in S(K), . Thus there is an element [A] of S(K) 
with ind,(A) = 3, for eachp = 1 (mod 3), p # 19. 

Now we show that for p = 19, * holds. First we need some notation and 
a result taken from [6]. 

If r is a prime dividing m such that e(r) is divisible by Q then: N,(r) = 
maximum order of the elements #(0, o-Pb2(r)[r) as 4 ranges over all skew 
pairings of C x C, into W(K), . (For the definition of skew pairings see [6]. 
For the purpose of this paper knowledge of the concept is not necessary). 
N,(r) = the order of 8f in C1/C@ with 0 = B(Y) andf = f(K/Q, r). 

THEOREM 1.3 (J. Janusz [6]). 7% e maximum r-local index of any element in 
S(K), is the number max{qv(T), Nl(r), N,(y)]. 

In [6] it is shown that each of 4 y(c), N,(r) is attained by some element of 
S(K), . We need only show then, for Y = 19 that max{3v(1g), N,(l9), 
Ns(19)) = 3. However, the order of Of in C,/C,3 is 3 sincef =f(K/Q,l9) = 1, 
C, = G = (0) and Cl3 = 1. In other words, Na(19) = 3, as required. 

Hence we have shown that, given any prime p 3 1 (mod 3) there is an 
element [A] E S(K), such that ind,(A) = 3. By [9, Theorem 1.1, p. 41 and 
[9, Corollary 1.2, p. 51 if [A] E U(K), with ind,(A) > 1, thenp = 1 (mod 3), 
and ind,(A) < 3. It follows that S(K), = U(K), . This completes the 
example. 

This example not only validates the aforementioned conjecture but also 
shows that q 7 / K : Q(+)j is not a necessary condition for U(K), = S(K), . 
We showed in [9, Corollary 2.6, p. 161 that it is a sufficient condition. 

We note that in the case where qa+b 1 1 L : K / and q / / K : Q(+)I with 
a > 0 then it is also possible that 1 U(K), : S(K), 1 is infinite. For example; 
we let L = Q(c 3.13e3)7 G4LIQ(~3~7)) = <u13> and Gal(LlQ(~3.13)) = <+ 
Then if K is the fixed field of (+s . g:,)wegetIL:KI =6,a=l,b=O 
and 1 K : Q(E~)\ = 12. Thus for qa = 3 we get qa+b 1 1 L : K / and 
q j / K : Q(+)\. It is straightforward to check that ( U(K) : S(K)\ is infinite 
using the result of J. Janusz [g] that: 
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2. U(K)FOR AN IMAGINARY FIELD, K 

Let K/Q be finite abelian. Throughout this section K is assumed to be 
imaginary. We shall mean$finite prime when referring to the primes in this 
section, since for any [A] in the Brauer group of an imaginary Galois extension 
of Q, A necessarily splits at the infinite primes. 

In this section we investigate the relationship between the 2-primary part 
S(K), of S(K), and the 2-primary part U(K), of U(K). The relationship 
between S(K), and U(K), was investigated for certain fields in Section 1 and 
in [9]. 

From the first theorem we get that S(K), is of infinite index in U(K), _ We 
illustrate this result by calculating the generators of U(Q(+))a for primes 
p + 1 (mod 4) explicitly. These generators are the generators of S(Q(+))a 
as given by Benard and Schacher [2, Theorem 3, p. 3841 combined 
with elements [B @o(-p~,2) Q(E~~)], where p = 3 (mod 4), (respectively, 
[B @oci) Q(+)] where p = 2), such that [B] ranges over suitably chosen 
generators of u(Q(-~l/~)), where p = 3 (mod 4), (respectively, U(Q(i))Z , 
where p = 2). 

We note that for U(Q(+))a where p = 1 (mod 4), no generators are of 
this form. In fact, the most that can be said is that 

U(Q(QJ)~ = u(Q(4h Oecs,, Qk,A 

and this holds for any odd prime. 
We do not calculate the generators of U(Q(E~~))~ where p =: I (mod 4) 

as a result of the difficulty which arises in resolving norm questions in this 
case. 

Now we let B(K) tn) be the subgroup of B(K) generated by elements of 
order n, and let S(K)(“) = S(K) n B(K)(“), where n is a positive integer. 
M. Schacher [lo, Theorem 1, p. 151, proved that for K/Q finite abelian then 
S(K)(n) is of infinite index in B(K) tn), for 71 3 2 except when n = 2 and 
K = Q. We generalize this result for the case 71 = 2 and K/Q finite imaginary 
and abelian. 

THEOREM 2.1. If K/Q is jinite, ima&zady. and abeliad then S(K)c2) is 
of in$nite index in U(K)c2’. 

Proof. If E is the maximal real subfield of K then we have / K : E / = 2. 
We let (u) be the subgroup of G(K/Q) with E as fixed field. Then by applying 
the Dirichlet density theorem [5, Corollary 9.2.7, p. 1681 to u we get that there 
exist infinitely many rational primes, denoted by the set S, which split 
completely in E/Q and are inert in K/E. We arrange S in disjoint pairs A, 
arbitrarily. Hasse’s sum theorem yields that we have an element [A,] in 
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U(K) with invariants 4 at all K-primes lying over the two primes in h and 
zero elsewhere. Thus the [AJ’s are in U(K)f2). 

Now, we show [A,,] is not in S(K)c2) for any A. We use Field’s and 
Herstein’s result [4, Theorem 2, p. 711, which yields that an element [A] of 
order 2 in S(K) has the form [A] = [B @c K], where [B] in S(E) has 
index 2. 

Thus, if [A,] is in S(K)t2) for any X then [A,] = [B aE K] where B in 

S(E) t2) is of index 2. 
Now, if B is a K-prime lying above the E-prime + which is above the 

rational prime p E A; then inv9(A,) = inv#(B BE K) implies: 

inv9(A,) 3 1 KY : ,?$ ( invJB) (mod 1). 

But 1 K9 : ,Bj 1 = 2 since P/j is inert in K/E by choice. Therefore, 
inv,q(A,) s 0 (mod I), a contradiction. Hence, for each h we have [AA] is in 
cY(K)‘~’ - ,S(K)c2’. 

Now we show [A,] ‘[A,,,]-l is not in ,S(K)t2) for any X # A’. If h # A’ then 
we have: 

inv9(A, OK A,OP) = inv&A,) - inv&A,,) (mod 1) 

by a formula which can be found in [3, Chap. 71; where AZ!’ is in [A,+,]-“. 
But p + A’ so that inv+(A,,) = 0. Therefore: 

inv9(A, OK A:?) = invq(A,) (mod 1). 

Thus, it suffices to show [A,] $ S(K)t2), which we have already accom- 
plished. Therefore, [A,] . [A,,]-l is not 5’(K)t2) for any X # A’. 

Hence, the AA’s form an infinite number of coset representatives of S(K)c2) 
in U(K)t2), and the proof is completed. Q.E.D. 

COROLLARY 2.2. If K/Q is Jinite, imaginary and abelian then S(K), is of 
injkite index in U(K), . 

Proof. This is clear from the theorem. Q.E.D. 

Now we investigate generators of U(Q(e2,,)). F irs we calculate generators of t 
U(Q(i)) and show that for n > 2 the generators of U(Q(+)) are the generators 
of S(Q(E~~)) combined with elements [B 6&ci) Q(+)], where [B] ranges over 
certain generators of U(Q(i)). 

Now we introduce some algebras which, together with generato% for 
S(Q(i)) will serve as generators for U(Q(i)). First, we let K = Q(i), and let p 
range over all primes congruent to 3 modulo 4; i.e., over all primes which are 
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inert in K/Q, We define the cyclic algebra (2.3), as the crossed product 
given by: 

A, = (K(2p)ll”/K, a + bi) = K(2p)lj2 U, @ K(2p)lj2 

where (a) = Ga1(K(2p)112/K), and 

(direct sum), 

(1) U,X = Xou,; x E K(2p)‘l”; 

(2) u,2 = a + bi; 

with a and 6 integers such that a2 + b2 = qp , a prime such that q,, = 5 
(mod 8) and qQ = -1 (mod p). 

First, we show that such a prime qP exists. By the Chinese remainder 
theorem there is a solution to the equations s = 5 (mod 8) and s = -1 
(mod?). Then by Dirichlet’s theorem on primes in arithmetic progression 
[5, Corollary 9.2.8, p. 1681, there are infinitely many primes in the sequence 

is + @hz,z . Any prime q. in this sequence has the required property, i.e., 
that q9 = 5 (mod S), q9 E -1 (modp) and qP = a2 + b2; a, b E 2, since 
any integer congruent to 1 modulo 4 can be expressed as the sum of the 
squares of two integers. 

We note in passing that A, is independent of which qD is chosen in the 
above sequence. Now we determine the invariants of A,. 

In the following, we have occasion to use the norm residue symbol and the 
Legendre symbol extensively. Therefore, before proceeding we state some 
fundamental results. 

DEFINITION 2.4. For every prime p of Q finite or infinite, we have the 
norm residue symbol: 

if a is a norm of an element of Q,(b)l12, 
otherwise. 

Some easily verified properties are: 

PROPOSITION 2.5 [ll, Proposition 6.6.1, p. 2491. If a, b, c are in Q,*, p 
any prime, then : 

(1) (a2,6), = (a, b2), = 1; 

(2) (a, 9, = (b, 49; 

(3) (a, -4, = 1; 
(4) (u,b),= -lifandonZyifu<Oundb<0. 

(5) for p f m; (u * h 4P = (u, Mh 49 - 

Further properties, when p = 2, which will be especially useful later are: 
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PROPOSITION 2.6 [ll, Proposition 6.6.3, p. 2511. Let p, q be odd primes, 

P # q, tag: 

t-17 PI2 = 1-i 
if p = 1 (mod 4), 
if p = 3 (mod 4), 

(2, P>2 = 1-i 
if p- fl(mod8), 
if p = 33 (mod S), 

if p = q E 3 (mod 4), 
otherwise. 

PROPOSITION 2.7. [A,] in U(K) has q-local invariant equal to & at q = 2, 
p and 0 elsewhere. (2 and p have just one prime above them in K.) 

Proof. We first show that for q # 2, p the q-local invariant is zero. We 
note that if 9 lies over q in Q(i)/Q then (Q(i)), = QJi). We let N denote the 
norm in Q,(i)/Q, . Now, we let (A,), = A, goti) Q&i), and note that: 

(AD), N 1 if and only if a + bi is a norm in Q,(i, (2p)1/2)/Q,(i)[l], and this 
holds if and only if N(a + bi) is a norm in Qg(2p)1/2/Qq , [5, Proposition 12.25, 
0. 2211. We shall use this fact throughout. 

Now N(a + bi) = a + bi or q2, depending on whether or not Q,(i) = Q, . 
For q # 2, p or qD , then Q,(ZP)~/~/Q, is unramified since the discriminant of 
Q(2p)‘i2/Q is 8p and qp is a unit in Q, . Moreover a + bi, being an algebraic 
integer, dividing qs = (a + bi)(a - bi), is also a unit in Q, . Thus, N(a + bi) 
being a unit, is a norm in the unramified extension Qn(2p)1’2/QC, so that 
inv,(A,) = 0 for all K-primes above q # 2, p, qD . 

Now we investigate the case q = q2, . 
First we have (2/q) = -1 since q = 5 (mod 8). By the quadratic reciprocity 

law (p/qs) = (qg/p), and by hypothesis q E -1 (modp) so (q/p) = (-l/p). 
Butp = 3 (mod 4) so that (-l/p) = -1. Hence (p/q) = -1. Thus: 

(2Pld = w?)(Pld = (-1X-l) = 1. 

Therefore, q is completely split in Q(2p)r12/Q so that Qa((2p)1/a, i) = Q,(i). 
We let N’ denote the norm in Q&(2p)l/“, i)/Q,(i). This implies iV’(a + bi) = 
a + bi; and so (A,), N 1 for K-primes a above q = qD . 

We have shown that (A&, N 1 for all K-primes above q # 2, p. 
For q = 2 we have N(a + bi) = qB since 2 is ramified in Q(i)/Q. By 

properties of the norm residue symbol; (2.6); (qD ,2~)~ = (q8 ,2),(q, , P)~ = 
(-l)(+l) = -1. Therefore, qs is not a norm in Q2(2p)l’a/Q2 . 

Thus A, has a nonzero 2-local invariant. But the index of A, must divide 
1 Q((2p)rj2, i) : Q(i)1 = 2 [l]. Since there is only one K-prime above 2 and 
above p then, by Hasse’s sum theorem, the 2 and p local invariants of A, are 
equal to 3. Q.E.D. 
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We note that an alternative proof for the case p = 3 (mod 8) is possible 
wherein we choose A, = (K(2p)lj2/K, I + i). However, no single factor set 
a + bi suffices for the case p = -1 (mod 8). 

PROPOSITION 2.8. Let K = Q(i). Then U(K) isgenerated by: 

(1) A, , defined above, asp ranges over all primesp E 3 (mod 4); 

(2) cl3 3 as p ranges over primes p 7 1 (mod 4), where [C,] generate 
S(K) asgiven in [2, Theorem 3, p. 3841. 

Proof. We let [B] E U(K) and let S denote the set of primes at which B 
has nonzero invariants. S is finite by Hasse’s sum theorem. 

We let S’ be the subset of S containing primes p such that ind,(B) = 3. If 
S - S’ is nonempty then [9, Lemma 2.3, p. 81 yields that the sum of the 
invariants at K-primes above a given prime in S - S’ is zero modulo 1. 
For primes p = 3 (mod 4) in S we note that by [9, Theorem 1.1, p. 41 
ind,(B) = 2 so that in fact p E S’. Since primes p = 3 (mod 4) are inert in K 
then 2 ES’ if and only if there are an odd number of primes p E S’ with 
p .= 3 (mod 4) by Hasse’s sum theorem. 

Then for each p = 3 (mod 4) in S’ we pick A, . The product of such A, 
asp ranges over primes p = 3 (mod 4) in S’ has invariant $ at all such p in S’, 
at 2 if 2 E S’, and zero elsewhere. 

If q = 1 (mod 4) then there is an element %7g E S(K) with ind,(C,) = 4 and 
ind,(C,J = 1 for all primesp + q [2, Theorem 3, p. 3841. From [9, Corollary 
1.2, p. 51 we have ind,(B) -< 4, so that if q E S then C, raised to the appropriate 
power has the same q-local invariants as B. 

Hence, we can find algebras C, , A, f or each p, q in S such that the product 
of these [A,], [C,] is [B] in U(K). Q.E.D. 

Now we find generators for U(Q(+)), n > 2. 

THEOREM 2.9. Let L = Q(E~~), n > 2. U(L) is generated by: 

(1) generators of S(L), [2], and 

(2) [AA, &ti) Q(cz”)]for allp = -1 (mod 2”) where A, is defined in (2.3). 

Proof. We let [B] E U(L) and let S be the set of primes at which B has 
nonzero invariants. 

First we show 2 q! S. If 2 E S then by [9, Theorem 1.1, p. 4] ind,(B) = 2. 
We have by [9, Lemma 2.3, p. 81 that, if q E S with ind,(B) > 2 then the sum 
of the invariants at the L-primes above q is zero modulo 1. But the sum of all 
invariants of B must sum to zero module 1, by the Hasse sum theorem. Since 
2 is totally ramified in L/Q there is only one prime above it. Therefore, among 
those primes p E S with ind,(B) = 2, there must be at least one with an odd 
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number of L-primes above it. If g is the number of primes into which such a 
prime p splits in L/Q then g divides j L : Q 1 = 2+l. Therefore g = 1; i.e., 
p is inert in L/Q. But the Dirichlet density theorem [5, Corollary 9.2.7, 
p. 1681 yields that p is inert in L/Q if and only if G(L/Q) is cyclic. However, 
for n > 2, G(L/Q) is not cyclic, a contradiction. Hence, 2 $ S. 

Now we consider primes p = -1 (mod 2”), p E S, separately, since by 
[12, Corollary 8.7, p. 1381 there are no elements in S(L) with nonzero 
invariant at such a prime p. For such a p we have p = 1 (mod 8), since 
n > 2. So choose A, as in (2.3). We let A, @oci) Q(E~~) = B, , and show B, 
has ind,(B,) = 2 and ind,(B,) = 1 for all primes 4 # p. We note that by 
[9, Theorem 1.1, p. 43 ind,(B) = 2 for such p E S, so that we are essentially 
going to show that B, and B have equal p-local invariants. 

If 9 lies over p in L/Q then: 

inv&%) = I Q,(c,J ; Q,(i)1 inv@,) (mod 11, 

where a = B n Q(i), by formulas in [3, Chap. 71. However, p is inert in 
Q(i)/Q. Also p2 = 1 (mod 2”) . pl’ rm res the inertial degree of p in L/Q is 2. 
Therefore the inertial degree of p in L/Q(i) is 1; i.e., 1 Q*(E~,,) : Q,(i)1 = 1. 
Thus: 

invp(B,) = $ (mod 1). 

Now the only other possibility for ind,(B,) > 1 is for 4 = 2 since A, has 
ind,(A,) > 1 exactly at Q = 2, p. But if W lies over 2 inL/Q, then: 

invs(B,) = I Q2(czn) : Qz(i>l inv&4,) (mod l), 

where @ = 9 n Q(i). Since 2 is totally ramified in K/Q we have 

I Q2(e2J : 82(9l = P2, 

n > 2, and this implies: 

inv&B,) = 0 (mod 1). 

Hence we have shown ind,(B,) = 1 for all 4 # p and ind,(B,) = 2; i.e., 
that B, and B have equal p-local invariants. 

Now, we obtain for each p E S with p + -1 (mod 2”) an element [C,] in 
S(K) with the samep-local invariants as [B]. If p = 1 + 2,d, with (2, d) = 1, 
then by [2, Theorem 3, p. 3841 there is an element [C,] in S(K) with 
ind,(C,) = min{c, n}, and ind,(C,) = 1 for 4 #p. By [9, Corollary 1.2, 
p. 51 ind,(B) < min{c, n}. SO we can see that by raising C, to an appropriate 
power we get that C, and B have equal p-local invariants. 

481/42/I-18 
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If we take the product of the [B,] ‘s and [C,]‘s found above we get [B] in 

w9 Q.E.D. 

Now we investigate the generators of U(Q(+))s , p # 2. We want to 
determine whether or not a similar result to the above holds in the odd prime 
case. First we consider the case p = 3 (mod 4) and give generators for 

U(Q( -PY’% . We show that U(&(E~~))~ is generated by elements: 
[B @o(-P)l,s Q(+)], where [B] ranges over generators of U(Q(-P)““)~ and 
by generators of S(Q(+))s . 

Before we define the algebras which serve as generators for U(Q( -+~)r/~)~ , 
we need a lemma: 

LEMMA 2.10. Let p be an odd prime such that p = 3 (mod 4) and let q # p 
be a prime then there is a prime r with 

(1) w> = 1; 

(2) r = 3 (mod 4), and 

(3) a2 + pb2 = r, where 2a, 2b E 2. 

Proof. We let K = Q(-p)‘/” and let K(l) be the Hilbert class field for K. 
The main step of the lemma is to obtain a generator of 

as the Frobenius automorphism of some prime r. First we must ensure that 
i 4 K(l)(q)li2. 

We note that if ql/” or ( -q)1/2 E K (l) then q is ramified in K(l)/Q. But 
K(l)/K is unramified, [7, Theorem 13.1, p. 1911 so that q is ramified in K/Q. 
However, the discriminant of K/Q is -p since p = 3 (mod 4) and q # p. 
Thus, q does not ramify in K/Q, a contradiction. Similarly, since p = 3 
(mod 4), i $ K(l). Therefore, 1 K(1)(q1/2, i) : K(l) / = 4 and so i$ K(1)(q)1/2 
as required. 

Now, choose a generator of G(K w (q 1/2, i)/K(l)(q)li2) as the Frobenuis 
automorphism corresponding to some prime r. Therefore, Y is completely 
split in K”)(q)‘l”/Q and inert in K(U(q112, i)/K(1)(q)1/2. 

Since r is completely split in K”)(q)l12/Q then r is completely split in 
Q(q)l’“/Q, i.e., (q/r) = 1. Hence we have condition (1). 

Since Y is inert in K(l)(q112, i)/K(l)(q)li2, then r is inert Q(i)/Q because 
G(K(1)(q1/2, i)/K’1)(q)1/2) g G(Q(i)/Q). Therefore r 5 3 (mod 4) and we 
have condition (2). 

Since I is completely split in K”)/K, then the K-primes above r are 
principal. Therefore there is an algebraic integer a + b( -p)lj2 in K, namely, 
a generator of any one of the aforementioned principal ideals, such that 
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iVxlo(u + b( -p)‘l”) = a2 + pb2 = r, where 2a, 2b E 2, which is condition 
(3), and the lemma is proved. Q.E.D. 

Now we define some algebras. We let K = Q((-p)““) where p = 3 
(mod 4). For each prime q such that (q/p) = -1, i.e., such that q is inert in 
K. We let A 9,q be the cycle algebra (2.11): 

(K(q)““/K a + b( -p>““) 

where a + b(-p)lj2 is an algebraic integer in Q(-p)rl”; (i.e., 2~2, 2b E 2) 
and a2 + pb2 = rp, where r is a prime such that (q/r) = 1 and r = 3 (mod 4). 

We note that by the above lemma, we have a prime T as given in the definition 

of4,, . 
Now we calculate the invariants of A,,, . 

PROPOSITION 2.12. As q ranges over all primes such that (q/p) = -1 then 
[Ail,,,] in U(K), has s-local invariant equal to l/2 at s = p, q and 0 elsewhere, 
except when 

(1) p = -1 (mod 8) and q = 3(4), and 

(2) (a + b(-pY2, q)z = --I, 

in which case [A,,,] has s-local invariant equal to & at s = p, q, 2, and zero 
elsewhere. 

Proof. Let 9’ be a prime of K above some rational prime s. 
Then: A,,, OK KY N 1 if and only if Q + b(-p)1/2 is a norm in 
QS(( --~)r/~, qllz)/QS( -p)l12 [l], and this holds if and only if N(a + b( -p)l12) 
is a norm in QS(q)l12/QS , [5, Proposition 12.7.5, p. 2211, where N denotes the 
norm in QS( -p)‘12/QS . 

Now N(a + b(-p)lj2 = p r or a + b(-p)1/2 depending on whether or not 
Q&PY” = Qs . 

We consider the case s # r, p, q, 2. QS(q)112/QS is unramified for all s # 2, 
q and rp is a unit in QS for all s # p, r. But (a + b( -p)1/2) is an algebraic 
integer dividing rp = (a + b( -p)r/a)(a - b( -p)ll”). Therefore, a + b(-p)l12 
is a unit in QS for all s # p, r. Hence N(a + b( -p)lla), being a unit, is a norm 
in the unramified extension QS(q)li2/QS for all s # r, p, q, 2. 

We have shown that A,,, is split at all primes s # r, p, q, 2. 

Case 1. s = r. 
By choice (q/r) = 1, which means r is completely split in Q(q)l/z/Q, i.e., 

Qr(q)‘/2 = Qr . Therefore N’(a + b( --p)l12) = a + b( -p)1/2 where N’ denote 
the norm in QT((-p)l12, q112)/Q,.(-p)1/2. Hence A,,, is split at r. 

Case 2. s = p. 
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By properties of the norm residue symbol (2.5), 

and 
(TP> cd, = (y, cl)9 (P> 4, = (CA PI, = (4/P) 

(4/P) = -1 

by hypothesis. Therefore YP is not a norm in Q,(#lz/Q, . But 
N(a + b(-P)lj2) = rp, since P is ramified in Q(--P)~/~)/Q, and so A,,, is 
71ot split at p. 

Case 3. s = q. 

(a) If q f 2 then by properties of the norm residue symbol (2.5) we 
have 

PP! 4)9. = (7, 4)Q = W(Pld 

= (-l)(+l) = -1, if q = 3 (mod 4) 

= (+1)(-l) = -1, if q E 1 (mod 4). 

(b) If q = 2 then by properties of the norm residue symbol (2.5) and 
(2.6): 

PPY 2)a = (r7 2)&P, 2)a . 

But, by (2.11), (2/y) = 1 so that r = fl (mod 8). Also r E 3 (mod 4) by 
(2.11), so that r = -1 (mod 8). Therefore (r, 2)a = 1. But (2/p) = -1 by 
hypothesis, so that p = f3 (mod 8). Also p = 3 (mod 4) by hypothesis, 
so that p = 3 (mod 8). Therefore (p, 2)a = -1. Hence: 

(q, 2)a = (r, 2),(P, 2)a = (+1)(-l) = -1. 

Therefore in Case 3(a) or 3(b), rp is not a norm in Qg(q)‘12/Qe. But 
N(u + b(-p)lj2) = rp, since (q/p) = -1 and so A,,, is not split at q. 

Case 4. s = 2 # q. 
By properties of the norm residue symbol (2.5) and (2.6): 

(TP), = (r, !7)2(PI q)2 = (--1)(-l) = 1 if q = 3 (mod 4) 

= (+l)(+l) = 1 if q = 1 (mod 4). 

Therefore rp is a norm in Q2(q)““/Qz . Now, if p + -1 (mod 8) or q + 3 
(mod 4) then A,,, is split at 2 because: 

(a) If q + 3 (mod 4) then 2 is unramified in Q(q)lj2/Q. Thus, rp being a 
unit in Qa , is a norm in the unramified extension Qz(q)1f2/Q2 . Thus a + 
b(-p)1/2 is a unit, hence a norm, in Q2(q)l12/Q2 . Therefore N(a + b(-~)l/~) 
is a norm in Q2(q)‘12/Q2 . Hence, A,,, is split at 2. 
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(b) If p + -1 (mod S), then since p = 3 (mod 4), we have p E 3 
(mod 8). Therefore (2/p) = -1. Thus, 2 is insert in Q(-p)‘l”/Q. We recall 
that there is only one prime above p in Q( --p)l12 and only one prime above 4 
in Q(-p)l12 with A,,, having invariant j; at each. Therefore the invariant 

of AmI at 2 must be zero, by Hasse’s to sum theorem; i.e., A,,, is split at 2. 

Now we consider the case p z -1 (mod 8) and 4 z 3 (mod 4). Now, 
p E - 1 (mod 8) implies (2/p) = - 1, which yields that 2 splits in Q( -p)rlz/Q. 
If (a + b(-p)1j2, q2 = -1 then, since N(a + b(-p)lj2) = a + b(--p)r12, 
we have A,,, is not split at 2, i.e., A,,, has invariant equal to 4 at each of the 
two K-primes above 2. 

Also if (u + b(--p)lj2, q)2 = 1 then A,,, is split at the K-primes above 2. 
In summary, we have shown that A,,, has invariant equal to & at the prime 

above p and at the prime above 4, and zero elsewhere except in the special 
case outlined above when A P,n also has invariant & at each of the two K-primes 
above 2. Hence, it is clear that [A,,,] E U(K), and the proposition is completed. 

Q.E.D. 

THEOREM 2.13. 1f K = Q(-p)l12 where p = 3 (mod 4), then U(K), is 
generated by: 

(1) A,,, as given in (2.8), 

(2) generators of S(K), . 

Proof. Let [A] E U(K) and let S be the set of rational primes at which A 
has nonzero invariants. For any 4 E S with (Q/P) = 1, i.e., 4 completely split 
in K, choose an element (C,) E S(Q) = U(Q), with invariant 4 at 4 and at the 
infinite prime of Q, and zero elsewhere. Such an algebra [C,] E S(Q) exists 
by Hasse’s sum theorem. If d is a K-prime above 4 then 

invs(C, @o K) E 1 K9 : Q, 1 inv,(C,J (mod 1) 

by formulas in [3, Chap. 71. But j KS : Q, 1 = 1 since Q is completely split 
in K 1 Q; and invm(Cn) = 4. Therefore we have: 

inv2(C, go K) = 3 (mod I). 

C, @o K is split at the infinite prime of K since K has no real primes. 
Therefore C, & K has invariant 4 at the two K-primes above 4 and zero 
elsewhere. If we let C, go K = B, then B, and A have equal q-local in- 
variants. 

For the primes 4’ E S with (s’/p) = -1 choose A,,,, . Then the product 
of the A,,,, has invariant 4 at each q’ E S, and at p if the number of q’ E S with 
(q’/p) = -1 is odd. We note that p E S if and only if the number of q’ E S 
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with (q’/p) = -1 is odd. This follows from Hasse’s sum theorem since 
there is only one prime abovep, and above each such q’, and since the invariant 
must be $ for A at any prime. 

Hence we have shown that: 

where q ranges over primes of S with (q/p) = 1 and q’ ranges over primes of S 
with (q’/p) = -1. Q.E.D. 

Now we want to find the generators of U(@ePn)), p = 3 (mod 4). We note 
that U(Q(+), = S(Q(e,t)), , [9, Corollary 2.6, p. 161. We consider therefore 

only U(Qk& - 

THEOREM 2.14. For p = 3 (mod 4), L = Q(csn) and K = Q(-p)“12 then: 

u(L), = U(K), C&L 

(i.e., U(L), is generated by [A,,, &L] and [B,, &L] where [A,,,] are 
generators of U(K), ginen in (2.8) and [B,e] are generators of S(K), .) 

Proof. Since there is no higher 2 power root of unity in L than in K and 
1 L : K 1 = p+r(p - 1)/2, which is odd since p z 3 (mod 4), then by [9, 

Theorem 2.4, p. 91, 

U(L), = VW2 C&L. 
Q.E.D. 

In the case p = 1 (mod 4) the above result is false. The most that can be 
said is that for K = Q(e,,) where p = 1 (mod 4) we have: 

U(K)2 = U(Qk,)>2 Ooc,,, K 

which follows from [9, Theorem 2.4, p. 91, and this, in fact, holds for any odd 
prime. 
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