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INTRODUCTION

In this paper we continue the investigation into the group of algebras with
uniformly distributed invariants U(K), and its relation to the Schur subgroup,
undertaken in [9]. The notation is the same as in [9].

In the first section we investigate the index | U(K), : S(K), | where ¢ is an
odd prime. We obtain [9, Theorem 2.7] as a special case of Theorem 1.2,
wherein we obtain that the above index is infinite when g || K : O(ezq)l,
where e, is the highest g-power root of unity in K, a > 0 provided
¢*" + | L : K|, where L is the smallest root of unity field containing K, and
€gats 18 the highest g-power root of unity in L.

In the case where a%t® | |L : K |, the author’s conjecture made in [9] is
validated.

In Section 2, we show that | U(K), : S(K), | is infinite where K/Q is finite,
imaginary, and abelian. As an illustration of this result we calculate generators
of U(Q(epm)), for primes p == 1 (mod 4) explicitly.

1. THE INDEX QUESTION

We let K/Q be finite abelian and fix some additional notation from [6].

L = Q(e,,) = the least root of unity field containing K.

W = W(L), = group of roots of unity of g-power order in L.
g* = order of W(K),.

g**tt = order of W(L),.

p = prime not dividing m.

G = Gal(L/K) identified with Gal(L(e,)/K(e,)).

(ry = Gal(L(e,)IL).
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Gx{r) = Gal(L(e,)/K).

o = element of G which satisfies o(w) = w'*?* for allw in W.

C; = subgroup of G fixing W.

C — subgroup of C, consisting of all ¢gith powers of elements in C; .
(By the phrase “‘the order of y in C,/ C;’d” we shall mean the order of the coset
yC« in the group C,/C%).

r = prime dividing mp for which ¢ divides e(L(e,)/K, r), ramification
index.

p = K-prime above r.

0 = 6(r) a generator of the inertia group of p in Gx(7).

@ = @ (r) Frobenius automorphism of p in Gx{r).

@ = MNEM 0 < R(r) < @b, £,eCy, 0 < m(r) <p — 1.

f(r) = f(K/Q, r) = inertial degree of p over 7.

e(r) = order of 6.

g" = the power of ¢ dividing e(7).

g9 = the power of ¢ dividing »7"" — 1.

v(r) = max{0, a - & — g}.

V) = [( + p%) — 11/".

2(p) = (P — Dlg?] — V(k(p)).

X(p) = integer which satisfies X(p) V(g°) = Z(p) (mod ¢>+).

H(p) = o g, .

N(p) = order of #(p) in the group C,/CY where g% = ged(g®, p — 1).

S(L/K) = subgroup of S(K) consisting of algebra classes split by L.

TueoreM 1.1 (J. Janusz [6]). The maximum p-local index of an element in
S(K), is max{g"?, N(p)}, where p does not divide m.
Now we use Theorem 1.1 to investigate | U(K), : S(K), | when
g1 K:Q(e)! and gty | LK.

We note that [9, Theorem 2.7, p. 17] is included as a case of the following
theorem.

Turorem 1.2. If K/Q is finite abelian, q divides | K : Q(€,q)|, a > 0 and
g*?? 1 | L : K|, then | U(K), : S(K), | is infinite.

Proof. We begin by finding suitable primes p and using Theorem 1.1
to show there are no elements [4] in S(K), with ind,(4) = ¢*
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Case 1. b > 0. We first obtain the result for the case where G is of g-power
order.

We choose a generator o of Gal(L/Q(e,)) where m' = m/q® satisfying
®l €gare — €ty . We let o be the Frobenius automorphism in L/Q corre-
sponding to some prime p. The order of « is ¢°. Now we show that v(p) < a.
First we need to show that f(p) = ¢°

For 0 < s < b, the fixed field of o’ is Q(e,,~) where m” = m/q>—5. Thus if
o € Gal(L/K) then K CQ(e,,) in which case, s = b. Therefore f(p) = ¢ as
asserted. We have that p = 1 (mod ¢%) and p == 1 (mod ¢**1), which implies
that 2 = a. Also p/@ =1 (mod ¢**). Therefore ¢ = a 4 b. Now:
a+h—g =a+a—a—>b = a—5b It follows that v(p) < a, since
b > 0.

Now we proceed to show N(p) << ¢% Since « restricted to K has order g?
and the order of « is ¢° then @, the Frobenius automorphism of # in G, is
trivial. It follows that ¢, = 1 = o, Hence A(p) = o~7X'», However
¢** 1 | L : K | by hypotheses, so that A47(p)"™ = 1, since G is of g-power
order. Clearly then A7 (p)* " e C%, which implies that N(p) < ¢ as
required.

Hence by Theorem 1.1, the maximum p-local index of an element in
S(K), is max{g"™, N(p)} < ¢° Therefore there are no elements [4] in
S(K), with ind,(4) = g%

Now we prove the result for arbitrary G. We let G, denote the Sylow
g-subgroup of G and let F denote the fixed field of G,. Then there is an
element « in G, such that a: ejars — €l7%, . We let « be the Frobenius auto-
morphism corresponding to p, say. If there is [4] € S(K) with ind (4) = ¢°
then [4 @k F]e S(F). However, | F : K | is relatively prime to g. Therefore,
ind, (4 ®xF) = ¢% a contradiction by the case previously covered.

We have shown that for b > 0 there are no elements of S(K) with
ind (4) = ¢*

Case2. b =0.

Choose any element & of g-power order in Gal(L/Q(e,)) such that %
restricts nontrivially to K. Such an element exists since ¢ | | K: O(eza)|-

By the Dirichlet density theorem [5, Corollary 9-2-7, p. 168], 4 is the
Frobenius automorphism in L/Q of infinitely many primes p.

J. Janusz [8] has shown that for & = 0, we have:

S(K)y = {S(Q(e)D 0K} S(LIK), -

If there is an {4] in S(K), with ind,(4) = ¢* then we have by Janusz’
result that:

[4] = [B®o(»K] - [C],
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where [B] € S(Q(ega)), and [C] € S(L/K), . Thus, if 2 is a K-prime above the
Qege)-prime £ and if 4 lies above p in Q then:

inva(d) = inva(B@ oK) + invp(C)  (mod 1)

| Ko : Oy )l invy(B) + invg(C)  (mod 1)

fi

by [3, Chap. 7]. But g | | Kz : Q,(es)| by choice of p and ind,(B) < ¢%, by
[9, Corollary 1.2, p. 5]. Thus ind (B Q¢ oK) < ¢ Therefore; ind (C) = ¢°
since ind,(4) = ¢* However, L splits C. Therefore, if &' is an L-prime
above Z:

invg(C ®xL) = |Lgp : Kp | inve(C) (mod 1).

It follows that ¢%||L : K|. This is a contradiction, since we assumed
g*??+|L: K|, and b = 0. Hence for & = 0 there are no elements [4] in
S(K) with ind,(4) = ¢* This completes Case 2.

We have shown that whenever ¢ || K :Q(ee)| and ¢*® ¢ |L : K|, it is
possible to find primes p such that there are no elements of S(K), with
ind,(4) = ¢®% We note that for each such p there is an [4,] in U(K) with
ind,(4,) = ¢* and ind,(4,) = 1 for r 4 p by [9, Theorem 1.3, p. 5]. More-
over, by Dirichlet’s density theorem [5, Corollary 9-2-7, p. 168] there are
infinitely many such primes p. Thus there are infinitely many such [4,]
in U(K)-S(K). Moreover, [A4,] - [A,]" ¢ S(K) for p 5= p’. Therefore the
[4,]’s provide an infinite number of coset representatives of S(K) in U(K).

Q.E.D.

Now we consider the case where ¢3* [ |L : K|, a > 0and ¢ | | K : O(e.a))-
The following example validates the conjecture made by the author in [9,
p. 19], to the effect that ¢ || K :O(ea)| is not a sufficient condition for
| UK) : S(K)|, to be infinite. In fact, the following is an example where
g1 1K : Qeg)] and U(K), — S(K),

We let L = Q(ey.45); ¢ = 3. We let (o) = Gal(L/O(e;)) and let K be the
fixed field of <o®>. Thus, a=1, b =0, and |L:K| =3 so that
¢+ | | L : K|, as required.

First we proceed to show that given any odd prime p = 1 (mod 3), p 7 19,
then max{3*®, N(p)} = 3.

The list of notations given at the beginning of the section is in force.

Case 1. f(p) is not divisible by 3.
It is easy to check that »(p) = 1 and N(p) = 1 or 3. Therefore,
max{3"”, N(p)} = 3.

Case 2. f(p) is divisible by 3.
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Since p = 1 (mod 3) then X(p) = Z(p) == 0 (mod 3). Hence #(p) = £, .
However, since Gal(L/Q(eg)) is cyclic and f( p) is divisible by 3 then {¢(p)> =
Gal(L/K); so that {$(p)) = (£,>. Now, C; = Gal(L|K) and C3 =1 so
that N(p) = 3.

It is easy to check that »(p) = 0 in this case. Hence, we have that
max{3*?, N(p)} = 3 ..*.

Now the proof of Theorem 1.1 given in [6] shows the max{3"?), N(p)} is
attained by some element in S(K); . Thus there is an element [4] of S(K)
with ind,(4) = 3, for each p = 1 (mod 3), p = 19.

Now we show that for p = 19, * holds. First we need some notation and
a result taken from [6].

If 7 is a prime dividing m such that e(r) is divisible by ¢ then: N,(r) =
maximum order of the elements (8, o=?""¢,) as i ranges over all skew
pairings of C' x C, into W(K), . (For the definition of skew pairings see [6].
For the purpose of this paper knowledge of the concept is not necessary).
Ny(r) = the order of 8/ in Cy/C?" with § = 6(r) and f = f(K/Q, r).

TueoreM 1.3 (]J. Janusz [6]). The maximum r-local index of any element in
S(K), is the number max{g"", Ny(r), Ny(r)}.

In [6] it is shown that each of ¢"", Nj(r) is attained by some element of
S(K),. We need only show then, for r = 19 that max{3*®® N, (19),
Ny(19)} = 3. However, the order of 07 in C;/C,3is 3 since f = f(K/Q,19) = 1,
C; = G = (0 and C® = [. In other words, Ny(19) = 3, as required.

Hence we have shown that, given any prime p == 1 (mod 3) there is an
element [4] € S(K), such that ind,(4) = 3. By [9, Theorem 1.1, p. 4] and
[9, Corollary 1.2, p. 5] if [4] € U(K); with ind(4) > 1, then p = 1 (mod 3),
and ind,(4) << 3. It follows that S(K), = U(K),. This completes the
example.

This example not only validates the aforementioned conjecture but also
shows that ¢ + | K : Q(es)| is not a necessary condition for U(K), = S(K), .
We showed in [9, Corollary 2.6, p. 16] that it is a sufficient condition.

We note that in the case where ¢** | [L : K| and q || K : Q(ea)| with
a > 0 then it is also possible that | U(K), : S(K), | is infinite. For example;
we let L = Q(ez.q3.5), Gal(L/Q(es.;)) = <o15> and Gal(L/Q(ez.15)) = o).
Then if K is the fixed field of (o3 - o},> weget |[L: K| =6,a=1,b =0
and | K:Q(e)l = 12. Thus for ¢* = 3 we get ¢*?||L:K| and
g || K :Q(eg)l. It is straightforward to check that | U(K) : S(K)| is infinite
using the result of J. Janusz [8] that:

S(K)q = {5(O(e0))a Qote K} S(LIK), .
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2. U(K) For aN ImaGINaRY FieLp, K

Let K/Q be finite abelian. Throughout this section K is assumed to be
imaginary. We shall mean finite prime when referring to the primes in this
section, since for any [4] in the Brauer group of an imaginary Galois extension
of O, A necessarily splits at the infinite primes.

In this section we investigate the relationship between the 2-primary part
S(K), of S(K), and the 2-primary part U(K), of U(K). The relationship
between S(K), and U(K), was investigated for certain fields in Section 1 and
in [9].

From the first theorem we get that S(X), is of infinite index in U(K), . We
illustrate this result by calculating the generators of U(Q(e,n)), for primes
p == 1 (mod 4) explicitly. These generators are the generators of S(Q(e,n))q
as given by Benard and Schacher [2, Theorem 3, p. 384] combined
with elements [B o pi/2) Q(epm)], where p = 3 (mod 4), (respectively,
[B ®oq) O(en)] where p = 2), such that [B] ranges over suitably chosen
generators of U(Q(—p'/?)), where p = 3 (mod 4), (respectively, U(Q(7)), ,
where p = 2).

We note that for U(Q(eyn)), where p = 1 (mod 4), no generators are of
this form. In fact, the most that can be said is that

U(Q(e, )2 = U(Qen))2 Do) Qe s

and this holds for any odd prime.

We do not calculate the generators of U(Q(e,n)), where p == 1 (mod 4)
as a result of the difficulty which arises in resolving norm questions in this
case.

Now we let B(K)™ be the subgroup of B(K) generated by elements of
order n, and let S(K)"™ = S(K) N B(K)™, where = is a positive integer.
M. Schacher [10, Theorem 1, p. 15], proved that for K/Q finite abelian then
S(K)™ is of infinite index in B(K)™, for n > 2 except when n = 2 and
K = Q. We generalize this result for the case n = 2 and K/Q finite imaginary
and abelian.

Tueorem 2.1. If KJQ is finite, imaginady. and abeliad then S(K)® is
of infinite index in U(K)®,

Proof. If E is the maximal real subfield of K then we have | K : £ | = 2.
We let {o) be the subgroup of G(K/Q) with F as fixed field. Then by applying
the Dirichlet density theorem [5, Corollary 9.2.7, p. 168] to ¢ we get that there
exist infinitely many rational primes, denoted by the set .S, which split
completely in E/Q and are inert in K/E. We arrange S in disjoint pairs A,
arbitrarily. Hasse’s sum theorem yields that we have an element [4,] in
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U(K) with invariants § at all K-primes lying over the two primes in A and
zero elsewhere. Thus the [4,]’s are in U(K)®,

Now, we show [4,] is not in S(K)® for any A. We use Field's and
Herstein’s result {4, Theorem 2, p. 71], which yields that an element [A4] of
order 2 in S(K) has the form [4] = [B ®g K], where [B] in S(E) has
index 2.

Thus, if [4,] is in S(K)® for any A then [4,] = [B ®; K] where B in
S(E£)® is of index 2.

Now, if 2 is a K-prime lying above the E-prime 4 which is above the
rational prime p € A; then inv(4,) = inv,(B Qg K) implies:

invg(4,) = | Kp : E; | inv,(B) (mod 1).

But |Kp:E,| = 2 since &[4 is inert in K[/E by choice. Therefore,
invy(4,) = 0 (mod 1), 2 contradiction. Hence, for each A we have [4,] is in
U(K)® — S(K)®,

Now we show [4,][4,]7 is not in S(K)® for any A 5= X'.If A 5= A’ then

we have:
inva(4d, Qg A7) = invg(d,) — inve(4,) (mod 1)

by a formula which can be found in [3, Chap. 7]; where ASP is in [4,]%
But p ¢ X’ so that invg(A4,') = 0. Therefore:

invy(Ad, Qg ASY) = invy(4,) (mod 1).

Thus, it suffices to show [4,] ¢ S(K)®, which we have already accom-
plished. Therefore, [4,] - [4x]7 is not S(K)* for any A = A'.

Hence, the A4,’s form an infinite number of coset representatives of S(K)®
in U(K)®, and the proof is completed. Q.E.D.

CororLARY 2.2. If K|Q is finite, imaginary and abelian then S(K), is of
infinite index in U(K), .

Proof. This is clear from the theorem. Q.E.D.

Now we investigate generators of U(Q(e,n)). First we calculate generators of
U(Q(2)) and show that for > 2 the generators of U((Q(e,»)) are the generators
of S(Q(ezn)) combined with elements [B (94, O(ezn)], where [B] ranges over
certain generators of U(Q(?)).

Now we introduce some algebras which, together with generato®s for
S(Q(2)) will serve as generators for U(Q(:)). First, we let K = Q(7), and let p

range over all primes congruent to 3 modulo 4; 1.e., over all primes which are
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inert in K/Q. We define the cyclic algebra (2.3), as the crossed product
given by:

A, = (K2p)3K, a 4 bi) = K(2p)*/% u, @ K(2p)/? (direct sum),
where (o> = Gal(K(2p)'/?/K), and
(1) w0 — 2%, xe PV
(2) u?=a -+ b

with @ and b integers such that a® + b% = ¢q,,, a prime such that ¢, =5
(mod 8) and ¢, = —1 (mod p).

First, we show that such a prime g, exists. By the Chinese remainder
theorem there is a solution to the equations s = 5 (mod 8) and s = —1
(mod p). Then by Dirichlet’s theorem on primes in arithmetic progression
[S, Corollary 9.2.8, p. 168], there are infinitely many primes in the sequence
{s + 8pn},.z . Any prime g, in this sequence has the required property, i.e.,
that ¢, = 5 (mod 8), ¢, = —1 (mod p) and ¢, = a® + b%; a, b e Z, since
any integer congruent to 1 modulo 4 can be expressed as the sum of the
squares of two integers.

We note in passing that 4, is independent of which ¢, is chosen in the
above sequence. Now we determine the invariants of 4,, .

In the following, we have occasion to use the norm residue symbol and the
Legendre symbol extensively. Therefore, before proceeding we state some
fundamental results.

DeriNiTION 2.4. For every prime p of Q finite or infinite, we have the
norm residue symbol:

+1 if @ is a norm of an element of Q,(5)'/2,
(a, b), = .
—1 otherwise.

Some easily verified properties are:

ProposiTION 2.5 [11, Proposition 6.6.1, p. 249]. If a, b, ¢ are in Q,*, p
any prime, then:
M) @8, = (a1, =1;
(2) (a,b), = (b, a)y;
®) (@—a),=1;
4) (a,8) = —lifand onlyifa << 0 and b < 0.
(5) for p # 0;(a - b, c)y = (a, €)y(b, ), .

Further properties, when p = 2, which will be especially useful later are:
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ProposrrioN 2.6 [11, Proposition 6.6.3, p. 251]. Let p, g be odd primes,
P # g, then:

1 if p=1(mod 4),
(—1,p)e = 3__,1 if p =3 (mod 4),
(1 if p = 41 (mod 8),
(2,0) = %_1 if p = 43 (mod 8),
(1 if p=q=3(mod4),
(9 7). = ; 1 otherwise.

ProposttioN 2.7. [4,] in U(K) has g-local invariant equal to % at ¢ = 2,
p and 0 elsewhere. (2 and p have just one prime above them in K.)

Proof. We first show that for g = 2, p the g-local invariant is zero. We
note that if g lies over g in Q(2)/Q then (Q(2)), = Oy(7). We let N denote the
norm in Q/(#)/Q,. Now, we let (4,), = A, Row Dy(i), and note that:
(4,), ~ 1 if and only if @ 4 bi is a norm in Q,(%, (2p)*/%)/Q,(#)[1], and this
holds if and only if N(a -} b7} is a norm in Q(2p)V/2/Q, , [5, Proposition 12.2.5,
0. 221]. We shall use this fact throughout.

Now N(a - b) = a - bi or g,, depending on whether or not Q,(¢) = Q, .
For g # 2, p or g, , then Q,(2p)/2/Q, is unramified since the discriminant of
O(2p)*/%/Q is 8p and gq,, is a unit in Q, . Moreover a -+ bi, being an algebraic
integer, dividing g, = (a + bi)(a — bi), is also a unit in Q, . Thus, N(a +- bi)
being a unit, is a norm in the unramified extension Q,(2p)'/3/Q,, so that
inv,(A4,) = 0 for all K-primes above g 5= 2, p, q,, .

Now we investigate the case ¢ = gq,,.

First we have (2/g) = —1 since ¢ = 5 (mod 8). By the quadratic reciprocity
law (p/q,) = (¢,/p), and by hypothesis ¢ = —1 (mod p) so (¢/ p) = (—1/p).
But p = 3 (mod 4) so that (—1/p) = —1. Hence (p/q) = —1. Thus:

(2plg) = Qlg)(plg) = (—1)(—1) = L.

Therefore, q is completely split in Q(2p)!/%/Q so that Q,((2p)'/%,7) = Q,(%).
We let N’ denote the norm in Q,((2p)*/3,7)/Q,(i). This implies N'(a + bi) =
a + bi; and so (4,), ~ 1 for K-primes ¢ above g = ¢, .

We have shown that (4,), ~ 1 for all K-primes above g # 2, p.

For ¢ =2 we have N(a 4- bi) = g, since 2 is ramified in Q(@i)/Q. By
properties of the norm residue symbol; (2.6); (¢, , 20) = (¢, 2)s(qp , P)e =
(—1)+1) = —1. Therefore, g, is not a norm in Q,(2p)1/2/Q, .

Thus A, has a nonzero 2-local invariant. But the index of 4, must divide
| O((2p)'/%, £) : Q(¢)] = 2 [1]. Since there is only one K-prime above 2 and
above p then, by Hasse’s sum theorem, the 2 and p local invariants of 4, are
equal to 3. Q.E.D.
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We note that an alternative proof for the case p = 3 (mod 8) is possible
wherein we choose 4, = (K(2p)'/?3/K, 1 + {). However, no single factor set
a -+ bi suffices for the case p = —1 (mod 8).

ProposiTioN 2.8. Let K == Q(t). Then U(K)is generated by:

(1) A, , defined above, as p ranges over all primes p = 3 (mod 4);

(2) C,, as p ranges over primes p == 1 (mod 4), where [C,] generate
S(K) as given in [2, Theorem 3, p. 384].

Proof. We let [B] € U(K) and let S denote the set of primes at which B
has nonzero invariants. .S is finite by Hasse’s sum theorem.

We let S’ be the subset of S containing primes p such that ind (B) == . If
S — S is nonempty then [9, Lemma 2.3, p. 8] yields that the sum of the
invariants at K-primes above a given prime in S — S’ is zero modulo 1.
For primes p = 3 (mod 4) in .S we note that by [9, Theorem 1.1, p. 4]
ind,(B) = 2 so that in fact p € S'. Since primes p == 3 (mod 4) are inert in K
then 2 e .S" if and only if there are an odd number of primes p € S’ with
p = 3 (mod 4) by Hasse’s sum theorem.

Then for each p = 3 (mod 4) in S” we pick 4, . The product of such 4,
as p ranges over primes p = 3 (mod 4) in S” has invariant } at all such p in .,
at 2if 2.5, and zero elsewhere.

1f ¢ = 1 (mod 4) then there is an element €, € S(K) with ind,(C,) = 4 and
ind,(C,) = 1 for all primes p 5 ¢ [2, Theorem 3, p. 384]. From [9, Corollary
1.2, p. 5] we have ind(B) =C 4, so that if ¢ € S then C, raised to the appropriate
power has the same g-local invariants as B.

Hence, we can find algebras C,, 4, for each p, g in .S such that the product
of these [4,)], [C,] is [B] in U(K). Q.E.D.

Now we find generators for U(Q(epn)), # > 2.

THEOREM 2.9. Let L = Q(ezn), n > 2. U(L) is generated by:

(1) generators of S(L), [2], and
() [4, o) Olegn)] for all p = —1 (mod 2%) where A, is defined in (2.3).

Proof. We let [B] € U(L) and let S be the set of primes at which B has
nonzero invariants,

First we show 2 ¢ S. If 2 € S then by {9, Theorem 1.1, p. 4] indy(B) = 2.
We have by [9, Lemma 2.3, p. 8] that, if ¢ € S with ind(B) > 2 then the sum
of the invariants at the L-primes above ¢ is zero modulo 1. But the sum of all
invariants of B must sum to zero modulo 1, by the Hasse sum theorem. Since
2 is totally ramified in L/Q there is only one prime above it. Therefore, among
those primes p € S with ind,(B) = 2, there must be at least one with an odd
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number of L-primes above it. If g is the number of primes into which such a
prime p splits in L/Q then g divides |L : Q| = 27-1. Therefore g = 1; i.e,,
p is inert in L/Q. But the Dirichlet density theorem [5, Corollary 9.2.7,
p. 168] yields that p is inert in L/Q if and only if G(L/Q) is cyclic. However,
for n > 2, G(L/Q) is not cyclic, a contradiction. Hence, 2 ¢ S.

Now we consider primes p = —1 (mod 27%), p € S, separately, since by
{12, Corollary 8.7, p. 138] there are no elements in S(L) with nonzero
invariant at such a prime p. For such a p we have p = 1 (mod 8), since
n > 2. S0 choose 4, as in (2.3). We let 4, @) O(ezn) = B, , and show B,
has ind,(B,) = 2 and ind(B,) = 1 for all primes ¢ 5= p. We note that by
[9, Theorem 1.1, p. 4] ind (B) = 2 for such p € S, so that we are essentially
going to show that B, and B have equal p-local invariants.

If 2 lies over p in LjQ then:

ian(B”) = IQp(€zﬂ) ;Qp(i)| invy(AD) (mOd 1)’

where ¢ = & N Q(i), by formulas in [3, Chap. 7]. However, p is inert in
O(1)/Q. Also p? =1 (mod 2") implies the inertial degree of p in L/Q is 2.
Therefore the inertial degree of p in L/Q(7) is 1; i.e., | O, (exn) : O,(i)] = 1.
Thus:

inva(B,) =% (mod 1).

Now the only other possibility for ind,(B,) > 1 is for ¢ = 2 since 4, has
ind,(4,) > 1 exactly at g = 2, p. But if Z lies over 2 in L/Q, then:

invg(B,) = | Qyleyn) : Ox(0)] inve(4,) (mod 1),
where % = % N Q(7). Since 2 is totally ramified in K/Q) we have
| Qaegn) = Ogi)) = 272,
n > 2, and this implies:

nvg(B,) =0 (mod 1).

Hence we have shown indy(B,) = 1 for all ¢ % p and ind(B,) = 2; i.e.,
that B, and B have equal p-local invariants.

Now, we obtain for each p € S with p == —1 (mod 2”) an element [C,] in
S(K) with the same p-local invariants as [B]. If p = 1 - 2,d, with (2, d) = 1,
then by [2, Theorem 3, p. 384] there is an element [C,] in S(K) with
ind,(C,) = min{c, #}, and ind,(C,) = 1 for ¢ 52 p. By [9, Corollary 1.2,
p. 5] ind,(B) < min{c, n}. So we can see that by raising C,, to an appropriate
power we get that C;, and B have equal p-local invariants.

481/42[1-18
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If we take the product of the [B,]’s and [C,]’s found above we get [B] in
U(K). Q.E.D.

Now we investigate the generators of U(Q(eyn));,p 7 2. We want to
determine whether or not a similar result to the above holds in the odd prime
case. First we consider the case p = 3 (mod 4), and give generators for
U(O(—p)/?),. We show that U(Q(e,n)). is generated by elements:
[B @ o2 Oeyn)], where [B] ranges over generators of U(Q(—p)'/?), and
by generators of S(Q(epn))s -

Before we define the algebras which serve as generators for U(Q(—p)!/?), ,
we need a lemma:

Lemma 2.10. Let p be an odd prime such that p = 3 (mod 4) and let ¢ + p
be a prime then there is a prime r with

1 (gr) =1;
(2) r=3(mod4), and
(3) a? + pb® = r, where 2a,2be Z.

Proof. Welet K = Q(—p)'/% and let KV be the Hilbert class field for K.
The main step of the lemma is to obtain a generator of

as the Frobenius automorphism of some prime r. First we must ensure that
1 ¢ KD (g)1/2,

We note that if ¢*/2 or (—¢)'/2€ K9 then ¢ is ramified in KXW/Q. But
KM/K is unramified, [7, Theorem 13.1, p. 191] so that ¢ is ramified in K/Q.
However, the discriminant of K/Q is —p since p =3 (mod 4) and q # p.
Thus, g does not ramify in K/Q, a contradiction. Similarly, since p =3
(mod 4), i ¢ K™. Therefore, | KV(g'/2, i) : KV | = 4 and so i ¢ K¥(g)/2
as required.

Now, choose a generator of G(K®(g!/2, )/ KD(g)!/%) as the Frobenuis
automorphism corresponding to some prime r. Therefore, r is completely
split in KM(¢)V/2/Q and inert in KM (g!/2, i)/ KV(g)1/2.

Since 7 is completely split in K™M(¢)12/Q then r is completely split in
O(9)/%/Q, i.e., (g/r) = 1. Hence we have condition (1).

Since r is inert in K®(g'/2, {)[KM(g)'/?, then r is inert Q(i)/Q because
G(K®M(q/2, 1)| KMV (g)?) =~ G(Q@)/Q). Therefore r = 3 (mod 4), and we
have condition (2).

Since r is completely split in KW/K, then the K-primes above 7 are
principal. Therefore there is an algebraic integer @ + b(—p)'/2 in K, namely,
a generator of any one of the aforementioned principal ideals, such that
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Ngola + b((—p)t/?) = a* + pb? = r, where 2a, 2b € Z, which is condition
(3), and the lemma is proved. Q.E.D.

Now we define some algebras. We let K = Q((—p)"/?) where p =3
(mod 4). For each prime g such that (¢/p) = —1, i.e., such that ¢ is inert in
K. We let 4, , be the cycle algebra (2.11):

(K(9)'/*[K, a + b(—p)'/?)

where a + b(—p)'/2 is an algebraic integer in Q(—p)/?; (i.e., 2a, 2b€ Z)
and a? + pb? = rp, where r is a prime such that (g/r) = 1 and r = 3 (mod 4).
We note that by the above lemma, we have a prime 7 as given in the definition
of A, ,.
Now we calculate the invariants of 4, ,.

ProposITION 2.12. As g ranges over all primes such that (g/p) = —1 then
[4,..) in U(K), has s-local invariant equal to 1/2 at s = p, q and O elsewhere,
except when

(1) p = —1 (mod 8) and q = 3(4), and
Q) (@+b(—p)" 9. = —1,

in which case [4, ,] has s-local invariant equal to § at s = p, q, 2, and zero
elsewhere. :

Proof. Let &% be a prime of K above some rational prime s.
Then: A4,, Qx Kge~1 if and only if a 4+ b(—p)/? is a norm in
O ((—p)t2, ¢¥%)]Q(—p)/2 [1], and this holds if and only if N(a + b(—p)*/2)
is a norm in Qy(q)'/%/Q , [5, Proposition 12.7.5, p. 221}, where N denotes the
norm in Qy(—p)*?/Q; .

Now N(a + &(—p)*/* = rp or a + b(—p)'/? depending on whether or not
Q(—p)* = Qs

We consider the case s # 7, p, ¢, 2. Q,(9)'/3/Q; is unramified for all s = 2,
g and rp is a unit in Q, for all s 5= p, . But (a + b(—p)'/?) is an algebraic
integer dividing rp = (a + b(—p)/)(a — b(—p)'/?). Therefore, a + b(—p)/?
is a unit in Q, for all s # p, r. Hence N(a +- b(—p)'/2), being a unit, is a norm
in the unramified extension Q,(¢)'/3/Q, for all s = r, p, ¢, 2.

We have shown that 4, , is split at all primes s 54 7, p, ¢, 2.

Case 1. s=r.

By choice (g/r} = 1, which means r is completely split in Q(q)'/*/Q, i.e.,
OA)H/? = Q, . Therefore N'(a + b(—p)'/?) = a + b(—p)'/*> where N’ denote
the norm in Q,((—p)'/%, ¢'/%)/Q(—p)'/% Hence A4, , is split at 7.

Case 2. s = p.
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By properties of the norm residue symbol (2.5),
(12 Dy = (. 9o (P, 0 = (¢ 2)» = (4/P)

(g/p) = —1

by hypothesis. Therefore 7p is not a norm in Qy(¢)*/?Q,. But
N(a + b(—p)4/?) = rp, since p is ramified in Q(—p)*/?)/Q, and so A, , is
not split at p.

and

Case 3. s=gq.

(2) If ¢ 5= 2 then by properties of the norm residue symbol (2.5) we
have

(78, 9)g = (r, 9)¢ = (r/9)(P/q)
= (—1)(+1) = —1, if ¢=3(mod4)
= (+1)(—1) = —1, if ¢g=1(mod 4).

(b) If ¢ = 2 then by properties of the norm residue symbol (2.5) and
(2.6):
(1D, 2)2 = (v, 2)(p, 2)s -

But, by (2.11), (2/r) == 1 so that r = 4-1 (mod 8). Also r = 3 (mod 4) by
(2.11), so that r = —1 (mod 8). Therefore (7, 2), = 1. But (2/p) = —1 by
hypothesis, so that p = +3 (mod 8). Also p = 3 (mod 4) by hypothesis,
so that p == 3 (mod 8). Therefore (p, 2), = —1. Hence:

(rp, 2 = (r; (P> 2), = (+1)(—1) = —1.

Therefore in Case 3(a) or 3(b), rp is not a norm in O g)'/%3/Q,. But
N(a + b(—p)'/?) = rp, since (¢fp) = —1 and so 4, , is not split at g.

Case 4. s =2+#4q.
By properties of the norm residue symbol (2.5) and (2.6):

(19)s = (r, @a(p, P = (—1)(—1) =1 if ¢=3(mod4)
= (+1)(+1) =1 if g=1(mod 4).

Therefore 7p is a norm in Qu(q)*/2/Q, . Now, if p == —1 (mod 8) or g = 3
(mod 4) then 4, , is split at 2 because:

(a) If ¢ == 3 (mod 4) then 2 is unramified in Q(¢)!/?/Q. Thus, rp being a
unit in Q,, is a norm in the unramified extension Qy(q)*/%/Q,. Thus a +
b(—p)'/? is a unit, hence a norm, in Q,(¢)*/%/Q, . Therefore N(a - b(—p)'/?)
is a norm in Q,(¢)/?/Q, . Hence, 4, , is split at 2.
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(b) If p = —1 (mod 8), then since p =3 (mod 4), we have p =3
(mod 8). Therefore (2/p) = —1. Thus, 2 is insert in Q(—p)'/2/Q. We recall
that there is only one prime above p in O(—p)'/? and only one prime above g
in Q(—p)/? with A4, , having invariant } at each. Therefore the invariant
of 4, , at 2 must be zero, by Hasse’s to sum theorem; i.e., 4, , is split at 2.

Now we consider the case p = —1 (mod 8) and g == 3 (mod 4). Now,
p= ~—1(mod 8) implies (2/p) = —1, which yields that 2 splits in Q(—p)*/2/QO.
If (@ + b(—p)'/?, gz = —1 then, since N(a + b(—p)¥/?) = a + b(—p)*72,
we have 4, , is not split at 2, i.e., 4, , has invariant equal to } at each of the
two K-primes above 2.

Also if (a 4 b(—p)*2, q); = 1 then 4, , is split at the K-primes above 2.

In summary, we have shown that 4, , has invariant equal to } at the prime
above p and at the prime above g, and zero elsewhere except in the special
case outlined above when 4, , also has invarjant } at each of the two K-primes
above 2. Hence, it is clear that [4,, ,] € U(K), and the proposition is completed.

Q.E.D.

Tuaeorem 2.13. If K = Q(—p)/? where p = 3 (mod 4), then U(K), is
generated by:

() A4,,as givenin (2.8),
(2) generators of S(K), .

Proof. Let [A] € U(K) and let S be the set of rational primes at which 4
has nonzero invariants. For any g € S with (¢/p) = 1, i.e., ¢ completely split
in K, choose an element (C,) € S(Q) = U(Q), with invariant  at g and at the
infinite prime of Q, and zero elsewhere. Such an algebra [C ] € S(Q) exists
by Hasse’s sum theorem. If 2 is a K-prime above ¢ then

invy(C, ®o K) = | Ko : Q, | invy(C,) (mod 1)

by formulas in [3, Chap. 7]. But | K3 :Q, | = 1 since q is completely split
in K |Q; and invg(C,) = %. Therefore we have:

inve(C, ®o K) = } (mod 1),

C, ®o K is split at the infinite prime of K since K has no real primes.
Therefore C, ®, K has invariant } at the two K-primes above ¢ and zero
elsewhere. If we let C, ®, K = B, then B, and A have equal g-local in-
variants.

For the primes ¢’ € S with (¢’/p) = —1 choose A4, ;. Then the product
of the 4, , has invariant } at each ¢’ € S, and at p if the number of ¢’ € S with
(¢'/p) = —1 is odd. We note that p € S if and only if the number of ¢' € S
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with (¢'/p) == —1 is odd. This follows from Hasse’s sum theorem since
there is only one prime above p, and above each such ¢’, and since the invariant
must be § for 4 at any prime.

Hence we have shown that:

[4] = l__[ [B,) H [4,.¢];

where ¢ ranges over primes of .S with (¢/p) = 1 and ¢’ ranges over primes of .S
with (¢'/p) = —1. Q.E.D.

Now we want to find the generators of U(Q(e,n)), p = 3 (mod 4). We note
that U(Q(epn), = S(Q(et)), , [9, Corollary 2.6, p. 16]. We consider therefore

only U(Q(e,n))e -
THEOREM 2.14. For p = 3 (mod 4), L = Q(eyn) and K = Q(—p)*/? then:
UL), = U(K), ®x L

(i.e., U(L), is generated by [A,, RxL] and [By Qg L] where [A4,,] are
generators of U(K), given in (2.8) and [By] are generators of S(K), .)

Proof. Since there is no higher 2 power root of unity in L than in K and
|L: K| =p"(p — 1)/2, which is odd since p = 3 (mod 4), then by [9,
Theorem 2.4, p. 9],

U(L)z = U(K)z ®KL-
Q.E.D.

In the case p = 1 (mod 4) the above result is false. The most that can be
said is that for K = Q(e,») where p = 1 (mod 4) we have:

U(K), = U(Q(er)): Doty K

which follows from [9, Theorem 2.4, p. 9], and this, in fact, holds for any odd
prime.
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