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ABSTRACT. We investigate infinite families of integral quadratic polyno-
mials {f,(X)}ie and show that, for a fixed k¥ € N and arbitrary X € N,
the period length of the simple continued fraction expansion of \/f.(X) is
constant. Furthermore, we show that the period lengths of /f,(X) go to
infinity with k. For each member of the families involved, we show how
to determine, in an easy fashion, the fundamental unit of the underlying
quadratic field. We also demonstrate how the simple continued fraction ex-
pansion of \/f,(X) is related to that of v/C, where f,(X) = a, X240, X +C.
This continues work in [1]-[4].

1. Introduction. In [4], we described the background to the study of
continued fraction expansions of \/f(X) where f(X) is a polynomial, especially
quadratic, which we study herein. This includes the pioneering efforts of Stern
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[9] in the late nineteenth century, as well as the seminal work of Schinzel [5]-
[6], and work on the determination of fundamental units by Stender [8] in the
late twentieth century. The basic idea, for quadratic polynomials f(X) is to
look at, on the one hand, the period length ¢(\/f(X)) of the simple continued
fraction expansion expansion of /f(X) as X — oo, and to provide families of

such polynomials {f,(X)}sen such that £ ( fk(X)> is some constant N € N for

all X € N; and on the other hand, to demonstrate that lim; ., £(y/fi(X)) = oo.
Moreover, we are able to obtain, in an explicit fashion, the fundamental unit ¢, of

the quadratic order O; =7Z [\/f(X)] for all k, X € N. For these families ¢, are
particularly small, since £(1/f.(X)) is independent of X, and this means that,

for reasons discussed in [4], the class number h;, of Z [\/ fu(X )} is particularly

large. With numerous examples, we illustrate that lim,_, . h;, = oo.

The means by which we achieve the above is somewhat ironic given that
we employ the well-studied theory behind Eztended Richaud-Degert type (ERD)-
radicands, those of the form D = a? +r > 0 where r | 4a for a,r € Z (see
[2]). The irony comes from the fact, explained in [4], that polynomials f(X)
of ERD-type satisfy £(/f(X)) < 12, so are ostensibly of little interest in the
aforementioned scenario. However, in [4], we observed that, for the quadratic
polynomials f,(X) = A2X2+2B, X + C investigated therein, A?f, (X) = (42X +
B,)? — 1, which is of ERD-type. From the well-studied ERD-theory, we know
that €,,2 ) = A%2X + B, ++/A?f.(X). In [4], we proved that €442 f(x) = Eafp(X)>
and in the process developed for so doing, were able to explicitly determine the
simple continued fraction expansion of \/f,(X) in terms of that for v/C.

In this paper, we continue down the path established in [4] with a much
more sweeping set of results (see Theorems 4.1-4.2 below) that employ the above
techniques, in a different direction than that elucidated in [4]. As a consequence,
we are able to get extremely simple proofs of some classical results (see Corollaries
4.1-4.2 below), and we provide numerous informative examples to illustrate the
theory.

2. Notation and preliminaries. The background for the following
together with proofs and details may be found in [2]. Let A = d?D, (d € N, D, >
1 squarefree) be the discriminant of a real quadratic order Op = Z + Z[VA] =
[1,VA] in Qv A), U the group of units of O, and £, the fundamental unit of
OA.

Now we introduce the notation for continued fractions. Let a € Oa.
We denote the simple continued fraction expansion of a (in terms of its partial
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quotients) by:

az(QO;QIa"'aqna"'>'

If « is periodic, we use the notation:

o = (CIOQ G192 -+« s Qk—1549k, Qev15 - - - 7ql+k—1> ’

to denote the fact that ¢, = ¢,,, for all n > k. The smallest such ¢ = £(a) € N
is called the period length of o and qq, qy, - .., q._, is called the pre-period of a. If
k = 0 is the least such nonnegative value, then « is purely periodic, namely,

a = (%Kha e aQt’—1> .
The convergents (for n > 0) of a are denoted by

z, GnTpn_1 + Ty
( ) yn ( ° ' > qnyn—l + yn—2

We will need the following facts, the proofs of which can be found in most
standard undergraduate number theory texts (for example see [3], and see [2] for
a more advanced exposition).

(2.2) T;=q;T; 1+ T; , (for j >0 withz_, =0, and z_, = 1),

(2.3) Y = QY1+ Yj_s (for 5 > 0 with y_, =1, and y_, = 0),

(2'4) TiYj—1 — Tj1Yj = (_1)j71 (] € N)a
(2.5) (0:¢ 1, ) =y /y; 0 (GEN),
(2-6) <Qj7qj—17"'7q17QO> :xj/xjfl (] GN)a

In particular, we will be dealing with & = v/D where D is a radicand. In
this case, the complete quotients are given by (P; ++v/D)/Q; where the P, and

J
Q); are given by the recursive formulae as follows for any 7 > 0 (with P, = 0 and

Qo =1):

(27) . V]‘ - @J ,

Q;

(2.8) P =qQ; — P
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and

(29) D = Pj2+1 + Qij-‘rl'

Thus, we may write:
(2.10) VD = <q0;QI7“‘7qn7(Pn+l+\/5)/Qn+l>'

We will also need he following facts for @ = v/D. For any integer j > 0, and

¢ =((V/D):

(2.11) VD = (qo; @1y > Qe-1, 200 ) »

(2.12) where ¢; = q,_; for j =1,2,...,£—1, and ¢, = | VD]
(2.13) Tjo—1 = QoYje—1 + Yje—2,

(2.14) Dy 1 = qTjr 1 +Tj0 .

Also, for any j € N

(2.15) z;x;_ — Dy;y;_, = (—1)7 P,
(2.16) P, =P, =q and Qo =Qj =1,
(2.17) 22—yl D= (-1)Q,

(2.18) Dyje 1 = QoTrer + Tjes,

(2.19) q; < 2qo.

When / is even,

(2-20) P£/2 = PZ/2+1 = P(2j71)£/2+1 = P(Qj—l)l/Z and Ql/2 = Q(2j—1)l/27

whereas when ¢ is odd,

(2-21) Q(t’—l)/z = Q(t’+1)/2-

Lastly, the following result on Pell’s equation will be quite useful in establishing
results in the next section. In fact, this gives more detail to the fact exhibited in
(2.17) in the case where the index is a multiple of £.
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Theorem 2.1. For j >0, let ; and y; be as above in the simple contin-
ued fraction expansion of VD for a nonsquare D > 0 and let ¢ = E(\/ﬁ) If 0 is
even, then all positive integer solutions of

(2.22) 22— Dy’ =1

are given by (z,y) = (x;,_1,Y;0_1) for j > 1, whereas there are no integer solutions

of

(2.23) 2> — Dy? = —1.

If ¢ is odd, then all positive solutions of (2.22) are given by
(@,9) = (T250-1, Y2je—1)

for 3 > 1, whereas all positive solutions of (2.23) are given by

(2,Y) = (Tj—1)e-15 Y2j—1)e=1)-
Proof. See [3, Corollary 5.3.3, p. 249]. O

3. Preliminary lemmas. In this section, we prove a sequence of
lemmas which are needed for the main results in the next section. For the balance
of the paper, we make the following assumptions.

We let A,B,C,k,X € N with C not a perfect square. Suppose that
(z,y) = (B, A) is the smallest positive solution of 22 — Cy? = 1 and define, for
each k € N,

B, + AVC = (B+ AVC).
Also, for n > 0, set
VG = (cyery e 2a),
where this is understood to mean vC = <co;2_co> in the case where n = 0.

Lemma 3.1. Forn € N odd and k = (2m + 1) where m is a nonnegative
integer:

B, = T am+1)(n+1)/ 29 m+1)(n+1)/2—=1 T L@m+1)(n+1)/2— 1Y (2m+1)(n+1)/2—2

and

A, = y(zm+1)(n+1)/271(y(zm+1)(n+1)/z + y(2m+1>(n+1)/272)-
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Proof. For convenience, set N = (2m + 1)(n + 1). By (2.1), (2.5), and
(2.11)~(2.12):

Iy . _ . Yny/2 _
_<007017"'7CN71>_ Co;C1y---5Cny2—1, =
Yn-1 Yn/2-1

Yn/2
( ! Tnj2-1 + xN/2—2>

YN/2—1 _ Yn/2TNj2-1 + Tnja—2Ynja—1
Yn/2 _ + _
(yN/zflyN/Zfl + yN/272> Yny/2 1(yN/2 Yny/2 2)

Thus, Ynv-1 = yN/Z—l(yN/z + yN/Q_Q) and TN-1 = YN/2TN/2—1 + TN/2—2YNj2—15 which
by (2.4) equals,

Tn/2Ynja—1 + (—1)N/2 + Tnjom1Yny2—2 + (—I)N/%l = Tn/2Ynj2—1 T Tnj2—1Yn/2—2-

Since n is odd, then B, = zy_, and A, = yy_, by Theorem 2.1, so we have
secured the result. O

Lemma 3.2. If n is odd and k = 2m + 1 with m a nonnegative integer,
then

2$(2m+1)(n+1)/271 = Q(n+1)/2(y(2m+l)(n+l)/2 + y(2m+1)(n+1)/271)-

Proof. Let N be as in the proof of Lemma 3.1. Then by (2.17) and
(2.20),
(3-24) x?vmﬂ - Oy?vmq = (_1)(n+1)/2Q(n+1)/2’
and by (2.8), (2.15) and (2.20),

n+1)

(3.25) Znja@yos — Cynpoynsos = (=1) V2P s = cuinyoQuainy/2-

Therefore, by (3.24)-(3.25),

2 +3)/2 n
TNy + (_1)(n i Q(n+1)/2 . 2‘fI"N/2xN/2—1 + (—1)( +3)/2c(n+1)/2Q(n+1)/2

C =

y12\r/2—1 2yN/2?/N/2—1
from which it follows that

2','5?\1/2—1:[/]\7/2 + 2(=1)"2Q i1y 2Ynys =

(n+3)/2

2$1\1/2$1\//271?J1\1/271 + (_1) C(n+1)/2Q(n+1)/2yN/271 =
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25UN/2—1(5I;N/2—1?JN/2 + (_1)(n+3)/2) + (_1)(n+3)/20(n+1)/2Q(n+1)/2yN/2—1,
where the last equality follows from (2.4). Thus,
2(_1)(n+3)/2Q(n+1)/2yN/2 = 2271\1/271(_1)(TH—3)/2 + (_]-)(n+3)/2c(n+l)/2Q(n+1)/2yN/2717

SO

Quniny2Yns2 + Quuiny2(ConsnyoYnsa1 + Ynyz2) = 2Tny 1 + Cogny2Qniny2Ynya-1
by (2.3) and (2.20). Hence,
22n/2-1 = Qeuiny2(Ynye + Ynjama),
as required. 0O
Lemma 3.3. Forn € N odd, k =2m + 1, and m > 0,
Qeusn/2Br = Tlomiiyminyz—1 T Yoomtmiz—1C

and

Q(nJrl)/ZAk = 2% (3m+1)(n+1)/2— 1 Y(2m+1) (n+1)/2— 1+

Proof. Let N be as the proof of Lemma 3.1. Then by that lemma,
Qiy2Br = Qusr))2(TnoYnyo—1 + Tnjr1Ynjo—s) =

N/2-1

Q(n+1)/2($N/2flyN/2 + (_1) + $N/271yN/2—2)

where the last equality follows from (2.4), and by Lemma 3.2, this equals,

-1 (Quurny2(Ynye + Unyz—)) + (=12 Qi) =

2 N/2—-1 2 2
2$N/2—1 + (_1) / Q(n+1)/2 = Tnya1 + CyN/2—1

where the last equality follows from (2.17). This yields the first result. For the
second result, we invoke Lemmas 3.1-3.2 which tell us that

Q(n+1)/zAlc = Q(n+l)/2yN/271(yN/2 + yN/Q—Q) = 2$N/271yN/2—17
and the entire result is proved. O

Lemma 3.4. Forn €N odd, k =2m+ 1, and m > 0,

n+1)/2
AT sy marys2—1 = (Bi £ D)Yemanymany/z—1 = Yemenmene— (1) T2 F1).
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Proof. Let N be as in the proof of Lemma 3.1. Then by Lemma 3.3,

Alc$N/2—1 - (Bk + ]-)yN/2—1 =

2 2 2
2$N/2—lyN/2*1 - (:EN/2—1 + CyN/2—1 + Q(n+1)/2)yN/2*1

Qnt1y/2

2 3
TN/2—1YnNj2-1 — CyN/2—1 T Qutry/2¥Yny2-1 _

Q(n+l)/2

Yny/2-1 [(]7?\1/2—1 - Cy]QV/2—1) + Q(n+1)/2]

Q(n+l)/2

Ynyor (=) "2Q 1) 0 F Qoo
Q(n+l)/2

= Y ()2 1)
where the penultimate equality comes from (2.17). O

Lemma 3.5. Ifn € N is odd, and m > 0, then

+3)/2 _
By + (=) =y ymany2 1 (Teminminsz + Taminme/22)

Proof. Let N be as in the proof of Lemma 3.1. By that lemma and (2.4)

we have, Yy o 1Tn/s + Tnoolnje—1 = Yny2—1ZTnya + Tnjo—1Ynjo—2 — Tnje—1Ynya—2 +
TN/2—2YN/2—1 = Bk- + (_1)(n+3)/2. 0

4. Main results. Assuming m > 0, in the following, we set:
Wyy = CryeeeyCpy2ChyCryennsCry2ChyeveyCrynnnyCry

which is m iterations of ¢,,...,c,,2c, followed by one iteration of ¢,,...,c,. In
the case where n = 0, w,, is just m iterations of 2¢,, and when m =n =0, w,, is
the empty string. Also, for odd n > 1,

—

V= C1yCayvvny €y 2Co, CryCoyeney Cry2Coy ey Cryenn s 2C0,CryCoyneey Cinot)/2,

which means m iterations of ¢, c,,...,c,,2¢c, followed by one iteration of
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C1sCay -y Cin1y/2, and the reverse of this is denoted by
—
U= C(nfl)/% -0y Co, Gy, 200707” <oy Cryens 72007 Cny .-y Cry
one iteration of ¢,_1y/2, Cp, - . . , ¢, followed by m iterations of 2¢,, c,, ..., c,. Lastly,

the symbols Q;, defined in formulas (2.7)-(2.9), refer to the continued fraction
expansion of v/C.

Theorem 4.1. Let
Di(X) = (B, —1)242X? +2(B,, — 1)’X + C.
Then the fundamental solution of
22 — D(X)y? =1
s
(z,y) = (B — D)(A}X +1)* + LA} X + A,),
and, for

o= (B, — 1A, X + ¢ :

(a) If both n,k € N are even, then C | (B, — 1) and:

D(X) = (a0 Wemry o 2B — DAX]C, o, 01,240 )
with ¢ ( Dk(X)) = 2k(n+ 1)+ 2.
(b) If n > 0 is even and k is odd, then
Dy (X) = (qo; wi—1,2q0)
and ¢ (\/m) = k(n+1).
(c¢) If n is odd, then one of the following holds.

(i) Ifk=2m+1, m >0, and (n+1)/2 > 1 is odd, then Q... divides
(B, — 1) and:

F
ms 2(B, — D)A, X/Qur1y2 + Consryy2s U ms 2(10>

with ¢ (\/m) = k(n+1).
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(ii) Ifk=2m+1, m >0, (n+1)/2 is even, and c(,41y» is even, then C
divides Qny1y/2(By, — 1) and: /D, (X) =

= —
<QO; vmac(n+l)/2/27 2Q(n+1)/z(Bk - ]-)Ach/Ca C(n+1)/2/27 Uiy 2QO>

with ¢ (\/m) = k(n+1)+2.

(iii) If k =2m, m €N, then C' | (B, — 1) and:

Dk(X) = <q0;wm—130032(Bk - I)AkX/Oa cOawm—132q03>

with £(\/Dr(X)) = k(n + 1) + 2.

Proof. First, we observe that
(4.26) A2D,(X) = (B, — 1)2(A2X +1)2 + 2(B,, — 1).
Since

((By —1)(A2X +1)2 + 1) — (A3X + A4,)°D,(X) =1,
D,(X) is not a perfect square. Thus, by [2, Theorem 3.2.1, p. 78],
Eiazpyon = (B = D(AZX +1)% + 1+ (ATX + 1)/ AZDw(X).

Let £ = £(\/D,(X)) and X,/Y; be the i-th convergent of \/D,(X). Then

by Theorem 2.1, there is a 7 € N such that
(B, —1)(A2X +1)> +1=X,,_, and A3X + A, =Y,,_,.

First, we prove part (a) for which we now show that j = 1. Thus, we show via
Theorem 2.1 that €442y (x) = E4Dy(X)) since ¢ will be shown to be even. In the

process of doing this, the continued fraction expansion in (a) will be shown to
hold.
If z;/y; is the i-th convergent of v/C, then by (2.1),

<QOawk—1a0032(Bk - I)AkX/Ca cOawk—1> =

(qu Wy -1, Coy 2(Bk' - I)AkX/C + yk(n+1)—1/xk(n+1)—1> =

2¢o(By — 1) A X2y (041)—1 + CColfiinin—1 + C.’,Uk(n+l)—l>

4.27 s Wi _1,
( ) <q0 i 2B, — DA XThniy—1 + CUr(niy—
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If we set,

_ 2¢o(By — 1) A X2y (0s1)-1 + Colinsn—1 + CTpiuiny—1
2By — DA XZhns1y 1 + CUnrny 1 ’

M

then (4.27) equals,

Mzyii1y—1 + Trngiy—2
b
Myini1y—1 + Yrnii)—2

which may be manipulated using (2.4), (2.13), and (2.17)-(2.18) to equal:

(B, —1)A X +

(B, — DAX +

2 (s 1)-1Yrnary—1C(By — D) A X + C(223,,_, + (—1)FFD1)

4.28
( ) 2CYk(na1)-1Trnt1y—1 + 2(By, — ]‘)Ak'Xx%(n#»l)fl

However, since n+1 is odd, we must have that By = %s(,11)-1 and A, = Yorny1)—1
by Theorem 2.1. Also since

By, + Ak\/6 = (z, + yn\/a)z’“ = (Tpnyn1 + yk(n+1)—1\/6)2 =

2 2 /
Tio(ng1y—1 T yk(n+1)71C + 2%kt 1Y ne1)-1V O
and in turn, by (2.17), this equals,
2 /
2xk(n+l)fl — 14+ 2240 41)-1Yk(na1y -1 VO,
S0,
2
Tok(nt+1)—1 = 2xk(n+l)—l —1= Blc

(4.29) and

Yok(n+1)—1 = 2$k(n+1)71yk(n+1)71 = A,

Thus, (4.28) equals

C(B,—1)A2X +CB,
CA,+ (B —1AX

(B, — DAX +

given that (n + 1)k is even by hypothesis, and since B? — 1 = C'A? this equals

C(B, —1)A2X +CB, _
CA(A2X +1)

(By —1)A X +



328 R. A. Mollin

(B, —1)(A2X +1)? +1
A (A2X 1 1)
Since 2((B, —1)A, X +¢,) # ¢; for any 0 < j < £ by (2.19), and Theorem 2.1 tells

us that a convergent X, ,/Y;, , can only occur at the end of the j-th period,
then 7 = 1. We have shown that

X

<(Bk' — I)AkX + Co;wk_l,CO,Q(Bk. —_ I)Ak.X/C, Co,wk_1> == Y .
-1

Since this is the (£ — 1)-th convergent, then /D,(X) is as given in (a) and
0(v/Dr(X)) = 2k(n + 1) + 2.
One final note is in order. By (4.29) and Theorem 2.1,

B, —1= 2($z(n+l)*l - 1) = 2Cylz(vﬂrl)*l’

so C | (B, — 1), ensuring that 2(B, — 1)A,X/C € Z in the simple continued
fraction expansion of /D, (X), thereby establishing part (a).
For part (b), we show that j = 2. We have,

Th(nt1)— B,—1
<QOawk—1> = (Bk - I)AkX + e (Bk - I)AkX + kia
Yk(n+1)—1 A,
where the second equality follows from (4.29), and this equals,
(B, —1)(AZX +1) X, ,
Ay Y, '
where
B, —1)(A%2X +1 A
X‘I_IZ ( k )( k + ) a.nd Yé_lzik,
2xk(n+l)—1 2xk(n+l)—1
since

ged(B, — 1, Ay) = ng(2xz(n+1)—1v 2%k (n41) =1 Ykt 1)=1) = 2T p(ng1)-1

by (2.17). Thus, ¢ = k(n + 1), which is odd since n is even and % is odd.
Therefore, the fundamental solution of X? — D, (X)Y? = 1 comes from (X,_, —

Yl,l\/m)Q =Xo 1 + Yo /Dy (X) =
2B, — 1)((Br — 1)(A2X +1)2 + 1) + 2(B, — 1)(A3X + Ay) /D, (X)

2
4xk(n+1)71

(B, — 1)(A2X +1)2 + 1+ (A2X + A) VD (X),
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since 427, ,,,_, = 2(B, — 1). Hence, we have established part (b).

For the proof of case (c), we present only the salient features of the proofs
that distinguish them from cases (a)—(b). The reader may fill in the details using
the methodology presented in those cases. We now establish case (c), part (i).
Let N be as in the proof of Lemma 3.1. Then,

— —
<CI03 Uy 2(Bk - I)AkX/Q(n+l)/2 + Cint1y/2, Um> =

<C]0§ U_:na 2By — 1)ALX/Quuyry)s + yN/Q/yN/271> =

<q0; ,l;)na 2(By = 1) Ay Xynpo1 + Q(n+1)/2yN/2> .
Qnt1)/2Yny2—1

If we set

2(By — 1) Ay Xynpo1 + Q(n+1)/2yN/2

M =
Qnr1)/2Yny2—1

then by (2.1) the above equals,

M:L‘N/2—1 + Tnja_s
MyN/2—1 + Ynyja—2

2(Blc - 1)AkXyN/271IN/271 + (yN/2$N/271 + $N/272yN/271)Q(n+1)/2
2(Bk - 1)AkXy12v/271 + (yN/ZyN/Zfl + yN/272yN/271)Q(n+1)/2

and by Lemmas 3.1-3.4 and (2.4) this equals,

)

(B, —1)A. X + (Br = D AF Qi1 2 X + (@ n/5Ynyam1 + Ynjomsngae I)Q("+1)/2
k k
2A2 i XTnjo1Ynsar + AcQuutny 2

so by Lemmas 3.1 and 3.3, this equals,

(B, — 1)A, X + (Bi — 1)A£Q(n+1)/2X + BiQm+1y2 _
A%XQ(n+l)/2 + A Q12

(B, — 1)A{X? + (B, —1)A2X + (B, — 1)A2X + B,)/(A2X + A,) =

(B, — 1)(A2X + 1) +1)/(A2X + A,).

Hence, as in cases (a)-(b), the result follows for D, (X). (Note, as well,
that by Lemmas 3.2-3.4, Q112 | (Br — 1), 50 2(By, — 1) A, X/Qny1)» € N.)



330 R. A. Mollin

We now establish ¢, part (ii) for D,(X). We have,
< = Cnt1)/2 Q(Bk' - I)AkXQ(n+l)/2 Cn+1)/2 U<—>

Qo5 Uy 2 9 C 9 2 y Ym

< .= Cny1y/2 2(By, — I)AkXQ(n+l)/2 Cin+1)/2 Yny2 > i
905 Um» ) s + -
2 C 2 Yny2-1

<q 57 Gty 2By = D)AXQuurny> 2Ynz = ConsnyoYnya )>
0y Ym> 2 9 C 9 2yN/2_1

By Lemma 3.1, (2.3) and (2.20), this equals,

< — C(nt1)/2 2(Bk - I)AkXQ(n+l)/2 I 2912\1/21> _

C]oQ vm? 2 ) C Ak
a g (B, — 1)A%XQ(n+1)/zC(n+1)/2 + Cy]QV/Q_lc(n+l)/2 +24,C _
n 2(B, = DATX Qeuinyyz + 203y
<QO; ,lz)m M> )
where M is the last term in the preceding continued fraction, and by (2.1), this
equals,
M
(4.30) (Be — 1) A, X + insms ¥ njom

MyN/2—1 + Ynyja-o '

The denominator of (4.30) equals,
(B, — I)AzXQ(n+l)/2(C(n+1)/2yN/2—1 +2yn/os) + A Cynyai+

Cyjzv/zfl(c(n+l)/2yN/2—l + 2Yn/2-2),
so by (2.3) and (2.20), this equals,
(Bi = VAT X Quiry2(Unya + Ynja—z) + AcCynjo—s + CYZ oy Unja + Ynyos),
and by Lemma 3.1, this equals,
(Br = DAY XQusryso/Ynsz—1 + ACYnjor + Cynja1 Ay =



Polynomials of Pellian Type and Continued Fractions 331

AC

(4.31)
Yny/2-1

((By — I)AzXQ(n+l)/2/C + 2y12v/271)-

However, we may employ Lemmas 3.3-3.4, (2.17), and (2.20) to verify that
(B, — 1)Q(n+1)/2/c = 23/12\;/2717 so (4.31) equals,
(4.32) 2Ak0yw/271(AzX +1).

Given the calculated denominator (4.32) of (4.30), we may now use it to calculate
the numerator, which is,

2AH (B, — 1) X?Clyy,o_s+
(Bk - I)AzX(QCyN/2—1 + Q(n+l)/2(c(n+l)/2xN/2—l + 251;N/2—2))+

ACnysn + Cy]%f/z—l(c(n+1)/2x]\’/2—1 + 22 n/5-5),
and by using Lemma 3.5, (2.2), and (2.20), this equals,
2AH (B, — 1) X?Clyyoi+

(By, — 1)AzX(20?/N/2—1 + Qngy2(Tvye + Tnjama))+
ACayyna + Oy12v/2—1(xN/2 + Tnjams)) =
2AH (B, — 1) X?Clyyos+
(Bi = AT X (2Cyn o1 + Quurryya(Be — 1) /ynyoi) +

ACxyso s+ C(By — D)ynyss.
However, it may be verified using Lemma 3.3 and (2.17) that
2CYny2-1 = Quusny2(Be = 1) /Ynyas
so the above equals
245 (B, — )X?Cynjor + 4By — 1) A X Cynjos + ACnsoy + C(By — Dynyas

and since Lemma 3.4 tells us that A,zy/, 1 = (By — 1)Yn/a—1 + 2Yny21, then the
above equals,

QA%( _1)X CyN/z 1+4( _1)A2XC?JN/2 1+2C( )?JN/2 1+20yzv/z 1=
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2(By, — 1)Cyn o (AL X? + 242X +1) 4+ 2Cyn oy =

20y n/oo1 (B — 1)(AZX +1)% +1).
Hence, we have shown that (4.30) equals

2Cyn;s 1 ((By — 1)(A2X +1)2+1)  (By —1)(A2X +1)2 +1

24, Cyyn 1 (AZX + 1) N AL (A2X 4+ 1)

The balance of the proof now follows as in cases (a)-(b). One final note is
in order for this case. Since Lemmas 3.3-3.4 and (2.17) allow us to deduce
that when (n +1)/2 is even, we must have, Q,41y,2(Bx — 1) = 2Cy%,,_,, then
C | Quiny(Br — 1), so 2(By — 1)A,Q(n11)2X/C € N in the simple continued

fraction expansion of /D, (X).

It remains to verify case (c), part (iii). By (2.1) and (2.5) we have,

2(B, — 1)A X
Qo; Win—1, Cos T,Co,wm_l =
2(B, —1)A, X -
<QO§wm_1,co, ( k C) k + Ym(nt1) 1> _
Tm(nt1)—1

<q -w 2(Blc - ]-)AchCOxm(n+l)—1 + Ccoym(n+l)fl + C$m(n+1)l> —
o men 2(Bk - ]-)AkXxm(n#»l)fl + ym(n+l)71C

Mxm(n«l»l)fl + xm(n+l)72

4.33 Qo3 Wi, M) = (B = 1) AX + ’
( ) (0 1 > ( k ) k Mym(n+1)—1+ym("+1)*2

where M is the last term in the above continued fraction expansion. Now we
calculate the denominator of (4.33). It is

2(Bk - I)AkXxm(n+l)—l(COym(n-H)—l + ?Jm(n+1)—2)+

CYmns1)=1(CoYmmen=1 T Ymmn+1—2) + CTminst)=1Ymntn-1,
and by (2.13), this equals
(4.34) 2(B, — AKX -y + 2CT sty 1Yttty 1-
However, by Theorem 2.1,
B, + AVC = (2, + 4, VO)' = (2, + y.VC)" = (Zontusn)-1 + Ymus1VC)* =



Polynomials of Pellian Type and Continued Fractions 333

x?n(n+1)—1 + y?n(n+l)—lc + 2% (n 1)1 Ym(nt -1 VO
Hence,
(4.35) By =121 F Yoy C and Ay = 22,00 1 Yon(nsn) 1-
Thus, using (4.35) in conjunction with (2.17), we get that (4.34) equals,
AAXT2 s Yoy 1O+ AC = C(ALX + A,),
which is the denominator of (4.33), so we can now calculate its numerator:

(Bi = DAXC(AFX + Ay) +2(By = DAX Lo i1y-1 (Comensy-1 + Empnin—2)+

C(Coxm(n+l)—l + xm(n+1)—2)ym(n+l)—l + szl(n+1)71
which (2.14) tells us is equal to,
(B, — 1) A2XC(A2X + 1)+

2(By, — 1)AkX0xm(n+1)—1ym(n+1)—1 + 02?/3@“)71 + C‘II;an(nJrl)fl
and (4.35) allows us to rewrite this as

(B, — 1)A2XC(A2X + 1)+ CB, = C[(B;, — 1)(A2X +1)? + 1]
Hence, we have shown that (4.33) equals,

Cl(B, - 1)(AZX +1)?+1] (B, —1)(AIX + 1) +1

C(A}X + A) A3X + A, ’

and the balance of the proof follows as in cases (a)-(b). (Note, as well, that from
(2.17), it follows that C | (B, — 1), so 2(B, —1)A,X/C eN.) O

Remark 4.1. Theorem 4.1 provides a paradigm for construction of
infinite families of polynomials f,(X) such that ¢(\/f.(X)) is independent of
the variable X, lim,_, . (¢(1/f(X))) = 0o, and we are able to explicitly give the
fundamental unit of the order Z[/f,(X)]. Furthermore, it is known that if D is
a fundamental radicand with discriminant A, and f € N is the least value such
that f2D = a? + r with f | 4a, an ERD-type, then

a+ fvD if [r| =1, (D, f) # (5,1),

ex=1{ (a+/VD)/2 if || = 4,
(202 + v +2afVD)/Ir| it |r| £ {,4},
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(see [2, Exercise 3.2.7, p. 85], for example). In Theorem 4.1, one of the things
we demonstrate is that for D,(X), f = A, ensures that f2D,(X) is of ERD-
type. However, we cannot ensure that A, is the least such value. For instance, if
C =3, B, =26, A; = 15, D, (X) = D,(3) = 1269378 and 9D, (X) = 33802 + 2
(see Example 4.2 below). Nevertheless, we have verified in general for the cases
given in Theorem 4.1 that €442 D, (X) is either e,p, (x) or 63Dk(x).

We provide an illustration of all cases in Theorem 4.1 and of subsequent
results below.

Example 4.1. Let C = 85 for which
\/5 = <9,4a 13 1a4a 18> = <Co3 C1, Ca, C3, Cy, 2CO> )

so n = 4 and we can illustrate Theorem 4.1 (a)-(b) as follows. We have that
B, = 285769 and A, = 30996. Thus,

VD (X) = /D, (2) = v/313832912233538380117 =

(17715329865; 4,1, 1,4, 35430659730 ) =

<(31 C 1) AX + cos w0, 2((Br — ) AX + co)> :

and £(\/D,(2)) =5 = k(n + 1). Also, the least positive solution of
X2-D,(2)Y?=1
is given by (X,Y) = (B, — 1)(242 +1)2 + 1,243 + A)) =
(1055106250929156033953353, 59558939006868),

which illustrates part (b). Note that this is not the same as the fundamental unit

of Z[\/D(2)] which is
E4p,(2) = 726328524474 + 41/313832912233538380117.

In fact, the (X,Y) above is achieved by squaring the fundamental unit whose
norm is necessarily —1 since £(\/D,(2)) is odd (see Theorem 2.1).

Also, since B, = 163327842721 and A, = 17715391848, then for k = 2
and X =1,

VD, (1) = V/8371860393543383432522015026708959273830485 =
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(2893416733473314146569;

1,1,1,4,18,4,1,1,4,9, 68080393728783862272,

9,4,1,1,4,18,4, 1,1, 4, 5786833466946623293138 ) =

<( 1) A, X + co3 01, Cor 2(By — 1) A, X/C, co, w1, 2((By — A, X + co)>,

and £(\/D,(1)) = 22 = 2k(n+ 1) + 2, which illustrates part (a). Note as well that
the least positive solution of X? — D,(1)Y? =1 is given by,

X =16086563501731702982949366706880488582876338641988001 =

(B, — 1)(A2 +1)% + 1,
and

Y = 5559711919693322890764178184040 = A3 + A,,
(lnd 64D2(1) == X + Y\/ D2(1)

Remark 4.2. In Theorem 4.1, we have that £(/D,(X)) = oo as k —
00, s0 we have numerous parametric families for which the fundamental unit
is explicitly known even though the period length gets arbitrarily large. As
explained in [4], the first such sequence discovered with this property was the
Shanks sequence, S, = (2" + 3)2 — 8. For such families, the regulator R =
log(e4p, (x)) is “small” compared to log(/4D; (X)) so we necessarily have large
class number h,p, x). The following provide illustrations.

Example 4.2. Let C = 21 for which we have B, = 55, A, = 12, and
VO = (4T,1,2,1,1,8), son=5. Fork=X =1, £(\/D,(1)) =6
Qs = 3, where

VD (1) = V425757 = (652;1,1,434,1, 1, 1304) =

<q0,’00,2( _I)A X/Q3+C33U0a2q0>

Also, €4p, 1) =

1135351 + 1740/ D, )(A2X +1)2 + 1+ (42X + A)V/D,(1).
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The above illustrates part (c)-(i). Note as well, with respect to Remark 4.2, that
hap, 1y = 30 while log(e.p, 1)) = 14.6355 ..., and log(y/2D; (1)) = 7.17395 . ...

Example 4.3. Take C = 3 for which /3 = <1;1,—2> son = 1. Since
B, =97 and A, = 56, we have for k=4, and X =1, /D, (X) =

VD, (1) = V28919811 = (5377;1,2,1,1,3584,1,1,2,1,10754) =

<(B4 - 1)A4X + Co; Wy, Co, 3

,Co, Wi, 2((By — 1A X + Co)> )
and £(\/D,(1)) = 10 = k(n+1)+2, which illustrates case (c)-(iii). Also, we may
illustrate Remark 4.2 with the facts:

h4D4(1) = 348, 10g(64D4(1)) =21.35953....

and

log (\/M) —9.97631. ...

Example 4.4. Let C = 46 for which we have
VO = <6;1,3,1,1,2,6,2,1,1,3,1,12>,

son = 11 and (n + 1)/2 is even. Since By = 57643991108495 and A; =
8499142809612, we have for k =3, X =1, /D (X) = /Ds(1) =

v/240026027994508490757009224437081746297020737290867702 =

(489924512547094841478044334;

1,3,1,1,2,6,2,1,1,3,1,12,1,3,1, 1, 2, 3, 42602131525834334041569072,

3,2,1,1,3,1,12,1,3,1,1,2,6,2,1, 1, 3, 1, 9798490250941896 82956088668 ) =

= s 2Quminy (B —1)ALX ¢5 «
<QO;,013563 (_H)/Z(CI:' ) : a§6,v132QO>a

where gy = (Bs — 1)As X + ¢, which illustrates case (c)-(ii).
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The following provides an analogue of Theorem 4.1 for the case where the

minus sign therein is replaced by a plus sign in the representation of D, (X), and
this result illustrates the comments made in the last statement of Remark 4.1.
We do not provide a proof of he following since the reader may use the techniques
in the proof of Theorem 4.1 mutatis mutandis.

Theorem 4.2. Let
Dy(X) = (B, +1)242X? +2(B,, + 1)’X + C,

and let (x,y) denote the fundamental solution of x> — D, (X)y? = 1. Then for

(2)

G = (B, + DA, X + ¢ :
If both n,k € N are even, then,
Dk(X) = <C]0§ Wg—1, 2CIO> )

with ¢ ( Dk(X)) = k(n+1), and

(I,y):((BkH)(A%H) A, )

)
25Ek(n+1)—1 2$k(n+1)—1

If n is even and k is odd, then C' | (B), + 1),

D.(X) = <q0;wk_1,co,2(Bk +1)A,X/C, co,wk_1,2q0> ,
with ¢ ( Dk(X)) = 2k(n+1) +2, and
(z,y) = (B + (A X + 1) — LA} X + A)).
If n is odd, then one of the following holds.

(i) Ifk=2m+1, m>0, (n+1)/2 > 1 is odd, and c(,41y/» is even, then

C | Quiny2(Br +1), VDi(X) =
= —
<QO; vmac(n+l)/2/27 2Q(n+1)/z(Bk + ]-)Ach/Ca C(n+1)/2/27 Uiy 2QO>

with ¢ (\/m) = k(n+1)+2, and

(z,y) = (B, + 1)(A2X +1)2 —1,A3X + A,).
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(ii) If k =2m + 1, m > 0, and (n + 1)/2 is even, then Qu1),» divides
2(B, + 1),

= —
Dk(X) = <QO3 Uiy 2(Bk + I)AkX/Q(n+l)/2 + Cint1y/25 U 2%>

with ¢ (\/m) = k(n+1), and
(z,y) = (B, +1)(A2X +1)2 -1, A3X + A,).
(iii) If k = 2m, m € N, then
Dy(X) = (qo; Won—1,2q0)

with E( Dk(X)> =m(n+1), and

(x’y):<(Bk+1)(A%+1) A, )

9’
2xm(n+l)—l 2$m(n+1)—1

Now we illustrate how to use the above results to obtain quite simple
proofs of some classical results in the literature. The first may be found, for
instance, in [7, Theorem 5, p. 324].

Corollary 4.1. Given cy,cy,...,c,,n €N fized and
VC = (301, Car 260)
there exist infinitely many D,d, € N such that
VD = (dy o3

Proof. If n is even, let k = 1 in Theorem 4.1 part (b). Then

D.(X) = (B, = DAX +cicr, 6, 20(Br — DAX + 6] )

for all X € N. If n is odd, take m = 1 in Theorem 4.2, part (c)—(iii). Then

Di(X) = <(B1 F1)AX + coicnyerren 2[(Br + DA X + co]>

forall X e N. O

The following provides an alternative proof of another classic result (see
[7, Theorem 6, p. 325], for instance).
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Corollary 4.2. For any k € N there are infinitely many D € N such that

(VD) = k.

Proof. If K = 2m for any m € N, set C' = 3, for which n = 1, and
invoke Theorem 4.2, part (c)-(iii) to get that for any X € N, and any fixed
m €N, l(\/Dy(X)) =2m. If k =2m + 1, then take C = 2 for which n =0 and
invoke Theorem 4.1 part (b) to get that for any X € N and any fixed m > 0,
/D (X)) =2m+1. O

To see how Corollary 4.2 works, for instance in the case where k = 2m+1
is arbitrary but fixed, note that C = 2, B, + A,v/2 = (3 + 2v/2)*, so for any
X eN,

N——
2m copies
provides infinitely many values with period length 2m + 1.

In the case where k = 2m is arbitrary but fixed, choose C = 3, X € N
arbitrary, By, + A;v/3 = (2++/3)*, and n = 1 in Theorem 4.2, part (c)-(iii). Then

D,,.(X) = <(Bk +1)AX +1;1,2,1,2,...,1,2,1,2[(B, + DA, X + 1]>

m—1 copies of 1,2

provides infinitely many values with period length 2m. We conclude with some
illustrations of Theorem 4.2.

Example 4.5. We revisit the value C = 85 discussed in Fxample 4.1.
Forn=4,k=1=X, we have,

D, (1) = (B, + 1)?4? + 2(B, + 1) + C = 78459326352621672285,

and \/D,(1) =

(8857726929 : 4,1, 1,4, 9, 208417104, 9,4, 1,1, 4, 17715453858 ) =

<(Bk + ]-)Ach + Co; Wy, Co, 2(31 + 1)A1/Ca Co, Wo, 2QO> )

with £(v/D,(1)) = 12 = 2k(n + 1) + 2, which illustrates part (b) of Theorem 4.2.
Notice that the fundamental solution of x> — D,(1)%y% =1 is

(z,y) = (Bi + D(A;X +1)° = 1,4} + A4,) =
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(263778409095717529947529, 29779469518932),

and x + y+/D,(1) is also the fundamental unit of the order Z [ Dl(l)].

Now consider \/ D, (1) = (qo; wy,2qy) =

(2893416733508744930265; 4, 1, 1,4, 18,4, 1, 1, 4, 578683346 7017439860530 )

with £(\/D,(1)) =10 = k(n + 1). The fundamental unit of Z[\/D,(1)] is
(z,y) = (89684345071837057858500745, 30996) =

((B2+1)(A§+1) ﬁ) ,

2%, " 2%,

which is the fundamental solution of x> — D,(1)y? = 1. This illustrates Theorem
4.2, part (a).

Example 4.6. Now we return to the value C = 21 considered in Example
4.2. Fork=1= X and n =5, we have

/D, (1) = V457877 = (676;1,1,1,192,1,1, 1, 1352) =

<CI0§;(),C3/2a 2Q3(Bl + 1)A1/Ca 03/27 ;07 2%)7
and ¢(\/D,(1)) =8 =k(n + 1) + 2. Also,
€ap, (1) = 1177399 + 17404/ D, (1)

which is the fundamental solution of x> — D,(1)y?> = 1. This illustrates Theorem
4.2, part (c)—(i).

Example 4.7. Let C =46 as in Ezample 4.4. Then (n+1)/2 =6, and
fork=1=X, B, = 24335 and A, = 3588,

VD (1) = V7624358865916462 =

(87317574;T,3,1,1,2,87317574, 2, 1, 1,3, I, [74635148) =

(%;1?0, 2(31 + ]-)AIX/QG + 06,170, 2%)7
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and £(\/D,(1)) =12 = k(n + 1). Also,
Eap, (1) = 4033285840069808399 4 46190997060/ D, (1)

which is also the fundamental solution of x? — D, (1)y? = 1. This depicts Theorem
4.2, part (c)—(ii).

Example 4.8. Let C =3 as in Example 4.3, for which n = 1. Also, for
X =1, and k =4,

D,(1) = (B, + 1)24%2 + 2(B, + 1)? + C = 30137355,
for which
D, (1) = (5489;1,2,1,10978) = (qo; w1, 2qo)

0(\/D,(1))=4=m(n+1), and

B,+1)(A2+1 A
cipuiy = 21950 + 4y/Di(1) = PN L B/

which illustrates Theorem 4.2, part (c)—(iii).

Remark 4.3. In later work, we will show how to obtain such families,
as above, for the simple continued fraction expansions of (1 4+ v/D)/2 where
D = 1(mod 4) is a nonsquare natural number. Moreover, we will show that any
palindrome of natural numbers may be represented by the symmetric part of the
simple continued fraction expansion of either vD or (1 + v/D)/2 in infinitely
many ways. Finally, we will demonstrate how to find, explicitly and easily for a
given palindrome, the fundamental unit of the underlying quadratic order. This
has applications for the class numbers of those orders.
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