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Abstract 

In this work, we explore the central norm in the simple continued fraction 

expansion of D  when 1"D  is a non-square integer. We use the 
results to extend what is known in the literature as well as to show how 
some classical results can be derived from them. We also address the 

solvability of the Pell’s equation 122 #$# Dyx  employing our results. 

1. Introduction 

The central norm (see (2.12) below) in the simple continued fraction expansion 

of D  for a non-square positive integer D is linked to solvability of the Pell’s 
equation in ways not obvious at first glance. For instance, Lagrange proved a result 
generalized by the first author in [15] that links central norms in this fashion. To see 

this, let Dyx 00 %  be the smallest positive (fundamental) solution of the positive 

Pell’s equation 122 $# Dyx  and let & 'D!! $  be the period length of the simple 
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continued fraction expansion of .D  The principal result from [15] is that 
& 'Dx mod10 ()  if and only if 22 $!Q  – see Corollary 3.4 below. Lagrange’s 

result is that if pD $  is a prime, then & 'px mod10 )  if and only if & '.8mod7)p  

The congruence conditions on 0x  from the positive Pell’s equation also have a 

striking relationship with the solution of the negative Pell’s equation 

,122 #$# Dyx  namely when & 'D!  is odd. The authors of this paper prove in 

[23] that the negative Pell’s equation has a solution if and only if & '.2mod10 Dx #)  

Thus, this criterion can be exploited to investigate parity issues with & '.D!  We 

generalize numerous results in the literature including that of the first author in [17] 
from 2005, and show how to employ our new results to achieve classical results such 
as those of Perrot [24] form 1888, Rédei [26] from 1935, Jensen [5] form 1962, and 
include numerous other illustrations of this continued fraction approach. 

2. Notation and Preliminaries 

Herein, we will be concerned with the simple continued fraction expansions of 

,D  where D is a positive integer that is not a perfect square. We denote this 
expansion by 

,2,...,,,; 01210 qqqqqD #$ !  (2.1) 

where & 'D!! $  is the period length, * +Dq $0  (the floor of ),D  and ,, 21 qq  

1..., #!q  is a palindrome. 

The kth convergent of , for 0-k  is given by 

,...,,,; 210 k
k
k qqqqB

A
$  

where 

 ,21 ## %$ kkkk AAqA  (2.2) 

,21 ## %$ kkkk BBqB  (2.3) 

with ,02 $#A  ,11 $#A  ,12 $#B  .01 $#B  The complete quotients are given by 

& ' ,kk QDP %  where ,00 $P  ,10 $Q  and for ,1-k  



CENTRAL NORMS: APPLICATIONS TO PELL’S EQUATION 3 

,1 kkkk PQqP #$%  

 .
+

.
/
*

/ %
$

k
k

k Q
DPq  (2.4) 

and 

 .1
2

1 %% %$ kkk QQPD  (2.5) 

We will also need the following facts (which can be found in most introductory 
texts in number theory, such as [18]. Also, see [11], for a more advanced 
exposition.), 

 & ' .1 1
11

#
## #$# k

kkkk BABA  (2.6) 

Also, 

,211 ### %$ kkkkk BQBPA  (2.7) 

 211 ### %$ kkkkk AQAPDB  (2.8) 

and 

& ' .12
1

2
1 k

k
kk QDBA #$# ##  (2.9) 

In particular, for any ,!0k  

 & ' .12
1

2
1

!
!!

k
kk DBA #$# ##  (2.10) 

Also, we will need the elementary facts that for any ,1-k  

 ,kk QQ $%!    kk PP $%!    and   .kk qq $%!  (2.11) 

When !  is even 

& ' & ' .2121212122 !!!! #%#% $$$ kk PPPP  

Also, & ' ,2122 !! #$ kQQ  so by equation (2.4), 

& ' & ' ,2 212212 !! ## 1 kk PQ  

where 

2!Q  is called the central norm, (2.12) 

(via equation (2.9)). 
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Furthermore, 

& ' DQ k 2212 1# !  (2.13) 

and 

 & ' & ' & ' .2 212212212 !!! ### $ kkk QPq  (2.14) 

In the next section, we will be considering what are typically called the standard 
Pell’s equations (2.15)-(2.16), given below. The fundamental solution of such an 
equation means the (unique) least positive integers & 'yx,  satisfying it. The 

following result shows how all solutions of the Pell’s equations are determined from 
continued fractions. 

Theorem 2.1. Suppose that & 'D!! $  and k is any positive integer. Then if !  

is even, all positive solutions of 

 122 $# Dyx  (2.15) 

are given by 

1#$ !kAx    and   ,1#$ klBy  

whereas there are no solutions to 

 .122 #$# Dyx  (2.16) 

If !  is odd, then all positive solutions of equation (2.15) are given by 

12 #$ !kAx    and   ,12 #$ !kBy  

whereas all positive solutions of equation (2.16) are given by 

& ' 112 ##$ !kAx    and   & ' .112 ##$ !kBy  

Proof. This appears in many introductory number theory texts possessing an in-

depth section on continued fractions. For instance, see [18, Corollary 5.7, p. 236]. ! 

We highlight the following fact which will be used throughout. 

Remark 2.1. The fundamental solution of & '!122 #$# Dyx  is given by 

.11 DBA ## % !!  This is the solution with least positive x, y. Moreover, as stated in 
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Theorem 2.1, all solutions of (2.15) are powers of DBA 11 ## % !!  and all solutions 

of (2.16) are odd powers of .11 DBA ## % !!  Thus, (2.16), called the negative Pell’s 

equation, is solvable if and only if & 'D!! $  is odd, whereas (2.15), called the 

positive Pell’s equation, is always solvable with its fundamental solution being 

DBA 11 ## % !!   when !  is even and DBA 1212 ## % !!  when !  is odd. 

We also need the following. 

Theorem 2.2. Let D be a positive integer that is not a perfect square. Then 

& 'D!! $  is even if and only if one of the following two conditions occurs: 

1. There exists a factorization abD $  with ba 221  such that the following 
equation has an integral solution & ':, yx  

.122 ($# byax  (2.17) 

Furthermore, in this case, each of the following holds, where & ' & 'sryx ,, $  is 

the fundamental solution of equation (2.17): 

(a) .2 aQ $!  

(b) raA $#12!  and .12 sB $#!  

(c) ,0
22

1 xbsarA $%$#!  where 

2

2
12

2
12

1
!

!!
! Q

DBA
A ##
#

%
$  

and ,2 01 yrsB $$#!  where 

,
2

2

1212
1

!

!!
! Q

BA
B ##

# $  

since 

.
2

12
12

11 3
4

5
6
7

8
%$% #

#
## bBaa

A
abBA !

!
!!  

(d) & ' .1 222 !#$# bsar  
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2. There exists a factorization abD $  with ba 291  such that the following 
equation has an integral solution & 'yx,  with xy odd: 

.222 ($# byax  (2.18) 

Moreover, in this case, each of the following holds, where & ' & 'sryx ,, $  is the 

fundamental solution of equation (2.18): 

(a) .22 aQ $!  

(b) raA $#12!  and .12 sB $#!  

(c) ,22 0
22

1 xbsarA $%$#!  where 

2

2
12

2
12

1
!

!!
! Q

DBA
A ##
#

%
$  

and ,01 yrsB $$#!  where 

,
2

2

1212
1

!

!!
! Q

BA
B ##

# $  

since 

& ' .2

2

11
bsarabBA %$% ## !!  

(d) & ' .12 222 !#$# bsar  

Proof. All this is proved in [14]. ! 

It is worth noting that the above leads to the following classical result, where 
& '4p:  is the quartic residue symbol – see [12, Chapter 5] for instance. 

Corollary 2.1 (Dirichlet [3]). If p is a prime with & '16mod9)p  and 

& ' ,12 4 #$p  then & 'p2!  is odd. 

Proof. By Theorem 2.2, .12 22 ($# psr  If ,12 22 $# psr  then s is odd so the 

Jacobi symbol identities hold as follows: & ' && ' ' & ' ,1122 22 $$#$ sspsrs  so 



CENTRAL NORMS: APPLICATIONS TO PELL’S EQUATION 7 

& '.8mod1()s  Thus, & ',16mod12 )s  which implies that 

& '16mod221 222 prpsr #)#$  

which in turn implies that & ',16mod129 2 #)) rp  forcing & ',8mod52 )r  a 

contradiction. 

Suppose that .12 22 #$# psr  Since the Jacobi symbol equality 

,12 22
$33

4

5
66
7

8 #$3
4
56

7
8$3

4
56

7
8

r
rps

r
p

p
r  

holds, 

4

2

44

2

4

22

4

212211 33
4

5
66
7

8
3
4
56

7
83

4
56

7
8 #$33

4

5
66
7

8 #$33
4

5
66
7

8 #$3
4
56

7
8$ p

r
ppp

r
p

rps
p  

,1222
44

2

44
#$3

4
56

7
8$3

4
56

7
83

4
56

7
8$3

4
56

7
83

4
56

7
8$ pp

r
pp

r
p  

a contradiction. ! 

Remark 2.2. Legendre knew in 1830 [9] that when the Pell’s equation 

122 $# Dyx  is considered, then exactly one of the equations 2,122 (($# byax  

is solvable for some factorization .abD $  However, the continued fraction 
formulation given in Theorem 3.4 was not known to him. Dirichlet was essentially 
applying Legendre’s result to get Corollary 2.1. Later, we will develop more quartic 
residue symbol results to describe the relationship between parity of the continued 
fraction expansion of related quadratic orders. 

The following was proved by Pumplün [25] in 1968, which generalized a result 
of Dirichlet, the case .1$n  

Corollary 2.2. Let ; %
$

$
12

1 ,n
j jpD  where & '4mod1)jp  are distinct primes. 

If there is no triple i, j, k such that the Legendre symbol equality & ' $ji pp  

& ' ,1$kj pp  then & 'D!! $  is odd. 
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Proof. If !  is even, then by Theorem 2.2, there is a solution 2,122 (($# bsar  

for some factorization .abD $  However, since & '4mod1)) ba  we cannot have 

the 2(  case since rs is odd by part 2 of Theorem 2.2, and hence 

& '.4mod022 )# bsar  Thus, .122 ($# byax  Let rpppa 221 <$  for some !0r  

and .1212 %%$ nr ppb "  Since & ' 11 $pb , there must be at least one $j  

12,,12 %% nr #  with & ' ,11 $pp j  and without loss of generality, say 

& ' .1112 $% pp r  By hypothesis, & ' 112 #$% ir pp  for all ri 2...,,3,2$  and so 

& ' 12212 #$% rr ppp "  which gives & ' ,112 #$%rpa  a contradiction. ! 

3. The Pell’s Equation 

The following criterion for solvability of the negative Pell’s equation will be a 
useful tool. 

Theorem 3.1. If & '4mod2,1)D  is a non-square integer, then there is a 

solution to 122 #$# Dyx  if and only if & ',2mod10 Dx #)  where & '00, yx  is the 

fundamental solution of .122 $# Dyx  

Proof. See [23]. ! 

Remark 3.1. Note that if k is odd, and & ' ,00 DyxDyx kk
k %$%  then 

& 'Dx mod10 #)  if and only if & '.mod1 Dxk #)  We will be using this fact in what 

follows. 

Note that for & ',4mod1)D  in [10], Lenstra provides an algorithm for finding 

a solution of the positive Pell’s equation in subexponential time. Here is an 

algorithm for determining the sign of the norm of the fundamental unit, & ' ,1 !#  by 

combining Lenstra with Theorem 3.1. 

1. Find a solution & 'yx,  employing Lenstra’s method. 

2. If & ',mod1 Dx )  find another solution. 

3. If & ',mod1 Dx #)  then !  is odd and if & ',mod1 Dx )=  then !  is even. 
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Note that if & ',mod1 Dx )=  then Dyx %  is an odd power of Dyx 00 %  

and hence by Remark 3.1, we have & '.mod0 Dxx )  In [10, p. 11], Lenstra points 

out that we do not get 0x  and 0y  explicitly but we can indeed compute the value 

modulo any integer. Thus, the above steps can be done easily. There may be difficulty 
in answering the question as to whether we ever get to Step 3. However, if this is 
answered in the affirmative, then we have an improvement on all previous 
algorithms to decide whether the negative Pell’s equation is solvable or not. 

Corollary 3.1 (Jensen [5]). Suppose that 1"c  is a non-square integer with 

,4c>  the fundamental unit of ? @,4c"  and & ' 1$pc  for an odd prime p such that 

& '12 #11, p  for ,2-,  with & 'c!  is odd. Then & ' & 'Dcp !!! $$ 2  is odd if 

and only if 

 & ' & 'pp
c mod1

121
4 #)>

#,#    & ? @ '.  in c"  (3.19) 

Furthermore, if 1"n  is any integer, then & 'cn2!  is odd if and only if & 'cp2!  is 

odd for all prime divisors of n. 

Proof. Let k
ccpyx 2

400 >$%  be the fundamental solution of the positive Pell’s 

equation 1222 $# cypx  and let cyxc 11
2
4 %$>  be the fundamental solution of 

the positive Pell’s equation .122 $# cyx  Observe that 1y  is even as & 'c!  is odd. 

Also, by Theorem 3.1, we have 

 & '.2mod11 cx #)  (3.20) 

Now assume that (3.19) holds. If ,21 fp ,$#  where f is odd, then $> f
c

2
4  

,cpBA %  where 

& '.mod1 pA #)  (3.21) 

Note that 1222 $# cBpA  and hence by Remark 3.1, for some integer n, 

 & ' & ' .11
2
400

2
4

knkn
c

nf
c cyxcpyxcpBA %$>$%$%$>  (3.22) 

It follows that ,knf $  hence kn is odd. From the binomial expansion, using (3.21)-
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(3.22) and noting that & ',mod1 22
0 px )  we have 

& '.mod1 2
00 pxxA n )))#  (3.23) 

Similarly, from (3.20) and (3.22) and as 1y  is even, we have 

 & '.2mod10101 cxxxxA nkn #))))  (3.24) 

From (3.23)-(3.24), we have & 'cpx 2
0 2mod1#)  and hence from Theorem 3.1, !  

is odd. 

Conversely, if !  is odd, then by Theorem 3.1, & '.2mod1 2
0 cpx #)  However, 

by Corollary 4.1, cpBAk
c

2
114 ## %$> !!  for some odd integer k, and by Lucas-

Lehmer theory – see [11, Exercises 3.1.5-3.1.6, pp. 73-75], we know that & '1#1 pk  

since & ' .1$pc  But .22
1

2
10 cpBAx ## %$ !!  Thus, by setting & ' & ',21 kpf ,#$  

which is odd, we get 

 & ' & ' fkf
c

p
c cpBAcpBA 11

22
1

2
1

2
4

21
4 2

1
####

# %%$>)>
#,

!!!!  

& ' & 'pcpBA f mod121 11 #)%#) ## !!  

in ? @.4c"  

Now if ; $
$

r
j

a
j

jpn 1  is the canonical prime factorization of n, then for each j, 

there is an odd integer jf  such that & ',mod12 ji a
j

f
c p#)>  so by the Chinese 

Remainder Theorem, 

 & '.mod12
4 nf

c #)>  (3.25) 

Conversely, it is clear that if (3.25) holds, then it holds for each prime factor. ! 

Remark 3.2. It follows from Theorem 3.1 that & 'cp2!  is odd if and only if 

there is an odd integer such that & 'pf
c mod12

4 #)>  for an odd integer f, which is 

[5, Lemma 1, p. 72]. 



CENTRAL NORMS: APPLICATIONS TO PELL’S EQUATION 11 

Corollary 3.2 (Stevenhagen [27]). Suppose that & '4mod1)p  is prime, ,!0c  

not a perfect square, & ' ,1$pc  and c4>  is the fundamental unit of ? @cc 44 "O  with 

P  an c4O -prime over p and & 'c!  is odd. Then & '2cp!! $  is odd if and only if 

c4>  has order 4 modulo 8 in the multiplicative group of units & ':PO c4  of c4O  

modulo .P  

Proof. By Corollary 3.1, !  is odd if and only if 

& ' & 'pp
c mod1

121
4 #)>

#,#    & ? @'c" in  

and this holds if and only if & 'pf
c mod12

4 )>  for some odd f by Remark 3.2. 

Now, there is a natural isomorphism as follows: 

& ' & ' & '::: A POOO ccc pp 444: ""!  

given by 

& & '' & & ''.mod 2
4 xNxpx c !! $O  

Hence, for ,4cx >$  we have that x has odd order in & ' & ':: "" pp cc 44 OO  if and 

only if & '2
4c>#!  has odd order in & ' ,4

:PO c  which it does by the above. Since 

& ' ,4 4
:1 PO c  we have the result. ! 

Remark 3.3. In [27], the above identifications are made in the proof to establish 

the result since, as noted therein, !  is odd if and only if & 'c!  is odd and 

? @2cp":O  has odd order, observing that ? @ .4
2

ccp >$: "O  However, the 

connection with Corollary 3.1 is not made as we have above. 

Example 3.1. Let 21372 <$D  with & ' ,9$D!  & ' ,1$c!  ,2184 %$>$> c  

2$c  and & '.16mod9137 )$p  Here 

& ' & 'pfp
c mod12938365450287588351682475302

8
34
8

21
4

1
#)%$>$>$>

#,#  

since 

& 'pcpBAx mod1883516824753022
1

2
10 #)$%$ ## !!  
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and 

& '.mod09383654502875 p)  

Some results on quartic residues will be needed – see [12] for background. 

Theorem 3.2. If & '16mod932 22 )%$ dcp  is prime, then 

& '& ' & ' & 'pdp mod121 141 %# #)%    in  ? @.2"  (3.26) 

Proof. See [7, Theorem 1, p. 294]. ! 

Remark 3.4. We have stated Theorem 3.2 in a form that is tantamount to the 
quartic residue symbol being used. In other words, under the hypothesis of Theorem 

3.2, & ' & ' ,1 1
4

%#$, dp  where the quartic residue symbol is equal to 1 if , is a forth 

power modulo p and is equal to –1 otherwise. Note that Corollary 3.1 above is 
related to this discussion. 

Note that without the hypothesis in Corollary 3.2, (3.26) does not hold. For 

instance, we have & '16mod973 )  but .3273 22 dc %B  However, && ' '47321 %  

1#$  since & '& ' & '.73mod2621 41 )% #p  By the Euler criterion, if 

&& ' ' ,17321 4 $%  

then & ' & ',mod21 4 px)%  so & '& ' & ' & ',mod121 141 px pp ))% ##  and this fails 

to hold. Yet & ' .30132 2 $<!  

We also need the following which uses the usual notion of the quartic and octic 
residue symbols as given in [12]. 

Theorem 3.3. If 2222 816 dcbap %$%$  with & ',4mod1)) ca  then 

 & ' ,4121
8
3
4
56

7
8 #$#$3

4

5
6
7

8 %
pp

d  (3.27) 

where the left-hand symbol is the Legendre symbol and the right-hand symbol is the 
octic residue symbol. 
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Proof. See [1]. ! 

The following classical result ensues from the above. 

Corollary 3.3 (Perrot [24]). Let ,2 2pD $  where 2"p  is prime and set 

& '.D!! $  Then each of the following holds: 

(a) If 

 & '16mod9)p    with   22 2vup %$  and   ,8 v1  (3.28) 

then !  is odd. 

(b) If 

 & 'mod1)p    with   22 2vup %$    and   !    is   odd, (3.29) 

then .8 v1  

Proof. If (3.28) holds and !  is even, then by Corollary 3.1, 

& '& ' & ' & 'ppp mod121 41
8

41 #)=>$% ##  

in ? @.2"  However, by Theorem 3.2, this means that 

 22 32dcp %$  (3.30) 

with d odd, contradicting that ,8 v1  since the representation (3.30) is unique. 

Now assume that (3.29) holds. If ,4 v1  then by (3.26) in Theorem 3.2 and 

Corollary 3.1, 

& ' & ' & ',mod11 4141
8 pvp #)#)> %##  

making 4v  even, namely .8 v1  If ,2 v11  then by (3.27) in Theorem 3.3, 

 & ' & '.mod121
8 pp #)> #  (3.31) 

If fp 81 $#  for odd f, then (3.31) implies 

& '.mod14
8 pf #)>  
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However, since !  is odd, then by Corollary 3.1, 

& ' & ',mod141
8

2
8 ppf #)>$> #  

so & ',mod1 4
8

2
8 pff >)#)>  a contradiction, so .8 v1  ! 

Remark 3.5. Essentially Corollary 3.3 says that if & ',16mod92 22 )%$ vup  

then & '22 p!  is odd if and only if .8 v1  Note, as well, that when & ',8mod1)p  

then p always has a representation in the form 22 2vup %$  – see [18]-[19] for 

instance. Given that Perrot’s proof of the quadratic non-residuacity of & ' 41
8
#> p  takes 

the majority of his nearly forty page paper, and the paper is a tedious check 
involving primitive roots that is not easily read, it is worthy to have a proof such as 
that above. 

Example 3.2. If ,3132 2<$D  then & ' 64$D!  and we note that $313  

22 3325 <%  with 

12771 969107090917631698117347256313 ## C$C$<$ fBBpB!  

but 313$p  does not divide .1#CfB  If ,1372 2<$D  then ,9$!  and $#1!pB  

.1607521137 116 #C$C$< fBB  

Remark 3.6. Theorem 3.3 says that, in particular, 

121 $3
4

5
6
7

8 %
p   if  and  only  if  .32 22 dcp %$  (3.32) 

We also require the following, where & '00, yx  will denote the fundamental 

solution of 122 $# Dyx  for the balance of this work. 

Theorem 3.4. Suppose that D$D 4  is a discriminant with radicand ,abD $  

where ,1 ba 29,  and 2$,  if 0y  is odd and 1$,  if 0y  is even. If 

& 'D!! $  is even, then the following are equivalent: 

(a) .2 aQ ,$!  
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(b) There exists a solution to the Diophantine equation 

 & ' ,1 222 ,#$# !byax  (3.33) 

where bsae %  is the fundamental one. 

(c) The following congruences hold: 

 & ' & ',#) % ax 2mod1 12
0

!    and   & ' & '.2mod1 2
0 ,#) bx !  (3.34) 

Proof. See [23]. ! 

Corollary 3.4 [15, Theorem 3.1 and Remark 3.3, pp. 1042-1044]. If 1"D  is a 

radicand and & 'D!! $  is even, then the following are equivalent: 

(a) .22 $!Q  

(b) There is a solution to the Diophantine equation 

& ' .12 222 !#$# Dyx  

(c) & ' & '.mod1 2
0 Dx !#)  

4. Central Norms 

The notation of the previous section is in force. The results of this section 
extend the ideas presented in [17], where only central norms as powers of 2 were 
considered. The following is a tool resulting from the continued fraction development 
presented earlier that we will employ herein. 

Lemma 4.1. Suppose that ,2 cmD d$  where !0cmd ,,  with c not a perfect 

square. Also, let & ',D!! $  & ',c!! $C  ,1$,  respectively ,1$,C  if ,!  respectively 

,!C  is even, and ,2$,  respectively ,2$,C  if ,!  respectively ,!C  is odd. Then if 

,jA  ,jB  respectively, ,jAC  jBC  denote the values from (2.2)-(2.3) in the simple 

continued fraction expansion of ,D  respectively ,c  then 

11 #C,C#, C$ !! kAA    and   11 #C,C#, C$ !! k
d BBm    for  some  .!0k  

Proof. Employing Remark 2.1, we know that the fundamental solution of 
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122 $# Dyx  is cBmADBA d
1111 #,#,#,#, %$% !!!!  and the fundamental 

solution of 122 $# cyx  is .11 cBA #C,C#C,C C%C !!  Therefore, 

& ' cBAcBAcBmA kk
kd

111111 #C,C#C,C#C,C#C,C#,#, C%C$C%C$% !!!!!!  

for some ,!0k  and the result follows. ! 

Corollary 4.1. Suppose that ,2cmD $  where ,!0m  & 'c!! $C  is odd, 

where c is not a perfect square. Then & 'D!! $  is odd if and only if 1#CC1 !kBm  for 

some odd ,!0k  where cBA 11 #C#C C%C !!  is the fundamental solution of .122 #$# cyx  

Proof. If !  is odd, then from Lemma 4.1, we deduce that 

cBAcmBA kk 1111 #C#C## C%C$% !!!!  

for some odd ,!0k  so .1#CC1 !kBm  

Conversely, assume that 1#CC1 !kBm  for some odd .!0k  Therefore, 

& ' & ' & ' & ' ,12
1

2
1

2
1

22
1 #$C#C$C#C #C#C#C#C DBAcmBmA kkkk !!!!  

so !  is odd. ! 

Example 4.1. Let ,5 2mD $  where .!0m  Since ,1$C!  any 1#C1 kBm  for k 

odd will results in an & '.D!! $  For instance, 217 BC1  and & ' ;1175 2 $<!  85317 BC1<   

and & ' ;753175 22 $<<!  14109441 BC1  and & ' ;111094415 2 $<!  and so forth. 

Remark 4.1. We maintain the notation of Lemma 4.1 for ,jA  ,jAC  etc. 

throughout. 

Theorem 4.1. Let ,2 cmD d$  where ,!0d  !0m , and 1"c  is not a perfect 

square, with & ' ,1,gcd $mc  and & 'D!! $  even. Set & ',c!! $C  with 1$,C  if 

!C  is even and 2$,C  if !C  is odd and , is as defined in Theorem 3.4. Then each of 
the following holds. 
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(a) ,C$ dmQ 2
2 2!  if and only if for some ,!0k  

 
3
3

4

5

6
6

7

8
%,C$C$ #

#
#C,C# cB

m

A
AA dk

2
122

2
12

11 2 !
!

!!  (4.35) 

and 

 .1
1212

1 #
##

#C,C $
,C

$C !
!!

! Bm
m

BA
B d

dk  (4.36) 

Moreover, when ,2$,C  & '.2mod2 k)!  Also, 

& ' & & '',C,#) % 2212
0 4mod1 dmx !    and   & ' & '.mod1 2

0 ,C#) cx !  

(b) ,C$ cQ 22!  if and only if for some ,!0k  

3
3

4

5

6
6

7

8
%,C$C$ #

#
#C,C#

d
k mBc

A
AA 22

12

2
12

11 2 !
!

!!  

and 

.1
1212

1
d

d

k mBc
mBA

B #
##

#C,C $
,C

$C !
!!

!  

Moreover, when ,2$,C  & '.2mod12 %) !k  Also, 

& ' & & '',C,#) % 212
0 4mod1 cx !    and   & ' & '.mod1 22

0
dmx ,C#) !  

(c) dmQ 2
2 $!  and ,$$,C 1  if and only if for some ,!0k  

1
2

122

2
12

1 ##
#

#C $%$C !!
!

! AcB
m

A
A dk  

and 

.
2

1
1212

1 #
##

#C $$C !
!!

! Bm
m

BA
B d

dk  

Also, 

& ' & 'dmx 212
0 2mod1 %#) !    and   & ' & '.2mod1 2

0 cx !#)  
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(d) cQ ,C$2!  if and only if for some ,!0k  

1
22

12

2
12

1
1

##
#

#C,C $
3
3

4

5

6
6

7

8
%

,C
$C !!

!
! AmBc

A
A d

k  

and 

.
2

1
1212

1 #
##

#C,C $
,C

$C !
!!

! Bmc
mBA

B d
d

k  

Moreover, when ,2$,C  then & '.2mod2!)k  Also, 

& ' & '212
0 2mod1 ,,C#) % cx !    and   & ' & '.2mod1 22

0 ,C#) dmx !  

Proof. We establish only part (a) since parts (b)-(d) follow by an entirely 

analogous argument. By Lemma 4.1, 11 #C,C# C$ !! kAA  and 11 #C,# C$ !! k
d BBm  for some 

.!0k  Thus, by (c) in parts 1-2 of Theorem 2.2, we deduce that ,C$ dmQ 2
2 2!  

if and only if (4.35)-(4.36) hold. The congruence conditions on 0x  follow from 

Theorem 3.4 directly since amQ d ,$,C$ 2
2 2!  if and only if 

& ' & & '',C,#) % dmx 212
0 4mod1 !    and   & ' & '.mod1 2

0 ,C#) cx !  

Furthermore, when this occurs, say with ,2$,C  which forces ,1$E  then 

 & ' 1212
2

11 #C#C#C#C C%C$C%C !!!! kkkk BAcBA  

c
m

BA
cB

m

A
dd

12122
122

2
12 2 ##

#
# %%$ !!

!
!  

2
1212 3

4

5
6
7

8
%$ ## D

m

B

m

A
dd
!!  

so & ' d
kk mDBAcBA 121211 ###C#C %$C%C !!!!  from which it follows that 

& '.2mod2!)k  ! 

Remark 4.2. The case where ,C$$ 1m  in part (a) of Theorem 4.1 is just an 
instance of Theorem 2.2, part 2 with ,1$a  namely 22 $!Q  and 1$k  in this 
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case. The special case in part (a) of Theorem 4.1, where 2$,C  and 1$k  for 
general m is [21, Theorem 3.1, p. 5]. In previous work [23], we completely 
generalized Lagrange’s criterion which the first author had related to the central 
norm being equal to 2 in [15]. The case where ,2$m  in part (c) generalizes [17, 

Theorem 5, p. 125]. As well, for ,2$m  ,1$,C  12cc $  with 1c  odd, generalizes 

[17, Theorem 6, p. 126]. 

We have not explicitly used the fact that & ' 1,gcd $mc  in the proof of Theorem 

4.1 is not explicitly required, but if this hypothesis is not satisfied, then cases other 
than (a)-(d) occur in terms of the central norm being one of the cases covered. For 

instance, if ,33$D  where 22 3$dm  and ,3$c  then none of the cases cover the 

fact that ,212 $$ QQ!  where 1$,C  and .2$,  However, if we let 1$m  and 

,33$$ Dc  then as indicated above, part (a) covers this case. 

Also, note that assuming ,1 ,$$,C  namely !C  even, and 0y  is even, in part (c) 

is not a restriction. To see why consider what happens if !C  is odd. To have 
dmQ 2

2 2$!  implies that one of part 1 or 2 of Theorem 2.2 holds. If it is part 1, then 

cmma dd 222 1$  so c is even and ,2cb $  so (2.17) implies that !C  is even. If part 2 

holds, then again a factorization of c cannot occur including the trivial one where 
,1$a  since otherwise, again !C  is even. Hence 2$,C  cannot occur in part (c). In 

general, if !C  is odd, then part 2 of Theorem 2.2 cannot occur for the above reasons. 

Also, since we have just shown that ,2
2

dmQ $!  then we are in part 1 of Theorem 

2.2, where 01 yB $#!  is even, so .1$,  

We get the following recent result as a consequence of the above. 

Corollary 4.2 (Redei [26]). Suppose that ,2cpD $  where p is a prime, c is not 

a perfect square, and & 'c!! $C  is odd. Then each of the following holds: 

(a) If p is an odd prime dividing c, then & 'c!! $  is odd. 

(b) If & '4mod1)p  and the Legendre symbol & ' ,1#$pc  then & 'D!  is odd. 

(c) If 2$p  or & ',4mod3)p  then & 'D!  is even. 
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Proof. If cp 1  and & 'D!  is even, then by Theorem 2.2, (2.17) cannot hold 

since there can be no factorization 21ccc $  with 211 cc 22  with one of 1c  

dividing a and the other dividing b, given that !C  is odd. Similarly, (2.18) can only 

hold for ,1$a  which forces & 'D!  to be odd since & 'c!  is odd. This is (a). 

Now assume that & ',4mod1)p  & ' ,1#$pc  and & 'D!  is even. Then by 

Remark 4.2, Part 1 of Theorem 2.2 holds. Therefore, 1222 ($# cypx  for some x, 

y, so the following Legendre symbol equality holds 

,1111
222

#$3
4
56

7
83
4
56

7
8 #$3

4
56

7
8 #$33

4

5
66
7

8 #$3
4
56

7
8 ($ p

c
pp

c
p

cypx
p  

a contradiction, so & 'D!  is odd. This is (b). 

If 2$p  or & ',4mod3)p  and & 'D!  is odd, then ,12
1

2
1 #$# ## DDBA !!  so 

& ',mod1 2
1 pA #)# !  a contradiction if ,2"p  and if ,2$p  then & ',4mod12

1 #)#!A  

a contradiction. Thus, & 'D!  is even, and this is (c). ! 

The following are illustrations of Theorem 4.1 for the various cases. 

Example 4.2. Let 675275 22 $<$<$ cmD d  for which ,2$C$ !!  $2!Q  

,250 2dm<$  ,2512 $#!A  ,112 $#!B  261 $C #C!A  and ,51 $C #C!B  where 

1
2

2

2
2

122

2
12

1 26271
5
25

2
1

2
1

#C#
#

# $$33
4

5
66
7

8
<%$

3
3

4

5

6
6

7

8
%$ !!

!
! AcB

m

A
A d  

and 

.55
125

1
1212

1 #C
##

# $$<$$ !
!!

! B
m

BA
Bm d

d  

Also, 

& ' & & '',C,#))$ % 2212
0 4mod1126 dmx !  

and 

& ' & '.mod11 2
0 ,C#)#) cx !  

This illustrates part (a) of Theorem 4.1 when 1$,C  and .2$,  
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Example 4.3. Let ,1015 22 cmD d <$<$  for which ,2$!  ,1$C!  ,5012 $#!A  

,112 $#!B  

 ,201 1
2

12
22

12121 ####C#C,C $%$$C$C !!!!! AcBmAAA d
k  

,220 1121212 ####C $$$C !!!! BmmBAB dd  

and .5 22
12

dmQQ $$$!  Also, 

& ' & & '',C,#))$ % 2212
0 4mod11201 dmx !  

and 

& ' & '.mod11 2
0 ,C#)#) cx !  

This illustrates part (a) of Theorem 4.1 when 2$,C  and .1$,  

Example 4.4. Let ,178 22 cmD d <$<$  for which ,2$!  ,1$C!  ,3212 $#!A  

,112 $#!B  

 ,33 1
2

12
22

12121 ####C#C,C $%$$C$C !!!!! AcBmAAA d
k  

,28 1121212 ####C $$$C !!!! BmmBAB dd  

and .8 22
12

dmQQ $$$!  Also, 

& ' & & '',C,#))$ % 2212
0 4mod1133 dmx !  

and 

& ' & '.mod11 2
0 ,C#)#) cx !  

This illustrates part (a) of Theorem 4.1 when .2$,$,C  

Example 4.5. Let ,383 22 cmD d <$<$  for which ,2$C$ !!  ,1812 $#!A  

,112 $#!B  

 & ' ,2
137 1

2
12

22
1211 ####C#C,C $%$$C$C !!!!! AcBmAAA d

k  
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,6 1121212 ####C $$$C !!!! BmmBAB dd  

and .232 22
12

dmQQ $<$$!  Also, 

& ' & & '',C,#))$ % 2212
0 4mod1137 dmx !  

and 

& ' & '.mod11 2
0 ,C#)#) cx !  

This illustrates part (a) of Theorem 4.1 when .1$,$,C  

Having given a depiction of Theorem 4.1 for each of the four cases in part (a), 
we merely give one instance of each case for (b)-(d). 

Example 4.6. Let ,73 22 cmD d <$<$  for which ,2$!  ,4$C!  $2!Q  

,214 c$  ,712 $#!A  ,112 $#!B  

 & ' & ',2
1831772

1 22
12

2
121

222
31

d
k mBcAAAA ####C,C %$$$<%$C$C !!!!  

.3 121213 cmBABmB dd
### $$$ !!!  

Also, 

& ' & & '',C,#))$ % 212
0 4mod118 cx !    and   & ' & '.mod11 22

0
dmx ,C#)#) !  

This illustrates part (b) of Theorem 4.1 when 1$,C  and .2$,  

Example 4.7. Let ,233 22 cmD d <$<$  for which ,8$!  ,4$C!  92 $!Q  

,2dm$  ,7212 $#!A  ,512 $#!B  

,1151235372 2
12

22
121

222
71 cBmAAAA d

k ####C,C %$$$<%$C$C !!!!  

.2240 121217
dd mBABmB ### $$$C !!!  

Also, 

& ' & '2212
0 2mod112251 ,#)#)$ % dmx !    and   & ' & '.2mod11 2

0 cx !#))  

This illustrates part (c) of Theorem 4.1. 
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Example 4.8. Let ,37 22 cmD d <$<$  for which ,2 !! C$$  ,32 cQ $$!  

,1212 $#!A  ,112 $#!B  

 ,9771312 22
12

2
121

222
71

d
k mBcAAAA ####C,C %$$$<%$C$C !!!!  

.256 121217 cmBABmB dd
### $$$C !!!  

Also, 

& ' & '212
0 2mod1197 ,,C#))$ % cx !    and   & ' & '.2mod11 22

0 ,C#)#) dmx !  

This illustrates part (d) of Theorem 4.1 when .1$,$,C  

As an auxiliary note to Theorem 3.1 and the discussion surrounding it, we have 
the following. In the theorem, DC  denotes the wide or ordinary ideal class group of 

? @,D"  and %
DC  denotes its narrow ideal class group. Also, if JI ~  denotes 

equivalence in the wide ideal class group, then an ambiguous class of ideals therein 
is one for which ,~ II C  where I C  is the conjugate ideal to I and an ambiguous ideal 

is one for which .II C$  

Theorem 4.2. If 1"D  is a non-square integer, then the following are 
equivalent: 

(a) 122 #$# Dyx  has a solution. 

(b) If Dyx 00 %  is the fundamental solution of ,122 $# Dyx   then 10 #)x  

& '.2mod D  

(c) D is a sum of two integer squares and there does not exist an ambiguous 
class of ideals in DC  without any ambiguous ideals in them. 

(d) Every element of order 2 in DC  is the image of an ambiguous class of ideals 

under the natural mapping DD CC $%F :  and 1#  is a quadratic residue modulo D. 

(e) There exist !0CBA ,,  with 

 ,222 BAC %$    where & ' ,1,gcd $BA  22 baD %$  and .1$# bBaA  (4.37) 
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Proof. The equivalence of (a) and (b) is proved in [23, Theorem 3.1]. The 
equivalence of (a) and (c) is proved in [11, Lemma 6.1.3, p. 191]. The equivalence 
of (a) and (d) is proved in [20]. The equivalence of (a) and (e) is proved in [4]. 

Since the equivalence of (a) and (e) is intimately linked to the results herein with 
our continued fraction approach, we provide a proof that does not appear explicitly 
in the literature. (However, we acknowledge the contribution of Kaplan and 
Williams in [6] connecting continued fractions intimately with the solution of Pell’s 

equations )4,122 ##$# Dyx  – see also [11, Exercises 2.1.14-2.1.15, pp. 59-60]. 

Moreover, this proof is instructive in the connection with continued fractions that is 
very rarely made. 

If (a) holds, then & 'D!! $   is odd and from (2.5) and (2.11), 

 & ' & ' .2
21

2
21 %% %$ !! QPD  (4.38) 

Now we need to show the critical result as follows. 

Claim 4.1. & ' & ' .2
23

2
211 ### %$ !!! BBB  

We employ the general result for units of quadratic orders proved, for instance 
in [22, Theorem 3, p. 44], from which it follows that the ensuing matrix equations 
hold, where the jq  comes from (2.1), 

 & ' & '

& ' & '

& ' & '

& ' & ' 33
4

5
66
7

8
<33
4

5
66
7

8

##

##

##

##

2323

2121

2321

2321

!!

!!

!!

!!
BA
BA

BB
AA

 (4.39) 

3
4
5

6
7
8<3

4
5

6
7
8$

##

##

01
10

21

21 q
BB
AA

!!

!!  

;
#

$

3
4
5

6
7
8<3

4
5

6
7
8$

1

0

0
01
1

01
1!

j

j qq
 

,
11

11 3
4
5

6
7
8$

##

##

!!

!!
BA
ADB

 (4.40) 

from which the claim follows from the right lower entries in (4.39) and (4.40). 

Another result, we need, is the following: 
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Claim 4.2. & ' & ' & ' & ' & ' .3321212123 #%#%# #$ !!!!! BPBQA  

Since & ' & ' ,2121 #% $ !! QQ  using (2.3)-(2.4) and (2.7), we get 

& ' & ' & ' & ' 23212121 #%#% # !!!! BPBQ  

& ' & & ' & ' & ' ' & ' & & ' & ' & ' '2121212325232121 ######## ##%$ !!!!!!!! PQqBBBqQ  

& ' & ' & ' & ' 21232521 #### %$ !!!! PBBQ  

& ' ,23#$ !A  

which is Claim 4.2. 

Now, we set & ' ,21%$ !Pa  & ' ,21%$ !Qb  & ' & ' ,2 2321 ##$ !! BBA  & '
2

21#$ !BB  

& ' ,2
23## !B  and .1#$ !BC  Then we get 

& & ' & ' ' & & ' & ' '22
23

2
21

2
2321

22 2 #### #%$% !!!! BBBBBA  

& & ' & ' ' ,222
23

2
21 CBB $%$ ## !!  

from Claim 4.1 with & ' 1,gcd $BA   from (2.6). Also, 22 baD %$  and 

& ' & ' & ' & ' & & ' & ' '2
23

2
2121232121 2 ##%##% ##$# !!!!!! BBQBBPbBaA  

& ' & & ' & ' & ' & ' '2321212123 #%#%# %$ !!!!! BQBPB  

& ' & & ' & ' & ' & ' '2321212121 #%#%# ## !!!!! BPBQB  

& ' & ' & ' & ' 21232321 #### %$ !!!! ABAB  

& '& ' ,1 21##$ !  

so .1$# bBaA  

Conversely, assume that the conditions in (4.37) hold. Then setting $x  

bBaA #  and Cy $  yields .122 #$# Dyx  ! 

Corollary 4.3. If –1 is a quadratic residue modulo D and DDh C$  is odd, 

then !  is odd. 
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Proof. Since Dh  is odd, there can be no element of order 2 in DC  so vacuously 

condition (d) is satisfied. ! 

Example 4.9. If & '4mod1)$ pD  is prime or ,2$D  then Dh  is odd and 

& 'D!   is odd – see [12, Theorem 3.70, p. 262] and [12, Exercise 3.90, p. 168] for 

instance. 

Remark 4.3. It is valuable to note the continued fraction connection of the 
equivalence of (a) and (e) in Theorem 4.2, where solution of the negative Pell’s 
equation is linked to Pythagorean triples, which is essentially due to Euler, albeit he 
would not have formulated the result in the following terms. In a first course in 
number theory, a lemma is derived that essentially says the following. When –1 is a 

quadratic residue of ,1"D  then each solution 22 baD %$  with !0ba,  and 

& ' 1,gcd $ba  determines a unique !0bam ,  modulo D such that & 'Dbma ba mod,)  

and & '.mod12
, Dm ba #)  Conversely, if & ',mod12 Dm #)  then there are unique 

relatively prime !0ba,  such that 22 baD %$  with & '.mod Dmba )  What the 

above equivalence of (a) and (e) brings into focus is the exact intimate relationship 
that unfolds with respect to m and delineates exactly what that m happens to be. Let 
us explain. 

The criterion for odd & 'D!  given in Theorem 3.1 says that )0x  

& ',2mod10 D#  where & '00, yx  is the fundamental solution of .122 $# Dyx  Thus, 

in the simple continued fraction expansion of ,D  this means that )% ## DBA 2
1

2
1 !!  

& 'D2mod1#  so & '.mod12
1 DA #)#!  The unique m discussed above can be deduced, 

via [11, Exercise 2.1.14, pp. 59-60] for instance, to be & '& ' & 'DAm mod1 1
21

#
##) !
!  

and it follows that 

& '& '
& ' & ' & & ' & ' '.1 2

23
2

2121121
21

##%#%
# #$%# !!!!!
! BBDPAQ  

Thus, in the notation of Theorem 4.2, 

& '& ' ,1 21 DBmab ##$% !  

which shows the connection with our results herein in a precise fashion. 
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