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Abstract

In this work, we explore the central norm in the simple continued fraction

expansion of VD when D>1 is a non-square integer. We use the
results to extend what is known in the literature as well as to show how
some classical results can be derived from them. We also address the

solvability of the Pell’s equation X% - Dy2 = —1 employing our results.

1. Introduction

The central norm (see (2.12) below) in the simple continued fraction expansion

of VD for a non-square positive integer D is linked to solvability of the Pell’s
equation in ways not obvious at first glance. For instance, Lagrange proved a result
generalized by the first author in [15] that links central norms in this fashion. To see

this, let xy + yO«/B be the smallest positive (fundamental) solution of the positive

Pell’s equation x> — Dy? =1 and let £ = £(vVD) be the period length of the simple
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continued fraction expansion of VD. The principal result from [15] is that
xo = £1(mod D) if and only if Oy, =2 - see Corollary 3.4 below. Lagrange’s
result is that if D = p is a prime, then x5 = 1(mod p) if and only if p = 7(mod8).
The congruence conditions on x, from the positive Pell’s equation also have a
striking relationship with the solution of the negative Pell’s equation
x2 = Dy? = —1, namely when ¢(~/D) is odd. The authors of this paper prove in

[23] that the negative Pell’s equation has a solution if and only if xq = —1(mod2D).

Thus, this criterion can be exploited to investigate parity issues with E(x/B ). We

generalize numerous results in the literature including that of the first author in [17]
from 2005, and show how to employ our new results to achieve classical results such
as those of Perrot [24] form 1888, Rédei [26] from 1935, Jensen [5] form 1962, and
include numerous other illustrations of this continued fraction approach.

2. Notation and Preliminaries

Herein, we will be concerned with the simple continued fraction expansions of
VD, where D is a positive integer that is not a perfect square. We denote this

expansion by

VD = {40; 41, G2, - G1-1 240)» (2.1)

where ¢ = ((v'D) is the period length, gy = \_«/5 J (the floor of VD), and ¢y, ¢,

..s q¢_1 1s a palindrome.

The kth convergent of o for k > 0 is given by

g_/]z = (qo: q1» @2 s Qi)
where
4= i+ A, (2.2)
By = qxBy-1 + B2, =y

with 4., =0, A, =1, B_, =1, B_; =0. The complete quotients are given by
(P, +vD)/Qy, where Py =0, Q =1, and for k > 1,
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P = 41Ok — B

G = {—P k ;jBJ (2.4)
and
D = By + 04O 2.5)

We will also need the following facts (which can be found in most introductory
texts in number theory, such as [18]. Also, see [11], for a more advanced
exposition.),

ABiy — 4By = (-1 (2.6)
Also,

Aj—y = BBy + O B2, (2.7)

DBy_y = Fidj—y + Op A2 (2.8)
and

Ay~ BED = (D' 2.9)

In particular, for any k& € N,
2 2 74
A1 = BigD = (-1)". (2.10)
Also, we will need the elementary facts that for any & > 1,

Orik = ks Bk =F and qp = q;. (2.11)

When ¢ is even
Fija = Pyjav1 = Rok-1y /241 = Rak-1)1/2-
Also, Oyp = OQ(2k-1)¢/2> s0 by equation (2.4),
O0k-1)1/212Rok-1) ¢/2>

where

Qyy> 1s called the central norm, (2.12)

(via equation (2.9)).
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Furthermore,
O@k-1y¢/212D (2.13)
and
ak-1) /2 = 2Rak-1)1/2/Q2k-1) 2- (2.14)

In the next section, we will be considering what are typically called the standard
Pell’s equations (2.15)-(2.16), given below. The fundamental solution of such an

equation means the (unique) least positive integers (x, y) satisfying it. The

following result shows how all solutions of the Pell’s equations are determined from

continued fractions.

Theorem 2.1. Suppose that { = ((ND) and k is any positive integer. Then if {

is even, all positive solutions of
x> -y’D=1 (2.15)
are given by
x=Ayy and y =By,
whereas there are no solutions to
x? = y?D =-1. (2.16)
If 0 is odd, then all positive solutions of equation (2.15) are given by
X = Ap-y and y = By,
whereas all positive solutions of equation (2.16) are given by
x = Aok-1y-1 and 'y = Bog 1y,

Proof. This appears in many introductory number theory texts possessing an in-

depth section on continued fractions. For instance, see [18, Corollary 5.7, p. 236]. [
We highlight the following fact which will be used throughout.

Remark 2.1. The fundamental solution of x> — Dy’ = (—1)ﬂ is given by

Ay_1 + B,_1¥D. This is the solution with least positive x, y. Moreover, as stated in
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Theorem 2.1, all solutions of (2.15) are powers of 4,_; + Bé_l«/ﬁ and all solutions
of (2.16) are odd powers of A,_y + Bé_l«/ﬁ. Thus, (2.16), called the negative Pell’s
equation, is solvable if and only if ¢ = ¢((¥D) is odd, whereas (2.15), called the
positive Pell’s equation, is always solvable with its fundamental solution being
Apq + Bf_lx/B when /¢ isevenand Ay, ;| + Bzg_]'\/B when /¢ is odd.

We also need the following.

Theorem 2.2. Let D be a positive integer that is not a perfect square. Then

{ = K(«/B ) is even if and only if one of the following two conditions occurs:

1. There exists a factorization D = ab with 1 < a < b such that the following

equation has an integral solution (x, y):

2

ax —by2

= £1. (2.17)

Furthermore, in this case, each of the following holds, where (x, y) = (r, s) is

the fundamental solution of equation (2.17):
(@) Oy = a.
(b) 4yypy =ra and By | =s.
(c) 4y = ra+s%b = X, where

2 2
Ajjp-1 + Bijp D
Qi

A =

and B,_y = 2rs = y,, where

24021Bya-1

B, | =
o Q2

since

Ay 2
A/{—l "rB(_]'\/E :( (/2 1'\/;'1' B/{/z_l'\/g] .

a

) r2a — 5% = (-1)72,
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2. There exists a factorization D = ab with 1 < a < b such that the following

equation has an integral solution (x, y) with xy odd:
ax? — by2 =12 (2.18)

Moreover, in this case, each of the following holds, where (x, y) = (r, s) is the

fundamental solution of equation (2.18):
(@) Oy = 2a.
(b) AZ/Z—I = ra and B[/Z—l = S.
(c) 24, = r?a+s%h = 2xy, where

2 2
_Ajpy + Bip D

A1 = Qi
and By_y = rs = y,, where
By, - 245 1Byja- ’
o)
since
Ay + B(,I«/% = M.

) r2a — 52 = 2(-1)7%.
Proof. All this is proved in [14]. O

It is worth noting that the above leads to the following classical result, where

(*/p), is the quartic residue symbol — see [12, Chapter 5] for instance.
Corollary 2.1 (Dirichlet [3]). If p is a prime with p =9(modl16) and

(2/p)g = -1, then 1(2p) is odd.

Proof. By Theorem 2.2, 277 - p52 =+1. If 2% — ps2 =1, then s is odd so the

Jacobi symbol identities hold as follows: (2/s) = ((2r* — ps?)/s) = (I/s) =1, so
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s = +1(mod8). Thus, s> = 1(mod16), which implies that
1=2r - ps* = 2r* - p(mod16)

which in turn implies that 9 = p = 2/ —1(mod16), forcing > = 5(mod8), a

contradiction.

Suppose that 272 - p52 = —1. Since the Jacobi symbol equality

(2)-(2)- (=522

holds,

a contradiction. O

Remark 2.2. Legendre knew in 1830 [9] that when the Pell’s equation
X2 - Dy2 =1 is considered, then exactly one of the equations ax? — by2 =11, +2

is solvable for some factorization D = ab. However, the continued fraction
formulation given in Theorem 3.4 was not known to him. Dirichlet was essentially
applying Legendre’s result to get Corollary 2.1. Later, we will develop more quartic
residue symbol results to describe the relationship between parity of the continued

fraction expansion of related quadratic orders.

The following was proved by Pumpliin [25] in 1968, which generalized a result

of Dirichlet, the case n = 1.

2n+1
j: pj, where p; =1(mod4) are distinct primes.

Corollary 2.2. Let D = H
If there is no triple i, j, k such that the Legendre symbol equality (pi/pj) =

(pj/pk) =1, then (= (D) is odd.
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Proof. If / is even, then by Theorem 2.2, there is a solution ar? —bs? = +1,+2
for some factorization D = ab. However, since a=b=1(mod4) we cannot have

the +2 case since rs is odd by part 2 of Theorem 2.2, and hence

ar* —bs* =0(mod4). Thus, ax® — by?> = +1. Let a = p;p, - p, for some r e N
and b= py.. - Paps- Since (b/p;) =1, there must be at least one j=

2r+1,...,2n+1 with (pj/pl) =1, and without loss of generality, say
(p2r41/p1) = 1. By hypothesis, (py,.1/p;)=-1 for all i=2,3,..,2r and so

(p2s+1/ P2+ P2y) = =1 which gives (a/py,,1) = —1, a contradiction. O

3. The Pell’s Equation

The following criterion for solvability of the negative Pell’s equation will be a
useful tool.

Theorem 3.1. If D =1,2(mod4) is a non-square integer, then there is a
solution to x> — Dy* = -1 if and only if xg = —1(mod 2D), where (xqy, yo) is the

fundamental solution of X2 - Dy2 =1.

Proof. See [23]. O

Remark 3.1. Note that if & is odd, and (xy + yovD ) = x; + y, VD, then
xo = —1(mod D) if and only if x; = —1(mod D). We will be using this fact in what

follows.

Note that for D = 1(mod4), in [10], Lenstra provides an algorithm for finding
a solution of the positive Pell’s equation in subexponential time. Here is an
algorithm for determining the sign of the norm of the fundamental unit, (—l)z, by

combining Lenstra with Theorem 3.1.

1. Find a solution (x, y) employing Lenstra’s method.
2.If x = 1(mod D), find another solution.

3.If x = =1(mod D), then ¢ is odd and if x # 1(mod D), then / is even.
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Note that if x # 1(mod D), then x + yv/D is an odd power of x + yovD
and hence by Remark 3.1, we have x5 = x(mod D). In [10, p. 11], Lenstra points
out that we do not get xy and y, explicitly but we can indeed compute the value

modulo any integer. Thus, the above steps can be done easily. There may be difficulty
in answering the question as to whether we ever get to Step 3. However, if this is
answered in the affirmative, then we have an improvement on all previous
algorithms to decide whether the negative Pell’s equation is solvable or not.

Corollary 3.1 (Jensen [5]). Suppose that ¢ > 1 is a non-square integer with

€40, the fundamental unit of Z[N4c), and (¢c/p) =1 for an odd prime p such that
2%(p=1) for o >2, with {(\c) is odd. Then ¢ = ((cp?) = ((ND) is odd if
and only if

ggl;—l)/2°"l = -1(mod p) (inZ[Ve]). (3.19)

Furthermore, if n > 1 is any integer, then ((Nn’c) is odd if and only if ((\ p*c) is

odd for all prime divisors of n.

Proof. Let xy + pyox/z = sﬁlg be the fundamental solution of the positive Pell’s

2

equation x°~ — pzcy2 =1 and let sﬁc =x + yl«/z be the fundamental solution of

the positive Pell’s equation x? - cy2 =1. Observe that y; is even as e(JE ) is odd.

Also, by Theorem 3.1, we have

x; = —1(mod 2¢). (3.20)

Now assume that (3.19) holds. If p—1=2%f, where fis odd, then sﬁ{ =

A+ pB«/E, where

4 = -1(mod p). (3.21)
Note that 4% — p2cB2 =1 and hence by Remark 3.1, for some integer 7,
g5/ = A+ pBJc = (xg + yopVe)' = €35 = (x + yVe)™. (3.22)

It follows that f = kn, hence kn is odd. From the binomial expansion, using (3.21)-
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(3.22) and noting that x% = 1(mod p?), we have
~1= 4= x! =xy(mod p?). (3.23)
Similarly, from (3.20) and (3.22) and as y; is even, we have
A=x" = xl = x = xp - 1(mod 2¢). (3.24)

From (3.23)-(3.24), we have x; = —1(mod 2 p?c) and hence from Theorem 3.1, /
is odd.

Conversely, if / is odd, then by Theorem 3.1, x; = —1(mod2 pzc). However,

by Corollary 4.1, e"jc =A;_1 + B p?c for some odd integer k, and by Lucas-
Lehmer theory — see [11, Exercises 3.1.5-3.1.6, pp. 73-75], we know that k|(p — 1)

since (c/p)=1. But xy = 42 + B?_ p*c. Thus, by setting / = (p —1)/(2%k),

which is odd, we get
-1/2%1 o 2 2 2
855 LA 84¢f = (47, + Bf_\p*c + 24, B, pJc)!
= (=14 24, B, 1pNc)/ = —1(mod p)

in Z[V4c].

Now if n = ij | p?j is the canonical prime factorization of n, then for each j,

there is an odd integer f; such that sgf" = —1(mod pjj ), so by the Chinese

Remainder Theorem,
g2/ = —1(mod n). (3.25)
Conversely, it is clear that if (3.25) holds, then it holds for each prime factor. g

Remark 3.2. It follows from Theorem 3.1 that £(/ p>c) is odd if and only if

there is an odd integer such that si{ = —1(mod p) for an odd integer f, which is
[5, Lemma 1, p. 72].



CENTRAL NORMS: APPLICATIONS TO PELL’S EQUATION 11

Corollary 3.2 (Stevenhagen [27]). Suppose that p =1(mod4) is prime, ¢ € N,

not a perfect square, (c/p) =1, and €4, is the fundamental unit of Oy Z[4c] with

P an O, -prime over p and K(«/Z) is odd. Then ( = {(+ sz) is odd if and only if

€4, has order 4 modulo 8 in the multiplicative group of units (O4,/P)" of Oa,
modulo P.

Proof. By Corollary 3.1, ¢ is odd if and only if
a-1
e V2 = _1(mod p) (inZ[Ve))

and this holds if and only if sigy = 1(mod p) for some odd /by Remark 3.2.
Now, there is a natural isomorphism as follows:
U1 (Ose/POse) /(2] PLY — (O4e[P)
given by
W(x(mod pOy.)) = 1(x* /N(x)).
Hence, for x = &4., we have that x has odd order in (O,./p©s.)"/(Z/pZ)" if and

only if (-€5.) has odd order in (9./P)*, which it does by the above. Since

41 (04 /P)" |, we have the result. O

Remark 3.3. In [27], the above identifications are made in the proof to establish

the result since, as noted therein, ¢ is odd if and only if f(x/Z) is odd and

0*/Z[cp?] has odd order, observing that O*/Z[ycp®] = (e4.). However, the

connection with Corollary 3.1 is not made as we have above.
Example 3.1. Let D=2-137> with (VD) =9, ((Nc)=1, g, =eg=1++2,

c=2 and p =137 = 9(mod16). Here

-1
P2 g3 — 62/ = 5168247530883 + 36545028759382 = —1 (mod p)

since

xo = A2 + B} | p*c = 5168247530883 = —1 (mod p)
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and

3654502875938 = 0(mod p).
Some results on quartic residues will be needed — see [12] for background.

Theorem 3.2. If p = ¢ + 32d* = 9(mod 16) is prime, then
(1+2)P V4 = 1y mod p) in Z[V2]. (3.26)
Proof. See [7, Theorem 1, p. 294]. O

Remark 3.4. We have stated Theorem 3.2 in a form that is tantamount to the

quartic residue symbol being used. In other words, under the hypothesis of Theorem
32, (o/p)y = (=1)*!, where the quartic residue symbol is equal to 1 if o is a forth

power modulo p and is equal to —1 otherwise. Note that Corollary 3.1 above is

related to this discussion.

Note that without the hypothesis in Corollary 3.2, (3.26) does not hold. For
instance, we have 73 = 9 (mod 16) but 73 # ¢? + 324, However, ((1+~2)/73),

= —1 since (1+v2 )(p D4 — 62 (mod73). By the Euler criterion, if
(1+~2)/73), =1,

then (1++v2)=x*(modp), so (1+ «/5)(17_1)/4 = (P = 1(mod p), and this fails
to hold. Yet ¢(¥2-13%) = 30.

We also need the following which uses the usual notion of the quartic and octic

residue symbols as given in [12].

Theorem 3.3.If p = a> + 166 = ¢ +8d> with a = ¢ = 1(mod 4), then

o, e

p p

where the left-hand symbol is the Legendre symbol and the right-hand symbol is the

octic residue symbol.
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Proof. See [1]. |
The following classical result ensues from the above.

Corollary 3.3 (Perrot [24]). Let D = 2p2, where p > 2 is prime and set
0 = ¢(ND). Then each of the following holds:

() If
p=9(modl6) with p=u®+2v* and 8|, (3.28)
then ( is odd.
(b) If
p=1(mod) with p=u*+2v* and ( is odd, (3.29)
then 8|v.

Proof. If (3.28) holds and / is even, then by Corollary 3.1,
1+ \/E)(p_])/4 = Sgp_l)M # —1(mod p)
in Z[v2]. However, by Theorem 3.2, this means that
p=c?+32d4° (3.30)

with d odd, contradicting that 8|v, since the representation (3.30) is unique.

Now assume that (3.29) holds. If 4|v, then by (3.26) in Theorem 3.2 and
Corollary 3.1,

el = (1) = Z1(mod p),
making v/4 even, namely 8|v. If 2||v, then by (3.27) in Theorem 3.3,
P2 = _1(mod p). (3.31)
If p—1=28f foroddf, then (3.31) implies

agf = —1(mod p).
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However, since ¢ is odd, then by Corollary 3.1,

aéf = aé’”w = —1(mod p),
50 séf =_1= agf (mod p), a contradiction, so 8|v. -

Remark 3.5. Essentially Corollary 3.3 says that if p = u> + 2v* = 9 (mod 16),
then /(/2p?) is odd if and only if 8|v. Note, as well, that when p = 1(mod8),
then p always has a representation in the form p = u? + 207 — see [18]-[19] for

instance. Given that Perrot’s proof of the quadratic non-residuacity of agp /4 takes

the majority of his nearly forty page paper, and the paper is a tedious check
involving primitive roots that is not easily read, it is worthy to have a proof such as

that above.
Example 3.2. If D =2-313%, then /(¥D)=64 and we note that 313 =
5% +32.3% with
pB,_y =313-811734725690917631699691070 = Bj; = By s,
but p =313 does not divide By_;. If D =2-137>, then (=9, and pB, | =
1371607521 = B{s = By ;.

Remark 3.6. Theorem 3.3 says that, in particular,

(1+«/5

> ] =1 if and only if p =c? +32d> (3.32)
We also require the following, where (xg, yy) will denote the fundamental

solution of X2 - Dy2 =1 for the balance of this work.

Theorem 3.4. Suppose that A = 4A is a discriminant with radicand D = ab,

where 1o <a<b, and o =2 if yy is odd and o =1 if y, is even. If

0 = ¢(ND) is even, then the following are equivalent:

@) Qyr = aa.
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(b) There exists a solution to the Diophantine equation
ax? —p? = (-1)aq, (3.33)
where eNa + s\b is the Jundamental one.
(¢) The following congruences hold:
%o = (-1)*Y(mod2a/a) and xy = (-1)/*(mod 2b/a). (3.34)
Proof. See [23]. O

Corollary 3.4 [15, Theorem 3.1 and Remark 3.3, pp. 1042-1044]. If D > 1 isa
radicand and { = E(x/B ) is even, then the following are equivalent:

(@) Qi = 2.
(b) There is a solution to the Diophantine equation
X2 - py? = 2(-1)~
(©) xo = (=1)7*(mod D).
4. Central Norms

The notation of the previous section is in force. The results of this section
extend the ideas presented in [17], where only central norms as powers of 2 were
considered. The following is a tool resulting from the continued fraction development
presented earlier that we will employ herein.

Lemma 4.1. Suppose that D = m2dc, where d, m, c € N with c not a perfect
square. Also, let {=((ND), '=((Nc), a=1, respectively o' =1, if {, respectively
l', is even, and o =2, respectively o' = 2, if {, respectively !', is odd. Then if

A;, B

i, Bj, respectively, A’

s B} denote the values from (2.2)-(2.3) in the simple

continued fraction expansion of N D, respectively Ve , then
A(x[—l = Aéx’k['—l and mdBM_l = B&'kf'—l fOl" some k € N.

Proof. Employing Remark 2.1, we know that the fundamental solution of
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X2-Dy? =1 is Ay + BM_I«/B = Ay + mdBM_l«/E and the fundamental
solution of x? —¢y? =1 is Al + B&M\/Z. Therefore,
Agoy +m? By Ve = (Ayp_y + Byp_Ne ) = Aoy + BygoVe
for some k € N, and the result follows. O
Corollary 4.1. Suppose that D = m’c, where me N, (' = ((N¢) is odd,

where c is not a perfect square. Then ( = E(x/B) is odd if and only if m|Bjy_y for

some odd k € N, where Apy_j + By_jN ¢ is the fundamental solution of X2 - cy2 =-—1.
Proof. If ¢ is odd, then from Lemma 4.1, we deduce that
Ay +mBi Ve = Ay + BiyJe
for some odd k € N, so m|By_;.

Conversely, assume that m| By, _; for some odd k& € N. Therefore,
' 2 20 2 ' 2 ’ 2
(Akp-1)” = m*(Bgp_y/m) ¢ = (4ip1)" = (Biy—)"D = -1,
so ¢ is odd. O

Example 4.1. Let D = 5m>, where m € N. Since (' =1, any m|Bj_y for k
odd will results in an /= ¢(vD). For instance, 17|B and £(5-17%)=1; 17-53|B}

and £(5-17%-53%)="7; 109441|B], and £(5-109441%)=11; and so forth.

Remark 4.1. We maintain the notation of Lemma 4.1 for AJ-, A}-, etc.

throughout.

Theorem 4.1. Let D = mzdc, where d eN, meN, and ¢ > 1 is not a perfect
square, with ged(c, m) =1, and ( = ((ND) even. Set (' = ((Nc), with o' =1 if

0" is even and o' =2 if (' is odd and o. is as defined in Theorem 3.4. Then each of
the following holds.
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@) Qyp = 2m>4 /o if and only if for some k € N,

2
!
, [0} 1/2-1 2
A(_l = A(xlkgl_l = 7[—'"/261 + B///z_lCJ (435)

and

, Ay 1 Bipy g
B(x'k('fl = /—d/ =m Bﬂ*l' (436)

m

Moreover, when o' =2, (/2 = k(mod?2). Also,
Xg = (—l)é/2+1(m0d 4m2d/(a2(x’)) and xy = (—l)é/z(mod ca’).

(b) Qf/z = 2c/a if and only if for some k € N,

’ A2
, o [ Aip-1 0 g
Ay = Agpr1 = 7[ /c + Bjjpym J
and

. d
WAyjp 1 Byjpym
C

’
Bot’kf'—l =

= Bg_lmd.
Moreover, when o' =2, k = (/2 +1(mod2). Also,
xo = (-1)*Y(mod 4c/(a2a)) and xy = (-1)"*(mod o'm?).

() Qé/z =m* and o/ = 1=« if and only if for some k € N,

Aez/z 1

21 2

Ay = —57+ Bijpac = 4,
m

and

, 2405 1Byjr— d
By = /—d/ =m"By_y.
m

Also,

% = (-1)**(mod2m??) and xy = (-1)"*(mod 2¢).
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(d) Oy = o'c if and only if for some k € N,

2
Ajjr-1

' 1 2 2d
Aytgr-1 = g[ + Bjjpym J =4

and

d
24,5 1Byjp-ym

d
=m"B,_;.
od'c /-1

Bir-1 =
Moreover, when o' = 2, then k = (/2 (mod2). Also,
xp = (-1)"* (mod 2a'c/a?) and xy = (~1)"/*(mod 2m* /o).

Proof. We establish only part (a) since parts (b)-(d) follow by an entirely
analogous argument. By Lemma 4.1, 4,_; = 4,y,_; and mng,l = Bi— for some
k € N. Thus, by (c) in parts 1-2 of Theorem 2.2, we deduce that Q(/z =2m?>? Jo
if and only if (4.35)-(4.36) hold. The congruence conditions on x; follow from

Theorem 3.4 directly since Oy, = 2m?? /o' = oa if and only if

Xy = (—1)5/2+1(m0d4m2d/(010t')) and xp = (—1)(/2(m0d ca’).

Furthermore, when this occurs, say with o = 2, which forces p =1, then
! ! 2 ’ !
(A + Bip_yNe) = dbppy + Bogpy

2
_ Ajjp

24;2 1By
=t B+ e

2
+ B[ 2—1C€ +
/ n

md m

_ (AZ/Z—I L B \/sz
d

SO A],CE/—I + B;(Z'—l c = (A[/z_l + Bz/z_l'\/B)/md from which it follows that

k = (/2 (mod2). O

Remark 4.2. The case where m =1 =o' in part (a) of Theorem 4.1 is just an

instance of Theorem 2.2, part 2 with a =1, namely Oy, =2 and k =1 in this
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case. The special case in part (a) of Theorem 4.1, where o' =2 and k =1 for
general m is [21, Theorem 3.1, p. 5]. In previous work [23], we completely
generalized Lagrange’s criterion which the first author had related to the central
norm being equal to 2 in [15]. The case where m = 2, in part (c) generalizes [17,

Theorem 5, p. 125]. As well, for m =2, o' =1, ¢ = 2¢; with ¢; odd, generalizes
[17, Theorem 6, p. 126].
We have not explicitly used the fact that gcd(c, m) = 1 in the proof of Theorem

4.1 is not explicitly required, but if this hypothesis is not satisfied, then cases other
than (a)-(d) occur in terms of the central norm being one of the cases covered. For

2

instance, if D = 33, where m?¢ =32 and ¢ = 3, then none of the cases cover the

fact that Oy = Oy = 2, where o' =1 and o = 2. However, if we let m =1 and
c=D= 33, then as indicated above, part (a) covers this case.

Also, note that assuming o' =1= 0, namely ¢’ even, and y, is even, in part (c)
is not a restriction. To see why consider what happens if ¢ is odd. To have

Qé/z =2m* implies that one of part 1 or 2 of Theorem 2.2 holds. If it is part 1, then

a=2m* \mch so cis even and b=c/2, so (2.17) implies that ¢' is even. If part 2

holds, then again a factorization of ¢ cannot occur including the trivial one where

a =1, since otherwise, again (' is even. Hence o' = 2 cannot occur in part (c). In

general, if /' is odd, then part 2 of Theorem 2.2 cannot occur for the above reasons.

Also, since we have just shown that O/, = m*® | then we are in part 1 of Theorem

2.2, where B,_j =y, iseven,so o = 1.
We get the following recent result as a consequence of the above.

Corollary 4.2 (Redei [26]). Suppose that D = pzc, where p is a prime, c is not

a perfect square, and ' = f(x/Z) is odd. Then each of the following holds:
(a) If p is an odd prime dividing c, then { = Z(x/Z) is odd.
(b) If p = 1(mod4) and the Legendre symbol (c/p) = —1, then ((ND) is odd.

(©)If p=2 or p=3(mod4), then ((ND) is even.
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Proof. If p|c and (VD) is even, then by Theorem 2.2, (2.17) cannot hold
since there can be no factorization ¢ = cjc; with 1< ¢ < ¢, with one of ¢

dividing a and the other dividing b, given that ¢’ is odd. Similarly, (2.18) can only
hold for @ = 1, which forces ¢(v'D) to be odd since #(</c) is odd. This is (a).

Now assume that p = 1(mod4), (c/p)= -1, and (D) is even. Then by

Remark 4.2, Part 1 of Theorem 2.2 holds. Therefore, x? p2 - yzc = +1 for some x,

¥, so the following Legendre symbol equality holds

- (-6
P P P pJ\p ’
a contradiction, so /(D) is odd. This is (b).
If p=2 or p=3(mod4), and (VD) is odd, then 47 | — DB? D = -1, so

—1= 4% | (mod p), a contradiction if p > 2, and if p = 2, then 47 | =—1(mod4),

a contradiction. Thus, #(v/D) is even, and this is (c). O
The following are illustrations of Theorem 4.1 for the various cases.
Example 4.2. Let D = 5%-27 = m*? - ¢ = 675 for which ¢ = /' =2, Oy, =

50 =2-m**, Ay =25 By =1, Ay_y =26 and By_; =5, where

42 2
1| Ay2-1 2 1(25 2
A[—l = E[% + Bf/z_lc = 5 5—2 +17:27 =26 = Af'—l

and
A B .
d 0/2-1Pef2-1  25-1
m Bé—l = / 4 / = 5 = 5 = Bé'—l‘
m

Also,

xXg=26=1= (—1)/‘/2+1(mod4m2d/(oczot'))
and

xp = -1 = (=1)"*(mod ca!).

This illustrates part (a) of Theorem 4.1 when o' =1 and o = 2.
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Example 4.3. Let D =5%-101=m?> ¢, for which (=2, ¢'=1, Ayjy_y =50,
By =1,
Ay = Ay =201 = Ajyp_y /m*? + Bijy_jc = Ay,
By =20 = 2A{.’/2—IB(.’/2—1/md =m'B,_y,
and Qyp = 0y = 52 = m*. Also,
xp = 201 =1 = (=1)"/**!(mod 4m> j(a2a!"))
and
xg=-1= (—l)f/z(mod ca).
This illustrates part (a) of Theorem 4.1 when o' = 2 and o = 1.
Example 4.4. Let D = 82.17 =m* -c, forwhich ¢ =2, ('=1, AZ/2—1 =32,
By =1,

' ' 2 2d 2
A(l'kf'—l = Az[_l =33 = A//271/m + B[/zilc = AZ—I’

Byy_y =8 =24y, 1By /m’ =m?B,_y,
and Oy = 0y = 82 = m?4. Also,
xo =33 =1= (=) (mod 4m?? /(c2a'))
and
xg=-1= (—1)[/2(m0d ca).
This illustrates part (a) of Theorem 4.1 when o' = a = 2.

Example 4.5. Let D =338 = m*? ¢, for which £ = (' =2, Ay, =18,

By =1,

' , [ 2d | p2
Aoy = Apoy =37 = 5 (i /m™ + Bjppyc) = 4y,
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: d_ d
Byyp_y=6=Ayy 1By i /m® =m®B,_y,
and Oy = 0 =23 = 2m*’. Also,

xp =37 = 1= (=1)7** (mod 4m* /(a2at))
and
xp = -1 = (=1)"*(mod cat).
This illustrates part (a) of Theorem 4.1 when o' = o = 1.

Having given a depiction of Theorem 4.1 for each of the four cases in part (a),
we merely give one instance of each case for (b)-(d).

Example 4.6. Let D =37 =m> -¢, for which (=2, '=4, Oy =
14=2¢, 4yr 1 =7, Byp 1 =1,

' A 2 32 L, 2 2 2d
Ay = A =5 (T°)7+17-37) =8 = 4y = 5 (4ijp-1/c + Bjpym™),

By=3=m"B, = Aé/2—lBé/2—lmd/C-
Also,
xo=8=1= (—l)é/zﬂ(mod 4c/(a’a’)) and xp=—1= (—l)é/z(mod oam??).
This illustrates part (b) of Theorem 4.1 when o’ =1 and o = 2.
Example 4.7. Let D = 32.23 = m*@ -c¢, for which ¢ =38, (' =4, Q//z =9
=m*?, Aypy =72, Bypy =5,

Aoy = Ay =72° 3 + 5223 = 1151 = 4,y = Al /m*? + By _yc,

/ d d
B7 =240 =m 3(71 = 2A(g/2713(g/271/m .
Also,

xp = 2251 = -1 = (=1)"**'(mod 2m*? /a?) and xg =1 = (~1)"/*(mod 2¢).

This illustrates part (c) of Theorem 4.1.
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Example 4.8. Let D = 7% -3 = m?>? . ¢, for which ¢ =2 = ¢/, Oy =3=c
Agpp-y =12, Bypy =1,

’ ’ 2 2 2 2 2 2d
Aot'k('—l = A7 =12 /3 +1°-7° =97 = A[—l = Af/z_l/c + B[/z_]m .

By =56 =m?By_y =24;5_B;j_ym? .
Also,
xg=97=1= (—1)’6/2+1(m0d 20'c/o?) and xy=-1= (—l)f/z(mod 2m?? o).
This illustrates part (d) of Theorem 4.1 when o' = o = 1.

As an auxiliary note to Theorem 3.1 and the discussion surrounding it, we have

the following. In the theorem, Cp denotes the wide or ordinary ideal class group of

Z[VD], and €}, denotes its narrow ideal class group. Also, if I ~J denotes

equivalence in the wide ideal class group, then an ambiguous class of ideals therein

is one for which I ~ I', where I' is the conjugate ideal to I and an ambiguous ideal

is one for which 7 = I'.

Theorem 4.2. If D >1 is a non-square integer, then the following are

equivalent:

(a) X2 - Dy2 = —1 has a solution.

(b) If xy + yO«/B is the fundamental solution of X2 - Dy2 =1, then xy = -1
(mod2D).

(¢) D is a sum of two integer squares and there does not exist an ambiguous

class of ideals in Cp without any ambiguous ideals in them.

(d) Every element of order 2 in Cpy is the image of an ambiguous class of ideals

under the natural mapping p : Cfy = Cp and —1 is a quadratic residue modulo D.

(e) There exist A, B, C € N with

C? = 4% + B>, where ged(4, B)=1, D=a*+b* and |aA—-bB|=1. (4.37)
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Proof. The equivalence of (a) and (b) is proved in [23, Theorem 3.1]. The
equivalence of (a) and (c) is proved in [11, Lemma 6.1.3, p. 191]. The equivalence
of (a) and (d) is proved in [20]. The equivalence of (a) and (e) is proved in [4].

Since the equivalence of (a) and (e) is intimately linked to the results herein with
our continued fraction approach, we provide a proof that does not appear explicitly
in the literature. (However, we acknowledge the contribution of Kaplan and
Williams in [6] connecting continued fractions intimately with the solution of Pell’s

equations x? —Dy2 =-1,—-4) — see also [11, Exercises 2.1.14-2.1.15, pp. 59-60].

Moreover, this proof is instructive in the connection with continued fractions that is
very rarely made.

If (a) holds, then ¢ = ¢(¥D) is odd and from (2.5) and (2.11),
2 2
D = Ry + Q1))2- (4.38)
Now we need to show the critical result as follows.
Claim 4.1. BZ—] = B(Zf_l)/z + B(2,€—3)/2'

We employ the general result for units of quadratic orders proved, for instance
in [22, Theorem 3, p. 44], from which it follows that the ensuing matrix equations
hold, where the g; comes from (2.1),

(Au-n/z /W—n/zj.(f‘(f—l)/z B“-”/Zj (4.39)

B2 Bu-zy2) \Au-3)2  Bu-3)2

(A A2 (90 1
Biy Bip)\1 0

/-1
_ q; 1.‘]0 1
1 0 1 0

J=0

:(DBZ—I AZ—lj (4.40)
Apr o By

from which the claim follows from the right lower entries in (4.39) and (4.40).

Another result, we need, is the following:
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Claim 4.2. 4,_3)/5 = O(r11)/2B(1-1)/2 = Rev1)2B(0-3)/3-
Since Q(¢41)/2 = O(¢-12» Using (2.3)-(2.4) and (2.7), we get
Q(r+1y/2B(0-1y/2 = Ru+1)/2B(1-3))2
= O(r-1)/2(q(-1)/2B(1=3))2 + B(e-5)/2) = B(1-3)/2(@(0-1)/2Q(1-1)/2 = Fu-1)2)
= O-1y/2B(0-5)/2 *+ B(1-3))21-1))2
= A-3)2>
which is Claim 4.2.
Now, we set a = By, b= Quary A= 2B 1)2Bu-sya: B =By
~ B{i_3)2- and C = B,_j. Then we get
A+ B = (21'3(5—1)/21'3(6—3)/2)2 + (Biy-1y)2 - 3(24—3)/2)2
= (3(24—1)/2 + B(2€—3)/2)2 =%,

from Claim 4.1 with ged(4, B) =1 from (2.6). Also, D = a* + b* and

ad = bB = Fy1)22B(4-1)/2B(1-3)2 — Q(é‘+1)/2(B(2£—1)/2 - B(Zz—3)/2)
= By_3)2(Res1y2Be-1))2 + Qes1)/2B(0-3))2)
= B(o_1))2(Q(r41)/2B(1-1))2 = Ro+1)/2B(0-3)2)

= B-1)24(0-3))2 + Bu-3)24(0-1))2
= (-0,
so |ad - bB| =1.
Conversely, assume that the conditions in (4.37) hold. Then setting x =

|ad—bB| and y = C yields x* — Dy* = 1. 0

Corollary 4.3. If -1 is a quadratic residue modulo D and hy, =|Cp | is odd,
then ( is odd.
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Proof. Since %p is odd, there can be no element of order 2 in Cp so vacuously

condition (d) is satisfied. |

Example 4.9. If D = p =1(mod4) is prime or D =2, then hp is odd and
¢(¥D) is odd — see [12, Theorem 3.70, p. 262] and [12, Exercise 3.90, p. 168] for

instance.

Remark 4.3. It is valuable to note the continued fraction connection of the
equivalence of (a) and (e) in Theorem 4.2, where solution of the negative Pell’s
equation is linked to Pythagorean triples, which is essentially due to Euler, albeit he
would not have formulated the result in the following terms. In a first course in
number theory, a lemma is derived that essentially says the following. When —1 is a

quadratic residue of D > 1, then each solution D = a* + b* with a,beN and

ged(a, b) =1 determines a unique m, , € N modulo D such that a =m, ,b(mod D)
and mg,b = —1(mod D). Conversely, if m? = -1 (mod D), then there are unique

relatively prime a, b € N such that D = a® + b% with a = mb(mod D). What the

above equivalence of (a) and (e) brings into focus is the exact intimate relationship
that unfolds with respect to m and delineates exactly what that m happens to be. Let

us explain.

The criterion for odd ¢(v'D) given in Theorem 3.1 says that x, =
—-10(mod2D), where (xg, yo) is the fundamental solution of x? = Dy? =1. Thus,
in the simple continued fraction expansion of ¥/D, this means that Azz_l + B[z_lD =
~1(mod2D) so 4% | =—1(modD). The unique m discussed above can be deduced,
via [11, Exercise 2.1.14, pp. 59-60] for instance, to be m = (—1)(f_1)/2 Ay_j(mod D)
and it follows that

(—1)(4_1)/2Q(z+1)/2 + ARy = D(B(Zefl)/z - 3(2/473)/2)
Thus, in the notation of Theorem 4.2,
b+ma= (_1)(4—1)/2 DB,

which shows the connection with our results herein in a precise fashion.
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