Proof of the Mollin-Srinivasan Conjecture and
Other Class Number problems*

R.A. Mollin' and A. Srinivasan®

Abstract
We prove the Mollin-Srinivasan conjecture posed in [10] and con-
tinue the process of determining Euler-Rabinowitsch polynomials that
produce consecutive primes in a given range of inputs, and the rela-
tionship with class numbers of the underlying quadratic field.

1 Introduction

In [10], we showed how work of Byeon and Stark in [2]-[3] actually fol-
lowed from work of the first author some years before the publication of the
latter, and corrected extended and clarified the results of the latter as well.
We left a conjecture in [10] that we prove herein and we look at more general
Euler-Rabinowitsch polynomials than those considered in [10]. This allows
us to get both class number one and two results that extend results in the
literature.

2 Preliminaries
We will be discussing continued fraction expansions herein for which we

remind the reader of the following, the details and background of which may
be found in [6].
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We will be concerned, in the next section, with the simple continued
fraction expansions of v/ D, where D is an integer that is not a perfect square.
We denote this expansion by,

\/5 = <QO§Q17 qz,---,qe—1, 2(]0>7

where ¢ = {(v/D) is the period length, ¢y = [V D] (the floor of v/D), and
4192, - - -, q¢—1 is a palindrome, namely for 1 < j </ —1

¢ = Q- (2.1)
The jth convergent of /D for j > 0 is given by,
%j = (903 q1, @2, - - -, 4j)
where
Aj = A+ Aja, (2.2)
Bj = q;jBj-1 + Bj_s, (2.3)

with A, =0,A_1 =1, B_o =1, B_;1 =0. The complete quotients are given
by, (P; ++v/D)/Q;, where Py =0, Qo = 1, and for j > 1,

Pi = ¢Q; — b (2.4)
4 — P; ++/D
J Qj ’
and
D =P} +Q;Qjn1. (2.5)

We will also need the following facts (which can be found in most intro-
ductory texts in number theory, such as [9]. Also, see [6] for a more advanced
exposition).

A;Bj 1 — A 1By = (—1)71. (2.6)

Also, .
AJQ'—I - B?—ID = (-1)Q;. (2.7)

In particular,
Az—l - Bg—1D = (_1)4. (2.8)



There are also symmetry properties that we will need. For instance, if
0 <j </, then
Qe-j = Q. (2.9)

Also, for any 0 < 7 </,
Pjy1 = Pijp_j. (2.10)

In particular, if ¢ is even, then by Equation (2.4),

Q2 | 2Py)2, (2.11)

where @)y, is called the central norm, (via Equation (2.7)), where

Quj2 | 2D. (2.12)

In fact the following is important for our work in the next section.

Lemma 2.1 If D > 1 is not a perfect square, then Q; | 2D for 0 < j <
((v/D) in the simple continued fraction expansion of /D if and only if j
l/2.

Proof. See [6, Theorem 6.1.4, p. 193]. a

In general, the values @); are called the principal norms, since they are
the norms of the principal reduced ideals in the order Z[v/D], due to the
association between the simple continued fraction expansion of v/D and the
infrastructure of the underlying real quadratic order that we now develop.
Typically in what follows, A = 4D as will be case in the next section. For
the general scenario, see [6, Section 1.5, pp. 23-30].

Definition 2.1 Let o = (P +V/A)/Q be a quadratic irrational. If o > 1
and —1 < o <0, then « is called reduced.

The next result sets the stage for our primary discussion.

Theorem 2.1 Let a = {qy;q,,--.) be an infinite simple continued fraction,
with f(a) = € € N. Then « is purely periodic if and only if a is reduced.



Proof. See [9, Theorem 5.12, p. 228|. O

Now we link continued fractions with ideals in the ring of integers of
Q(vV/A). Since we will be concerned primarily with the case where A #
(mod 4), then we specialize to that case now. The ring of integers of Q(v/A),

in this case, is
0 =7 |VA|.
An ideal in O is denoted by

b+ VA
2

I =

a? Y

where b> = A (mod 4a). The value a is called the norm of I and is denoted by
N(I) = a. Hence, we see that, to each quadratic irrational, o« = (P++v/A)/Q,
there corresponds an Oa-ideal, I = [Q/2, (P ++v/A)/2]. We denote this ideal
by [a] = I and write (1) for {(«).

Note that the notion of reduction for quadratic irrationals translates to
ideals, namely I = [a, (b + V/A)/2] is reduced if and only if there is a 3 € I
such that I = [N(I), ] with > N(I) and —N(I) < ' < 0.

Now, we let Ca be the ideal-class group of O and ha = |Ca| the ideal
class number. If I,J are Oa-ideals, then equivalence of classes in Ca is
denoted by I ~ J and the class of I is denoted by I. The following is
crucial to the interplay between ideals and continued fractions, known as the
infrastructure theorem for real quadratic fields.

Theorem 2.2 Let [ = I) = [Qy/2, (Py+V/A)/2] be an Oa-ideal correspond-
ing to the quadratic irrational o = ag = (Py +V/A)/2, and let P;,Q; be as
given above. If I; = [Q;_1/2,(Pi_1 + V/A)/2], then I, ~ I, for all j > 1.
Moreover, there exists a least value m € N such that I,,; is reduced for all
7> 0.

Proof. See [6, Theorem 2.1.2, p. 44]. O
Corollary 2.1 A reduced ideal I = [Q/2,(P + vA/2] of Oa is principal

if and only if Q = Q; for some positive integer j < {(c) in the continued
fraction expansion of «.

Proof. See [5]. O



3 Prime-Producing Euler-Rabinowitsch Poly-
nomials

Let A > 1 be a positive integer and ¢ € N a square-free divisor of A, and
set

2 A
Fagle) = g + o+ T2
if 4q does not divide A, and
A
Faq(z) = qz® — 1

if 4q | A. Fa () is called the Euler-Rabinowitsch polynomial, which was in-
troduced by this author in [6, Chapter 4] to discuss prime-producing quadratic
polynomials. The special case of Fa1(z) was rediscovered in [2] and called
a Rabinowitsch polynomial. We now show how all Rabinowitsch polynomials
for ¢ = 2 may be determined. The following generalize results obtained in
[6, Theorems 4.2.5], where an assumption was made that we show below is
not necessary. Furthermore, the result below is more specific.

Theorem 3.1 Suppose that A = 4(4m + 3) = 4D for m a nonnegative
integer. If
|Fa2(z)] = [22% 4 22 — 2m — 1

is prime for all x € [0,y/m], then D is square-free, and one of the following
holds.

(i) D = |V/D|? + 2 is prime, {(v'D) = 2, ha = 1, and there are no split
primes p < VD.

(ii) D = (|VD] +1)? =2 is prime, {(vD) =4, ha = 1, and p = 2|v/D]| —1
is the only split prime less than v/A.

(iii) D = p*+2p = (2p+1)*> — 1 where p and p+2 are primes, ha = 2, and

(VD) = 2.
Also, the only values, with one possible exception, for which the (i) holds are
A € {3,11,83,227}, (3.13)
the only values, with one possible exception, for which the (ii) holds are

A € {7,23,47,167}, (3.14)



and the only values, unconditionally, for which (iii) holds are
A € {15,35,143}. (3.15)

Proof. Clearly, D is not a square since D = 3 (mod 4). Thus, v/D may be
used for continued fraction expansions. Moreover, we now show that D is
square-free. If D = 72D, where Dy > 1 is square-free, then it follows that

r—1 1-— DO
F =2
() (57),
so since (r —1)/2 < (v/D —1)/2 < y/m, then by hypothesis r = 1, so D has
no non-trivial square factor.
Observe that by (2.8), £ = ¢(v/D) must be even. Suppose that D = ps
where p is a prime such that 2 < p < s, then

Fas((p—1)/2)] = p (g) |

Therefore, since 0 < (p—1)/2 < y/m, then s = p+2, , but the period length
of D = p? + 2p are well known to be ¢ = 2 and Q2 = 2p—see [6, Theorem
3.2.1, p.78]. In this case, since (p + 1)/2 < y/m and

[Fan((p+1)/2)| =p+2,

so by hypothesis, p+ 2 must be prime. Moreover, the hypothesis implies that
ha = 2 by [8, Theorem 3.3, p. 569], since any non-inert prime ¢ < p = | D]
with ¢ # 2,p must have a principal Oa-ideal above it by [6, Lemma 4.1.4,
p. 118]. (Recall that Ca is generated by the non-inert primes with norm less
than vA/2—see [6, Theorem 1.31., p. 15]. Also, observe that the Oa-prime
over 2 is not principal in our case by Corollary 2.1, given that Qg = Q2 =1
and Q1 = 2p.) Furthermore, by [4], the only values, unconditionally, are
given in the list (3.15). This is (iii).

Hence, we may assume that D is prime. Since Q2 | 2D by (2.12), then
for any odd prime 7 | Qg/2, 7 | Prj2 by (2.11), so r | D. However, D is prime
so D =r, a contradiction since Q2 < 2v/D by (2.5) and (2.12). This forces
Q2 = 2.

Case 3.1 Suppose that P, = 2z, for some x1 > 1.



By (2.5),
D= P!+ Q.
Therefore, 1 > 1 is odd. By [6, Theorem 5.4.9, p. 183] there cannot
be any split primes less than \/5/ 2, so any prime p dividing (1 must be
larger than +/D/2, given that any prime dividing Q; for any j must be
split by (2.5). However, by [6, Lemma 4.1.2, p. 118], p | Fas(z) for some
z < (VD —1)/2 < /m. Thus, by hypothesis,

D — 2z +1)*

[Fap(@)] = ——F——=01=p,
SO
D = 2z +1)* + 2p. (3.16)
However,
D =P+ Q=P +p, (3.17)

by (2.5). Equating (3.16)—(3.17), we get,
p=P'— (20 +1)?2=(P,—22—1)(P,+2x+1).

Thus, P, = 22 + 2 = |v/D] and p = 42 + 3, from which we get D = (2z +
3)? — 2. However, by [6, Theorem 3.2.1, p.78], £ = 4. Thus, p = 2|v/D]| — 1
is the only split prime less than v/A. Moreover, from [11] the only values,
with one GRH-ruled-out exception, are given in the list (3.19). This is (ii).

Case 3.2 Suppose that P, = 2x1 + 1 for some x1 > 0.

Then

|Fag(xy)| = {21:% + 2z — 2m — 1‘ =

R-p|_a
2 2’

so Q1 € {2,2p} for a prime p > 2. Since { is even, 1 > 1. Thus, by
Lemma 2.1, £ = 2,4 are the only possibilities, with either Q1 = Q2 = 2 or
QQ = Qg/g =2 Ifl¢= 2, then

D =P+ QiQo = |VD)* +2,

and there are no split primes less than v/D. Again, by [11], the only values,
with one GRH-ruled-out exception, are given in the list (3.18). This is (i)



We are left with ¢ = 4 for which Q2 =2, Q1 =p = @3, and Qp = Q4 = 1.
Since D = P? + @ = P} + p, which pust us back into Case 3.1, with which
we have already dealt. O

The following is proved in an entirely analgous fashion to the above so
we state the result without proof.

Theorem 3.2 Suppose that A =4 D = 0 (mod 8) for m a nonnegative inte-

ger. If
|Fap(x)] = |22* — D]

is prime for all x € [0,/D —1/2|, then D is square-free, and one of the
following holds.

(i) D =p?+1=2q, where p=1 orp is prime and ¢ = 1 (mod 4) is prime.
Moreover, E(\/E) =1, ha = 2, and p is the only split prime less than

VD.

(ii) D = (|[VD])* +2 = 2q, where ¢ = 3(mod 4) is prime, {(v/D) = 2,
ha = 1, and there are no split primes less than v/ A.

(iii) D = [’%3}2 — 2 =2q where g = 2[(p+ 3)/2)*> — 1 is prime, p > VD is

prime, ha =, and E(\/ﬁ) = 4, and there are no split primes less than
vD.

Also, the only values, with one possible exception, for which the (i) holds are
A € {2,10, 26,122,362}, (3.18)
the only values, with one possible exception, for which the (ii) holds are
A € {6, 38}, (3.19)
and the only values, with one possible exception, for which (iii) holds are

A € {14,62,398}. (3.20)

If we extend g in Fa4(X) to values bigger than 2, we can achieve all
the values of Extended Richaud-Degert type with class group of exponent
2 as observed in [6]. Herein, we have displayed the techniques that extract
the specific information about the values of A using the continued fraction
approach. In the next section, we switch gears for the proof of a conjecture
left in [10].



4  The Mollin-Srinivasan Conjecture

Let A = 1+ 4m and t = [\/m]. If |Fa(x)| is prime or equal to 1 for
x €1 = [x,,x,+t], we call I a Rabinowitsch interval. Also Fa ;(z) is called
a Rabinowitsch polynomial. In [3] the following theorem is proved.

Theorem 4.1 There are finitely many Rabinowitsch polynomials. Also if
Fai(z) is a Rabinowitsch polynomial, then A =9 or A =1+ 4% where t is
either prime or 1, or A =n? £ 4 or A = 9p? £ 4p, where p is an odd prime.

In [3], several values on their list of “all possible Rabinowitsch polynomials
with one-possible exception” were missed and the following, proved in [10,
Theorem 3.3], corrected and all Rabinowitsch polynomials with [1,¢] as a
Rabinowitsch interval are given unconditionally.

Theorem 4.2 (Rabinowitsch-Mollin-Williams Updated) If A = 4m + 1,
m # 2, then the following are equivalent.

1. |Faq(z)] = |2* +x —m]| is 1 or prime for all z € [1,t].
2. ha =1 and A is one of the following forms.

(a) n? — 4 for some n € N.
(b) p? + 4 for a prime p > 2.
(c) 4p* + 1 where either p = 1 or p is prime.

3. A € {5,13,17,21,29,37,53,77,101, 173,197, 293, 437, 677}.

Now under the GRH we have the list of all Rabinowisch intervals for a

given A. On examination of this list it is seen that in each case either [1, ]
or [££2, 4=l

=%, 73] is a Rabinowitsh interval. Here in Theorem 4.3 we present an
equivalence for the remaining Rabinowitsch polynomials that have [%, “T’l]
as a Rabinowitsch interval. This completes the classification of Rabinow-
itsch polynomials in terms of their Rabinowitsch intervals and also solves the
following conjecture posed in [10].

Conjecture 4.1 If 1 +4m = A = pq with p < q primes and |Fa1(x)| =
|22 + 2 — m| is prime for all z € [((p+1)/2,(p — 1)/2+ [\/m]], then

ha =1 and A = 9p* + 4p. (4.21)
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Moreover, the only values for which (4.21) holds are

A € {69,93,413,1133}. (4.22)

We prove our results via properties of continued fractions involving Fa 1(z).
we use the continued fraction expansion of (1 + v/D)/2 which is similar to
the development given in Section 2 for v/D—see [6].

Theorem 4.3 If A =1+ 4m, then the following are equivalent.

1. A =pq withp < q and

2 2 |
(4.23)

1 —1
|Eaqr(z)| = |2°+2—m]| is prime for allz € I = P+l NG p }

2. ha =1 and A = 9p? &+ 4p where p = % 1S prime.
3. With one GRH-ruled-out exception 2 holds for the values

A € {69,93,413,1133}.

Proof. Assume statement 1 holds. Then [ is a Rabinowitsch interval.
Also, by [6, Lemma 4.1.2, p. 118], for every split prime a < v/A/2, there is
an integer = € [(p+1)/2,(p — 1)/2 + /m] such that |Fa ()] = 0 (mod a).
Since I is Rabinowitsch, then, |Fa1(x)] = a = @; in the simple continued
fraction expansion of (1 ++/D)/2, so ha = 1 by Corollary 2.1. It is well
known that ha = 1 cannot happen if p = ¢ = 1 (mod 4)—see [6, Theorem
1.3.3, p. 16] for instance. Hence, p and ¢ ar e primes with p = ¢ = 3 (mod 4).
Thus, by (2.8), £(«) is even where o = (1 4 v/A)/2.

If m is even, then A =1 (mod 8), and

1 2)2 —
Fai (Z%)‘ = ‘W‘ = 0 (mod 2),

so (p+2)? —pg =2, namely A = p? +4p = 1 + 4p = 1 (mod 8), which is
impossible since p > 2. Thus, m is odd.
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By (2.12), Q2 | 2A so Qg2 = 2p is forced. Let Ppjo = 2342 + 1, then

(222 + 1) = Al QuaQrja
4 B 4

[Fan(wep)] = (4.24)

by (2.5). Therefore, since Q2 | 2P/ by (2.11), then Py = px. If x > 1,

then | /m]+(p—1)/2 > x5 > (p+1)/2 s0 x42 € I, which forces Qa1 = 2

by hypothesis, namely ¢ = 2. We have 2,/ = (kp — 1)/2 for some integer k.
Now since Py = pr < VA and z > 1 with Py/5 odd, then by (2.5),

3p < Py < VA < 2vm +1,

p < /m.
Therefore (3p—1)/2 € I = [(p+1)/2,/m~+(p—1)/2]. Suppose (5p—1)/2 € I.

Then 5 . - .
FA,1< p2 )'ZPZ FA,1< p2 )’,

which is not possible. Hence x = 3 and
A= P€2/2 + Qu2Quja—1 = (2x¢jo + 1)* + 4p = 9p* + 4p,

and p = (2t + 1)/3. This is statement 2 with the plus sign.

Now assume that # = 1. Now we cannot conclude that Q1 = 2 from
(4.24). However, if £ = 2, then A = p?+4p and hence |Fx ;1 (25)| = 1, which
is a contradiction. Now assume that ¢ > 2 and x = 1. We now proceed to
show that ¢ = 4. We first establish some salient features that will lead to
period length four.

Claim 4.1 qej2—1 = 1.

Suppose that p > /m. Since there exists a y € I such that y = x,
(mod p), then y = x/9 + zp for some z € N. Thus, if ¢ = Qr/2-1/2, then

Fax(y)=p=p(Z®p+2p—1q),

so 22p+2zp —q = 1. Therefore, p | (g+1). So there exists a w € N such that
q+1=wp>2ym, and

4m+1=A = p* +4pq > m + 4/m(2vm — 1) = 9m — 4y/m,
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which is impossible. Hence p < y/m.
By (2-10)7 p = Pe/2 = PZ/2+1, by (2-1), qej2—1 = qej2+1, and by (2-9),
Qej2—1 = Qgj2+1. Thus,

. — B Pe/2+1+\/z B {p+\/4m+1J
0/2—1 0/2+1 —Qe/2+1 —Q£/2+1 )

However, since

A=dm+1=p*+2pQo_1 = p* + 2pQujo+1 < M+ 2v/mQyya+1,

then
3m+1

N

Q241 >
Thus if, gy/2—1 > 2, then
3m + 1
T
and by squaring, and rearranging the left- and right-hand inequalities, we

get
Vam2 +m > 2m + 2,

so squaring again yields the contradiction,

Vm+vVaAm+1>p+Vadm+1 > 2Queq1 >

4m? +m > 4m? + 8m + 4,
which secures Claim 4.1.
Claim 4.2 p = (r +5)/2, where r = Qu/2-1/2 and s = Qj2—2/2

Since A = Pz2/2—1 +Qej2-1Qe/2—2 and p = Pyjo = Qa1 — Pyja—1 by Claim
4.1 and (2.4), then

A= (Qeo-1— p)? +4drs = (2r —p)? +4rs = p* — dpr +4r* + 4drs. (4.25)

Also, since
A = p* +2pQupo1 = p* + 4dpr, (4.26)

then via (4.25)—(4.26), we get p = (r + s)/2, which is Claim 4.2.



13

Claim 4.3 PZQ/%1 = (3r — s5)?/4.

Since A = Pg/2+1 + 2pQej2+1 = P* + 2pQy/241 = p* + 4pr, then

3r—s\>
Pijp = A = Qup1Qupz = p* +4pr — drs = ( 2 ) ,

which secures Claim 4.3.
Now we are ready to establish period length four, namely s = 1. We have

3r — S>2+4rs B 9r2 4+ 10rs + s2

2
— Op®—4ps.
5 1 9p” —4ps

A= P52/271+Q£/2—1Q£/2—2 = (

However,

3p—1 3p—1\> [3p-—-1 1-A
F == =

and since (3p — 1)/2 € I, then s = 1.
We have shown that A = 9p* — 4p with p = (r +1)/2 and ¢ = 4. Now
we show that p = (2t + 1)/3 which amounts to showing that r = (4t — 1)/3.

Since
\/ 141

¢_+— <vVm+1,

it follows that
vVidm +1+41
qo = L#J = |vm] =t.

Therefore, since P, = 2qy — 1, then

3r—1
2

=P =21,

from which we get r = (4¢ — 1)/3, which is statement 2 with the minus sign.

Next assume statement 2 holds. Let z € 231, \/m+21]. If [Fa ()| = 1,
then we have A = (2 + 1)? & 4 which is not possible as A = 9p? +4p. If
|Fa1(2)| is not prime or 1 then it has a prime divisor a less that y/|Fa1(x)| <
t (if 0 < Faq(z) = x(x + 1) —m then Faq(z) < (2p—1)2p — t* < ¢* and if
0 < —Fai(z) =m—a? —x then |Fa (x)| <m < t?). As ha = 1, from the
continued fraction expansion of (1 +v/A)/2, we have a = p.
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Now |Fa1(z)| = |%| =0 mod p, hence 2241 =0 mod p, that is

x = (kp—1)/2 for some integer k. Hence z = 2. Also |Fa1(z)| = |9p2;A

p which is prime. Thus |Fa ()| is prime for all z € 222, \/m + E1]. This
is statement 1. Statement 3 follows from the techniques described in [6].

(]

Remark 4.1 If D = 9p® — 4p, then { = 4 and Q, = 2p, and Q; = Q3 =
4dp — 2. Also, if D = 9p? + 4p, then £ = 2, and Q1 = 2p, so the class number
ha = 1 becomes explicitly clearer. Also, note that the hypothesis assuming
(4.23) does not restrict us from finding new values since if |Fa1(x)| is allowed
to equal 1, then by the proof of Theorem 4.3, A = p? +4p with p = 2t + 1
and that unconditionally, via [1], these are exactly the composite values that
appear in part (a) of Theorem 4.2, namely A € {21,77,437}.
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