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Abstract

We examine criteria for the existence of cyclic subgroups of the class
groups of arbitrary real quadratic orders via the solvability of certain
exponential Diophantine equations. This extends numerous results in
the literature including past work by this author over the past 25 years.

1. Introduction

Numerous authors have looked at the notion of divisibility of the class
numbers of real quadratic fields via the form of the underlying
discriminant. This includes, Ankeny and Chowla, [1], Ankeny, Chowla,
and Hasse [2], Cao and Dong [3], Chowla and Friedlander [4], Lang [5],
Le [6], Lu [7], Takeuchi [20], Yamaguchi [21], Yuan [22], and this author
[9]-[13], [16], [19], to name a few. Much of this is summarized and covered
in detail in [14]. We propose to provide more general results that yield

much of the above as consequences.
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Initially, we examine the class groups of real quadratic orders, not

necessarily squarefree, whose radicand is of the form D = b24" 41 for
positive integers b, g, n — see Theorem 3.1. This form of D is a
generalization of the renowned Fermat numbers, which are covered by

the case b = q = 2. Indeed, the n+1-th Fermat number is given by
+1
Tl = 22n + 1. Typically, in the literature, a generalized Fermat

number is considered to be of the form b2 +1 for a given positive
integer b. However, our more general approach allows us to say a
substantial amount about the existence of certain cyclic subgroups in the
class group of the quadratic order. We also examine discriminants of the

form a?® + 4 and o - 1, which covers all the possibilities since we are

not assuming squarefreeness of the discriminants.

2. Notation and Preliminaries

Let D = Doflz) =0, 1(mod 4), where Dy #1 is a squarefree integer
and fp is the conductor of the discriminant D. Here D, is called the

fundamental or field discriminant associated with the discriminant D.
When D = 0(mod 4), then D/4 is called the radicand associated with D,

and when D = 1(mod 4), then the discriminant D itself is also called the

radicand. In simple terms, this says that the radicand is D/ 62, where

1 if D =1(mod 4)
2 if D = 0(mod4).

The notation given for a Z -module is
[0, B] = {ox + By : 2, y € Z, and a, p € Q(VD) = Q(Dy )}-
In particular,
[1, VD] if D = 0(mod 4)

Op
[1,(1++D)/2] if D # 0(mod 4).
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1s a quadratic order in Q(\/ﬁ ). Also, the conductor, given above, is also
defined by the index fp =|Op : Op, |. When fp =1, then Op is the ring
of integers or maximal order of Q(\/E ). The ideal class group for a given
quadratic order of discriminant D is denoted by Cp. The order of Cp, or
class number of Op, is denoted by hp =|Op|. A class number formula

that we shall use in the next section for a quadratic order is given as
follows, where the reader may see [14] for more detail and background

material.
hp = hp,wp,(fp)/u, 2.1)

where

(Do/ p))
= 1 - =202
v, () = o] | ( D
plfp
with (Dg/p) being the Kronecker symbol, and the product ranging over
all distinct prime divisors of fp. Moreover, u is the unit index of Op; in

u

Op, namely € =¢ Dy’ where €p is the fundamental unit of Op and ¢p,

is the fundamental unit of the maximal order Op,, whose class number

1s hDO .

Furthermore, we need the following important observation. If [ is a

primitive Op ideal of order s in Cp, with norm relatively prime to the

conductor, namely ged(N(I), fp) = 1, and with
ged(s, wp, (fp)/u) =1, (2.2)
then s|hp.

Now we present results achieved in earlier work that we can exploit
in different fashion than previously employed. Note that the following
four results cover all possible quadratic orders since we do not restrict to
the field case.
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Theorem 2.1. Let D/cs2 =241, teN, be a radicand with
discriminant D, and assume that there exist integers r >1,8 >1, m € N,

with t ¢ {2m, 2m — 2}, and

- _ {4mt —4m? +1 if D #1(mod 4)
m(t+1)-m? —¢/2 if D =1(mod4).

Furthermore, assume that ged(fp, r) = 1. Then Cp has a cyclic subgroup
of order s. Also, if Equation (2.2) holds, then s| hDO-

Proof. See [16, Theorem 2.1, p. 200]. 0

Theorem 2.2. Let D =t> - 1, t € N, and assume that there exists a

positive integer m such that

rS = 4mt — 4m? — 1,

for some integers r >1 and s > 1. Furthermore, assume that ged(fp, r)
=1. Then Cp has a cyclic subgroup of order s. Also, if Equation (2.2)
holds, then s|hp, .

Proof. See [16, Theorem 2.3, p. 202]. 0

Theorem 2.3. Let D = t2 + 4, be a discriminant, where t is an odd

natural number. Assume that there exists a positive integer m such that

s 2

r’=mt-m° +1,

for some integers r >1 and s > 1. Furthermore, assume that gcd(fp, r)
=1. Then Cp has a cyclic subgroup of order s. Also, if Equation (2.2)
holds, then s|hD0.

Proof. See [16, Theorem 2.2, p. 202].

Theorem 2.4. Let D = t> — 4, be a discriminant, where t is an odd

natural number, and assume that there exists a positive integer m such
that

S = mt-m? -1,
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for some integers r>1 and s>1. Furthermore, assume that ged(fp, r)
=1. Then Cp has a cyclic subgroup of order s. Also, if Equation (2.2)
holds, then s|hp, .

Proof. See [16, Theorem 2.4, p. 203]. 0
3. Class Numbers

In what follows the notation from the previous section is in force.

Theorem 3.1. Class Numbers and Generalized Fermat
Numbers

Let b,qg e N,b>1,q>1, and let DJs® = (b9 )? +1 be a radicand. If

ged(fp, q) = 1, then Cp has a cyclic subgroup of order
. {Zq" if bis odd

aq” -1 if b=2% for some a €N, and ¢ = 1.
Proof. If b is odd, then ¢ = 2, and we invoke Theorem 2.1 with

m = (bqn +1)2, and t = b?" | to get

2
q" q"
4mt—4m2+1:4[b +1qu"—4[b +1J +1

2

e 1) pe 1 e s
_4[ : ][ : ]H_b

so since ged(r, D) = ged(b, 4((bqn Y +1))=1, then €p has a cyclic

subgroup of order s = 2¢".

If b=2% and o=1, then set m =1 and ¢ = »?" in Theorem 2.1.
Then

mt+1)-m? —t/2 =09 —b?" Jq = b7 j2 =299 71 =",

Since ged(D, 2) = 1, Cp has a cyclic subgroup of order s = ag" - 1. 0
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Example 3.1. Let b=3, ¢=2, and n=3, so D/4 = 316 11
221523361, and Cp has a cyclic subgroup of order 16. In fact, hp

4
M72186888 = 2" -5 -11.

Example 3.2. Let b = ¢ = 3 and n = 2 in Theorem 3.1, so
2
D/4 = 323 41 = 387420490 = 2-5-73 - 530713.

Then Cp has a cyclic subgroup of order 18 since 2¢" =18 and
D/4 = D0/4 is squarefree. In fact, hD = h1549681960 = 2520 =

23.32.5.7.

Corollary 3.1. In Theorem 3.1, suppose that b =2, and q is a
quadratic residue modulo an odd prime p|q, and n = (p —1)/2. Then

(p-1)/

2
for the discriminant D = 224 +1, Cp has a cyclic subgroup of order

p.

Proof. With the given values s = q(p 2 1 so by Euler’s criterion
for quadratic residues, for instance, see [15, Corollary 4.1.1, p. 186], p]|s,

and we have the result. O

Example 3.3. Let 2¢ = b, and 4' = ¢”*, and D = (4*)® +1 = 65537.

Then Cp has a cyclic subgroup of order 7=4-2-1=2.qg-1, by
Theorem 3.1. In this case, D = F; is the fourth Fermat number. In fact,
hy,
q=b=2and n=3=(7-1)/2, so p =7 divides hp.

= 21. Another way to look at this is via Corollary 3.1, where we have

Corollary 3.2. Fermat Numbers and Class Numbers

If 3,1 = (22n )2 +1, for n e N, then €5 has a cyclic subgroup of
order 2" —1.

Proof. Take ¢ = 2 = b in Theorem 3.1 and we have the result. [
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Example 3.4. Since J3 = 257, 833 has a cyclic subgroup of order 3.

Indeed, C 5 is a cyclic group of order 3.

Remark 3.1. It is an open question as to whether Fermat numbers
are squarefree. No such numbers have been found that are not squarefree
and the consensus is that they are all squarefree. However, in the
absence of a proof, the above is the most general result possible. On the
other hand, we might hope to use Theorem 2.2 for Mersenne numbers,
but problems arise with the conductor that prevent this. Mersenne

numbers are not necessarily squarefree. For instance, Mg = 26 1=

32.7= Dy. Moreover, 33=4-23—4—1, so with m=1, r=3=s,

2
s
we have an exponential equation that seems to satisfy Theorem 2.2.

However, the problem is that gcd(fMG, 3) = 3, so Theorem 2.2 does not
apply. Indeed, we have that hM6 =2.

Corollary 3.3. If n = 2° for some s€ N in Theorem 3.1 and Fy =3,
then

S—

F; |h32

1
L Si1
j=0
Proof. This follows from Theorem 3.1, and the elementary number
theory fact that

—

S—

28
g =9, -2=2% -1,

Il
o

J
(for instance, see [15, Exercise 2.2.8(d), pp. 88-89].) O

Example 3.5. For J5 = 6416700417, we have that hg = 4320 =

2°-8° 5, and [],_,% = Fo% = 3-5, which is a divisor of h.

The following is an illustration of the even case in Theorem 3.1 where
D is not a Fermat number.



78 R. A. MOLLIN

Example 3.6. Let ¢ =8 = b =2%, and n =1 in Theorem 3.1. Then
D =89 11-193.65537-22253377 and s = 2°3 -1 = 23 so ¢, has a

cyclic subgroup of order 23.

Other results similar to Theorem 3.1, but not of generalized Fermat

type are as follows, which are easily obtained via our methods.

Theorem 3.2 (Lu [7]). Let a, b € N with a >1 and b > 1. Then for a

discriminant D = (2ab )2 +1, Cp has a cyclic subgroup of order b.

Proof. Let m =1 and ¢ = 2a® in Theorem 2.1. Then
m(t+1)-m? —1/2 = al,
and the result follows. O

Integers of the form 5™ £1 are of interest since they play a role in
generating pseudorandom numbers, as well as their significance in
abstract algebra, and number theory. Indeed, finding such factorizations
is the Cunningham project, which has relationship to some cryptographic
applications (see [17] or [18] for instance). We have shown how the orders
generated by such numbers have class numbers whose divisors may be

found in certain cases. Now we look at analogues using Theorems 2.3-2.4.

Theorem 3.3. Let D = a2 +4, where a,b e N with a odd be a

discriminant. Then Cp has a cyclic subgroup of order b.

Proof.Let m =1, r=a, s=5b, and ¢t = a® in Theorem 2.3 to get the
result. [
Example 3.7. Let D = 3% + 4 = 5.13.101. Then hp =8 and Cp is a
cyclic group of order 8. Also, if D = 56 14 = 15629, a prime, then

hp =9, and Cp has a cyclic subgroup of order 3.

The following looks at more cases where the form of the radicand

affects the class number.
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Theorem 3.4. Let a > 1 be an odd integer, with ged(a, 3) =1, and let
b>1 such that a®=1(mod4). Then D =((a®+5)2° -4 is a

discriminant, and Cp has a cyclic subgroup of order b.

Proof. Let m =2, r=a,s =b, and ¢ = (a® + 5)/2 in Theorem 2.4 to
get the result. Notice that ged(D, a) = 1, since if an odd prime p divides
ged(D, a), then p =3, contradicting the hypothesis. Thus, ged(fp, a)
=1. 0

Example 3.8. Let a =7 and b = 6, so

7 4+ 5Y)
D:[ 2+J—4:3460615925:52~13-89~181~661.

By Theorem Cp has a cyclic subgroup of order 6. In fact, Ap = 1152

=27 .3%
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