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Abstract

We revisit the Diophantine equation of the title, and related equa-
tions, from new perspectives that add connections to continued frac-
tions, fundamental units of real quadratic fields, Jacobi symbol equa-
tions, and ideal theory. We also develop an analogous theory for the
related equation ax2 − by2 = ±4 with gcd(x, y) = 1. Included in both
cases is a means for finding the fundamental unit of the underlying
quadratic order ”halfway” along the period of the simple continued
fraction expansion of (σ − 1 +

√
ab)/σ where σ = 1, 2. We show, as

well, how the fundamental units of these two orders may be linked ex-
plicitly in the two simple continued fraction expansions. In addition,
we explore the links with the solvability of the norm form equation
x2 − aby2 = c ∈ Z. Moreover, we give explicit necessary and sufficient
conditions for the parity of the period length of the simple continued
fraction expansion of

√
D to be even in terms of the solvability of

the title equation plus a related such equation, and an analogue for
(1 +

√
D)/2. Also, we give a criterion for the period length to be odd

in terms of ambiguous ideal classes.

1 Introduction

The Diophantine equations ax2 − by2 = ±1,±4 for 1 < a < b go back at
least to Gauss (see Remark 3 below), and there are numerous authors who
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damental units.
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have studied related equations (see the list of references for this paper). Some
papers such as [9] and [11] have a non-trivial intersection with the results
herein, but our approach is more elementary, more far-reaching, and more
accessible. Of course, the study of the classical Pell equation X2−DY 2 = ±1
goes back to Archimedes, and we will link the study of the former to the
latter via fundamental units of the underlying quadratic orders, including an
interplay between various orders described below.

A seminal paper by Walker [39] in 1967 provided insights into the solv-
ability of ax2− by2 = ± for a �= 1 �= b. However, there is no connection made
with continued fractions therein. We remedy this by extrapolating what was
done in [39] and adding he continued fraction connections which yield infor-
mative data for the fundamental units of the quadratic order Z[

√
ab] when

ab is not a perfect square. We link these results with the solvability of the
Diophantine equation aX2 − bY 2 = ±4 where gcd(X, Y ) = 1 and the under-
lying quadratic order Z[(1 +

√
ab)/2], when ab is not a perfect square. This

provides an analogue of results (not given in [39]) and allows us to provide
an explicit formula linking the fundamental units of the aforementioned two
orders via continued fraction expansions (see Theorem 4 below). Next, we
examine the Diophantine equation ax2 − by2 = ±2 for 1 ≤ a < b and provide
criteria for its solvability. Consequences of these results include a criterion
for the period length of the simple continued fraction expansion of

√
ab to

be even in terms of the solvability of ax2 − by2 = ±1,±2. This generalizes
and refines results in [36] (see Theorem 6 below, consequences of which in-
clude conditions for Q�/2, the “central norm”, to be 4 — see Equation (11)
and Corollary 6 below). For a complete discussion on parity, we provide a
criterion for the period length of the simple continued fraction expansion of
(1 +

√
ab)/2 to be even in terms of the solvability of aX2 − bY 2 = ±4 with

gcd(X, Y ) = 1. Moreover, we provide a criterion for the parity of the period
lengths to be odd in terms of ambiguous ideal classes and sums of squares.

At the end of the paper, we generalize results in the literature involving
the aforementioned Diophantine equations and certain Jacobi symbol identi-
ties involving period lengths discussed above. Lastly, we look at the related
Diophantine equations aX4 − bY 2 = ±1 and recent results in the literature,
culminating with a conjecture related to them in terms of simple continued
fractions.
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2 Notation and Preliminaries

Herein, we will be concerned with the simple continued fraction expan-
sions of quadratic irrationals α = (P +

√
D)/Q where D ∈ N (the natural

numbers), D is not a perfect square, and P 2 ≡ D (mod Q) with P,Q ∈ Z

(the integers) and Q �= 0. We denote this expansion by,

α = 〈q0; q1, q2, . . . , q�−1, q�〉,

where � = �(α) is the period length, q0 = �α� (the floor of α). The norm of
α is given by N(α) = (P 2 −D)/Q2.

The jth convergent of α for j ≥ 0 are given by,

Aj

Bj

= 〈q0; q1, q2, . . . , qj〉 =
qjAj−1 + Aj−2

qjBj−1 + Bj−2.
(1)

The complete quotients are given by, (Pj +
√
D)/Qj, where P0 = P , Q0 = Q,

and for j ≥ 1,
Pj+1 = qjQj − Pj, (2)

qj =

⌊
Pj +

√
D

Qj

⌋
, (3)

and
D = P 2

j+1 + QjQj+1. (4)

We will also need the following facts (which can be found in most intro-
ductory texts in number theory, such as [22], or see [21] for a more advanced
exposition).

AjBj−1 − Aj−1Bj = (−1)j−1. (5)

Also, if we define for any j ∈ N,

Gj−1 = Q0Aj−1 − P0Bj−1, (6)

then
Gj−1 = PjBj−1 + QjBj−2, (7)

and
G2

j−1 −B2
j−1D = (−1)jQjQ0. (8)

In particular,
G2

�−1 −B2
�−1D = (−1)�Q2

0. (9)
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In what follows, for a general discriminant ∆, with associated radicand
D, and conductor f∆, the value σ is defined by

σ =

{
2 if D ≡ 1 (mod 4), and f∆ is odd
1 otherwise .

(10)

(The reader unfamiliar with the notions of a general discriminant and radi-
cand may consult [21, Section 1.5, pp. 23–24], for instance.)

If α = (σ− 1+
√
D)/σ, then G�−1 +B�−1

√
D is the fundamental solution

of the Pell equation (9). By “fundamental solution” X + Y
√
D, to a norm-

form equation X2 − DY 2 = c, we mean that X, Y have the least positive
values possible. When c �= ±1,±4 this may involve several “classes” of such
solutions, so in that case, we mean the fundamental solution in its class
(see [22, pp. 298–301] for instance). In general, a positive solution is one
for which both X and Y are positive values. Similarly, for equations of the
form aX2 − bY 2 = c, there are classes of solutions. However, it is easy to
show that if X

√
a + Y

√
b and W

√
a + Z

√
b are both positive solutions of

the latter, then the following are equivalent: (1) X < W , (2) Y < Z, (3)
X
√
a+Y

√
b < W

√
a+Z

√
b. Hence, there is a solution with X and Y of least

positive value. We will call this the fundamental solution of the equation.
Furthermore, the norm of α = X

√
a + Y

√
b is given by N(α) = aX2 − bY 2.

This corresponds to the usual norm for elements of the form β = x + y
√
D,

namely, N(β) = x2 −Dy2.
When � is even, P�/2 = P�/2+1, so by Equation (2),

Q�/2 | 2P�/2, (11)

where Q�/2 is called the central norm, (via Equation (8)), and

q�/2 = 2P�/2/Q�/2. (12)

We will utilize the following in the next section.

Theorem 1 Suppose that ∆ = 4D/σ2 is a discriminant and

� = �((σ − 1 +
√
D)/σ)

with Qj defined for the simple continued fraction expansion of the principal
surd,

ω∆ = (σ − 1 +
√
D)/σ. (13)

Then
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1. If Qj/σ is a squarefree divisor of 2D for some j ∈ N with j < �, then
j = �/2.

2. If � is even, then Q�/2/σ | 2D, where Q�/2/σ is not necessarily square-
free.

3. If c <
√

∆/2, then
x2 −Dy2 = ±σ2c

has a primitive solution if and only if c = Qj/σ for some j ≥ 0 in the
simple continued fraction expansion of ω∆.

Proof. See [28, Theorem 2.3, pp. 63–65] and [22, Theorem 5.5.2, p.
261]. ✷

Lastly, in [26, Lemma 3.3, p. 323], we established results for
√
D, which

generalize in a similar fashion to the proofs given therein to yield the following
two formulas. If � is even, and α = ω∆, then for any odd j ∈ N,

Q�/2Gj�−1 = G2
j�/2−1 + B2

j�/2−1D, (14)

and
Q�/2Bj�−1 = 2Gj�/2−1Bj�/2−1. (15)

3 Connections with Continued Fractions

Let D ∈ N where D is not a perfect square and let T + U
√
D denote the

fundamental solution of the Pell equation

x2 −Dy2 = σ2 with gcd(x, y) = 1, (16)

where σ is defined by Equation (10). In the following, we will use the fact that
if X + Y

√
D is a positive solution of Equation (16), then (X + Y

√
D)/σ =

((T + U
√
D)/σ)j for some j ∈ N.

Theorem 2 Let D = ab ∈ N where a > 1, b > 1 and D is not a perfect
square. Then if the The Diophantine equation

aX2 − bY 2 = ±σ2 with gcd(X, Y ) = 1 (17)
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has a solution (X, Y ) = (r, s) ∈ N2, and Equation (16) has fundamental
solution T + U

√
ab, then(

r
√
a + s

√
b

σ

)2

=

(
T + U

√
ab

σ

)2i+1

for some i ≥ 0. In particular, r
√
a + s

√
b is the fundamental solution of

equation (17) if and only if i = 0, and all solutions of Equation (17) are
given by

(r
√
a + s

√
b)2j+1

σ2j
for j ≥ 0,

where j �≡ 1 (mod 3) if σ = 2.

Proof. Walker [39] proved this for the σ = 1 case. We now provide a
proof for the σ = 2 case.

If α = ((r
√
a+s

√
b)/2)2 = (r2a+s2b+2rs

√
ab)/4, then N(α) = 1. Thus,

α = ((T + U
√
ab)/2)j for some j ∈ N. If j = 2i then

r2a + s2b + 2rs
√
ab = T 2

i + U2
i ab + 2TiUi

√
ab,

where (
Ti + Ui

√
ab

2

)
=

(
T + U

√
ab

2

)i

.

Therefore, r2a + s2b = T 2
i + U2

i ab, so by Equations (16)–(17),

2s2b± 4 = 2S2
i ab + 4,

so if the plus sign holds on the left, then a | s2, forcing a | 4 by Equation
(17), a contradiction since a > 1 is odd since σ = 2. If the minus sign holds
on the left, then b | 4, contradicting that b > 1 is odd. We have shown that
j = 2i + 1 for some i ≥ 0. Therefore,(

r
√
a + s

√
b

2

)2

=

(
T + U

√
ab

2

) (
Ti + Ui

√
ab

2

)2

,

so (
r
√
a + s

√
b

2

)2 (
Ti − Ui

√
ab

2

)2

=

(
T + U

√
ab

2

)
.
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Also, the quantity on the left is of the form ((R
√
a + S

√
b)/2)2 where

R
√
a+S

√
b is a solution of Equation (17), so if r

√
a+s

√
b is the fundamental

solution of Equation (17), then

(
r
√
a + s

√
b

2

)2

=

(
T + U

√
ab

2

)2i+1

=


(

R
√
a + S

√
b

2

)2i+1



2

,

and for i > 0, this contradicts the minimality of r
√
a + s

√
b. Conversely, if

i = 0, then r
√
a + s

√
b must be the fundamental solution of Equation (17)

by the minimality of T + U
√
ab.

Now we show that all solutions of Equation (17) are of the prescribed
form. Set

α =
(r
√
a + s

√
b)2j+1

22j
. (18)

By the above,

α =


(

r
√
a + s

√
b

2

)2



j

(r
√
a + s

√
b) =

(
T + U

√
ab

2

)j

(r
√
a + s

√
b).

First we show that we cannot have j ≡ 1 (mod 3). If j = 1 + 3k, then since

((T + U
√
ab)/2)3 ∈ Z

[√
ab

]
, we must have,

α =

(
T + U

√
ab

2

)3k (
T + U

√
ab

2

)
(r
√
a + s

√
b) =

(R + S
√
ab)(r

√
a + s

√
b)3 = (R + S

√
ab)(A

√
a + B

√
b),

where R and S are of different parity and A ≡ B ≡ 0 (mod 8). Hence,
α = E

√
a + F

√
b, where both E and F are even. Hence, α is not a solution

to Equation (17). Now we show that all solutions are given by α for j ≡ 0, 2
(mod 3).

If j = 3k, then

α =


(

T + U
√
ab

2

)3



k

(r
√
a + s

√
b) =
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(R + S
√
ab)(r

√
a + s

√
b),

where R and S are of different parity and both r and s are odd. Thus,
α = E

√
a + F

√
b where E and F are both odd. Since N(α) = ±4, then α is

a solution to Equation (17). If j = 3k + 2, then

α =


(

T + U
√
ab

2

)3k

 (

T + U
√
ab

2

)2

(r
√
a + s

√
b) =

(
T + U

√
ab

2

)3(k+1) (
T − U

√
ab

2

)
(r
√
a + s

√
b) =

(R + S
√
ab)

(
r
√
a− s

√
b

2

)2

(r
√
a + s

√
b) =

(R + S
√
ab)(r

√
a + s

√
b).

Where we conclude as in the previous case that α is a solution to Equation
(17).

We have shown that all α of the form given in Equation (18) are solutions
of Equation (17) for j �≡ 1 (mod 3). It remains to verify that there are no
other solutions than these. Suppose that A

√
a + B

√
b, (A,B ∈ N) is a

solution of Equation (17) that is not of the prescribed form for α. Then for
some j ≥ 0,

(r
√
a + s

√
b)2j+1

22j
< A

√
a + B

√
b <

(r
√
a + s

√
b)2j+3

22j+2

We will assume that r2a − s2b = since the other case is similar. Thus,
r
√
a− s

√
b = 4/(r

√
a + s

√
b) > 0, and since

(r2a− s2b)2j+1 = (r
√
a + s

√
b)2j+1(r

√
a− s

√
b)2j+1 = 42j+1,

then

1 <
(A

√
a + B

√
b)(r

√
a− s

√
b)2j+1

4 · 22j
<

(r
√
a + s

√
b)2

4
.

Therefore,

1 <
(A

√
a + B

√
b)(X

√
a− Y

√
b)

4
<

T + U
√
ab

2
,
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where A,B,X, Y ∈ N are odd. Thus,

1 <
AXa−BY b + (BX − AY )

√
ab

4
<

T + U
√
ab

2
,

where the quantity in the middle is a solution of x2−aby2 = 1, contradicting
the minimality of (T + U

√
ab)/2 if both R = AXa − BY b > 0 and S =

BX −AY > 0. Therefore, it remains in the proof to show that R and S are
positive. However, we know that

(R + S
√
ab)/4 > 1 and 0 < R− S

√
ab = 4/(R + S

√
ab) < 1,

whence R > 0 and S > 0. (The proof that R, S > 0 follows the line of
reasoning, adapted for our case where σ = 2, that Walker used in his proof
for the case σ = 1.) ✷

Remark 1 In [39], Walker uses an overriding hypothesis that neither a nor
b, in Theorem 2, is a perfect square. However, he does not use this hypothesis
to prove the above. All that is required is that D = ab is not a perfect square
and a > 1, b > 1. The following illustrates the case where a is a square and
σ = 1.

Example 1 Let D = 2340 = 9 · 260 = a · b, and σ = 1. Then

T + U
√
D = 33281 + 688

√
D = (43

√
9 + 8

√
260)2 = (r

√
a + s

√
b)2,

where
43
√

9 + 8
√

260 = 129 + 16
√

65

is the fundamental solution of

9r2 − 260s2 = 1.

Notice that, in turn, 129 + 16
√

65 = (8 +
√

65)2, where 8 +
√

65 is the
fundamental unit of Q(

√
65). It is also noteworthy to observe that in the

simple continued fraction expansion of
√
D we have �(

√
D) = 8 and Q1 = 36,

which divides D. This provides a counterexample to [23, Theorem 1.3, p.
334], wherein the hypothesis, for the sufficiency, should include that the Qj

are squarefree. This leaves a gap in the proof of [23, Theorem 2.3, p. 340].
However that theorem is correct. In fact, the Theorem 3 below generalizes
that result and provides a link to continued fractions not given in [39]. We
will exhibit numerous ramifications of this result in the latter part of the
paper.



10

The following illustrates the case σ = 2.

Example 2 If a = 3 and b = 7, then for all i ≥ 0 with i �≡ 1 (mod 3),
αi = (

√
3 +

√
7)2i+1/22i are all of the solutions of 3x2 − 7y2 = −4, with

gcd(x, y) = 1. For instance, for i = 2, αi = 29
√

3 + 19
√

7 is such a solution.
If i = 13, then αi = 15289

√
3 + 10009

√
7 is such a solution. However, if

i = 3, then αi = 6
√

3 + 4
√

7 is not such a solution.

Remark 2 Note that Theorem 3 tells us, when σ = 2, that if Equation (17)
is solvable, then Equation (16) is solvable since rs = B�−1 so B�−1 cannot be
even (see Equation (9)). However, the converse does not hold (for σ = 1, 2).
When σ = 1, Equation (16) is always solvable, but Equation (17) is not. For
instance, D = 1891 is such an instance (see Example 12 below). For σ = 2,
with D = 365 = 5 · 73, �((1 +

√
365)/2) = 1, and 5x2 − 53y2 = ±4 is not

solvable for any integers x, y (since odd xy implies 5x2 − 53y2 ≡ 0 (mod 8)).
Yet, 3632 − 192 · 365 = 4.

This is related to a result of Gauss [8, Article 187, p. 156] (rediscovered
by Trotter [38]), which says that when D is a positive fundamental radicand
divisible by only primes congruent to 1 modulo 4, then the Pell equation

X2 −DY 2 = X2 − abY 2 = −1 (19)

is solvable if and only if |ax2 − by2| = 4 has no solutions with D = ab unless
|a| = 1 or |b| = 1. Also, it is easily seen that if σ = 2 and Equation (16)
is solvable, then the fundamental unit of the order Z[(1 +

√
D)/2] is not in

the order Z[
√
D]. This fact will also be used in what follows. Note as well

that the latter result is related to a problem of Eisenstein as follows. When
D ≡ 5 (mod 8), then the equation

x2 −Dy2 = ±4 with gcd(x, y) = 1 (20)

has a solution if and only if the fundamental unit of Z[(1 +
√
D)/2] is not in

Z[
√
D]. In general, if D ≡ 1 (mod 4), then Equation (20) has a solution if

and only if Qj = 4 for some j ∈ N in the simple continued fraction expansion
of

√
D (see [33, Theorem 2.3, p. 222]). (Note that Q1 = 4 in the simple

continued fraction expansion of
√

365 and 192 − 365 = −4.) The results of
this paper correct errors in ([33]) and generalize results therein.

Theorems 6 and 9 below resolve the issues discussed in this remark by
providing necessary and sufficient conditions for the parity of �(ω∆) in terms
of the Diophantine equations ax2 − by2 = ±1,±2.
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As a precursor to our next result, we provide the following useful and
ostensibly not so well known result that underlies Theorem 2.

Lemma 1 Suppose that � = �(ω∆) where ∆ is a discriminant with associated
radicand D. If � is even, then in the simple continued fraction expansion of
ω∆, for any odd j ≥ 1,(

T + U
√
D

σ

)j

=
Tj + Uj

√
D

σ
=

Gj�−1 + Bj�−1

√
D

σ
=

(Gj�/2−1 + Bj�/2−1

√
D)2

σQ�/2

.

Proof. From Equations (14)–(15),

Gj�−1 =
G2

j�/2−1 + B2
j�/2−1D

Q�/2

and

Bj�−1 =
2Gj�/2−1Bj�/2−1

Q�/2

,

from which the result follows. ✷

Remark 3 In [39], Walker does use his squarefreeness hypothesis on a, b
(see Remark 1), to prove that (a) of Theorem 2 never holds if σ = 1 and if
Equation (19) does hold holds for some X, Y ∈ N. However, his assumption
is unnecessary. Here is a proof, for the general case, that relies only upon
D = ab with a > 1, b > 1, and D not a perfect square. Suppose that A+B

√
ab

is the fundamental solution of the Equation

X2 −DY 2 = X2 − abY 2 = −σ2. (21)

Then

T + U
√
ab

σ
=

(
A + B

√
ab

σ

)2

.

Since Theorem 2 tells us that when Equation (17) holds, then

T + U
√
ab

σ
=

(
r
√
a + s

√
b

σ

)2

,
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then in order that Equation (21) hold, we must have

(
A + B

√
ab

σ

)2

=
T + U

√
ab

σ
=

(
r
√
a + s

√
b

σ

)2

.

Hence, r
√
a + s

√
b = ±(A + B

√
ab), so a = 1 or b = 1, a contradiction. We

will use this fact in the following result.

Theorem 3 Let ∆ be a discriminant with associated radicand D, and sup-
pose that D = ab with 1 < a < b. Then if T + U

√
ab is the fundamental

solution of Equation (16), and if r
√
a + s

√
b is the fundamental solution of

Equation (17), then each of the following holds.

(a) � = �(ω∆) is even.

(b) Q�/2 = σa in the simple continued fraction expansion of ω∆.

(c) G�/2−1 = ra and B�/2−1 = s.

(d) T+U
√

ab
σ

= G�−1+B�−1

√
ab

σ
=

(
G�/2−1

a

√
a+B�/2−1

√
b

σ

)2

.

(e) r2a− s2b = (−1)�/2σ2 =
(

G�/2−1

a

)2

a−
(
B�/2−1

)2
b.

(f) For any odd j ∈ N,

(
r
√
a + s

√
b

σ

)2j

=
Gj�−1 + Bj�−1

√
ab

σ
=

(
Gj�/2−1

a

√
a + Bj�/2−1

√
b

σ

)2

Proof. By Remark 3 and Equation (9), � is even, which is (a). Also, by
Theorem 2, Equations (9), and (15),

Q�/2rs = σG�/2−1B�/2−1. (22)
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Also, since T + U
√
ab = G�−1 + B�−1

√
ab, by Equation (9), and

T + U
√
ab

σ
=

(
r
√
a + s

√
b

σ

)2

by Theorem 2, then from Equations (8) and (14),

Q�/2(r
2a + s2b) = σ(G2

�/2−1 + B2
�/2−1ab) = 2σG2

�/2−1 − σ2(−1)�/2Q�/2. (23)

We now consider four cases.

Case 1: ar2 − bs2 = −σ2 and �/2 is odd.

By Equation (23),

Q�/2(2ar
2 + σ2) = 2σG2

�/2−1 + σ2Q�/2,

so Q�/2ar
2 = σG2

�/2−1. Thus, by Equation (22)

σG�/2−1B�/2−1ar
2

rs
= σG2

�/2−1,

so
arB�/2−1 = sG�/2−1.

However, from Equations (5) and (6), g = gcd(G�/2−1, B�/2−1) | σ. However,
by Lemma 1 and Remark 3, we cannot have g = σ = 2, so g = 1. Thus,

A�/2−1 = ra and B�/2−1 = s,

as required. Moreover, by Equation (22),

Q�/2 =
σras

rs
= σa.

This completes Case (1).

Case (2): �/2 is even and

ar2 − bs2 = −σ2. (24)

By Equation (23), Q�/2(2bs
2 − σ2) = 2σG2

�/2−1 − σ2Q�/2, so Q�/2bs
2 =

σG2
�/2−1. Thus, by Equation (22),

σG�/2−1B�/2−1bs
2

rs
= σG2

�/2−1,
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so by similar reasoning to that given in Case (1),

G�/2−1 = bs, B�/2−1 = r, and Q�/2 = σb.

However, by Equation (11), 2P�/2 = Q�/2t = bt for some t ∈ N, and by
Equation (4),

ab = D = P 2
�/2 + Q�/2Q�/2−1 = (σbt/2)2 + σbQ�/2−1.

Since b > a, then it follows that,

b > b(σt/2)2 + σQ�/2−1,

whence, t = 1 = σ, b is even, and P�/2 = b/2.
Now, by Equation (7),

sb = G�/2−1 = P�/2B�/2−1 + Q�/2B�/2−2 = br/2 + bB�/2−2.

Therefore, 2s = r + 2B�/2−2 forcing r to be even. Yet gcd(b, r) = 1 by
Equation (24), a contradiction, so Case (2) cannot occur.

Case (3): ar2 − bs2 = σ2 and �/2 is odd.

Equation (23) tells us that,

Q�/2(2bs
2 + σ2) = 2σA2

�/2−1 + σ2Q�/2,

so we proceed as in Case (2) to get G�/2−1 = bs and B�/2−1 = r. Then a
contradiction is reached in the same fashion as in Case (2). In other words,
Case (3) cannot occur.

Case (4): ar2 − bs2 = σ2 and �/2 is even.
From Equation (23),

Q�/2(2ar
2 − σ2) = 2σG2

�/2−1 − σ2Q�/2,

and proceeding as in Case (1), we get that G�/2−1 = ar, B�/2−1 = s, and
Q�/2 = σa. This concludes case (4).

We have shown that (a)–(c) hold. Since (a) holds, then (d) holds by
Lemma 1. Hence, (e)–(f) follow. ✷
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Remark 4 Theorem 3, via Lemma 1, provides a palatable method for finding
the fundamental unit of Z[ω∆] by going to less than half the period in the
simple continued fraction expansion of ω∆, rather than the full period as
mandated by Equation (9). Furthermore, (G�/2−1/a,B�/2−1) = (r, s) provides
the fundamental solution of Equation (17).

Example 3 Looking back to Example 1, we see that in the simple continued
fraction expansion of

√
D =

√
2340, Q�/2 = Q4 = 9 = a where 2340 =

9 · 260 = ab and A�/2−1 = A3 = 387 = 9 · 43, B�/2−1 = B3 = 8, with

(
A�/2−1

a

√
a + B�/2−1

√
b

)2

= (r
√
a + s

√
b)2 = (43

√
9 + 8

√
260)2 =

33281 + 688
√

2340 = A�−1 + B�−1

√
D.

Also,
ar2 − bs2 = 9 · 432 − 260 · 82 = (−1)�/2 = 1.

The above example demonstrates the case where �/2 is even. The follow-
ing illustrates the case where �/2 is odd.

Example 4 Let D = 1274 = 26 · 49 = ab. Then �(
√
D) = 18, Q�/2 = Q9 =

26 = a, and

ar2 − bs2 = a

(
A�/2−1

a

)2

− bB2
�/2−1 = 26 · 10202 − 49 · 7432 = (−1)�/2 = −1.

Moreover,

A�−1 + B�−1

√
ab = 5400801 + 1515720

√
1274 = (1020

√
26 + 743

√
49)2 =

(
A�/2−1

a

√
a + B�/2−1

√
b

)2

= (r
√
a + s

√
b)2.

It is possible that Q�/2 = b > a. However, Theorem 3 tells us that
Equation (17) cannot hold in that case.
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Example 5 Let D = 19, 360 = 121 · 160 = ab. Then �(
√
D) = 18, Q�/2 =

Q9 = 160 = b = 2P�/2. However, |r2a − s2b| = |121r2 − 160s2| = 1 is
not solvable for any r, s ∈ N. The reason is that there do not exist any
r, s ∈ N such that A�−1 + B�−1

√
ab = (r

√
a + s

√
b)2, as the reader may

verify by assuming the contrary. It turns out that Q4 = 121 = a, but since
Q�/2 = b > a, part (c) of Theorem 3 fails to hold.

In each of the above examples, D is even and not a fundamental radi-
cand, namely D is squarefree. The following illustrates the odd case of a
fundamental radicand.

Example 6 If D = 55 = 5 ·11 = ab, σ = 1, then �(
√

55) = 4, Q�/2 = Q2 = 5
and

A�−1+B�−1

√
D = 89+12

√
55 = (3

√
5+2

√
11)2 =

(
A�/2−1

a

√
a + B�/2−1

√
b

)2

.

Example 7 If D = 21 = 3 · 7 = ab, σ = 2, then r2a− s2b = 3 − 7 = −4 =
(−1)�/24 with � = �((1 +

√
D)/2) = 2, with Q�/2 = Q1 = 2a = 6, while

R + S
√
ab

2
=

G�−1 + B�−1

√
ab

2
=

5 +
√

21

2
=

(√
3 +

√
7

2

)2

=

(
G�/2−1

a

√
a + B�/2−1

√
b

2

)2

.

There is a means of linking Theorem 3 for both cases σ = 1, 2 that is
informative in terms of Equation (17). In what follows, we use the fact that(

R + S
√
D

2

)3

= T + U
√
D,

where (R+S
√
D)/2 is the fundamental unit of Z[(1+

√
D)/2] and T +U

√
D

is the fundamental unit of Z[
√
D], in the case that R+S

√
D is a solution of

Equation (17) when σ = 2.
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Theorem 4 If ab ≡ 1 (mod 4),with 1 < a < b, and r
√
a + s

√
b is the

fundamental solution of Equation (17) with σ = 2, then

(X, Y ) =

(
(ar2 ∓ 3)r

2
,
(ar2 ∓ 1)s

2

)

is the fundamental solution of Equation (17) with σ = 1.

Proof. By [33, Theorem 2.3, p. 222], (X, Y ) is indeed a positive solution
of Equation (17) with σ = 1. We need only show that it is the fundamental
solution. Since ((R + S

√
D)/2)3 is the fundamental unit of Z[

√
D], we de-

duce form Theorem 3 that ((r
√
a + s

√
b)/2)3 is the fundamental solution of

Equation (17) with σ = 1. However,

(
r
√
a +

√
b

2

)3

=
(r3a + 3rs2b)

√
a + (3r2as + s3b)

√
b

8
,

which a simple manipulation using Equation (17) with σ = 2 shows to be
equal to

r(r2a∓ 3)
√
a + s(ar2 ∓ 1)

√
b

2
,

as required. ✷

Remark 5 Theorem 4 gives us relationships between the simple continued
fraction expansions of the two quadratic orders. To avoid confusing the no-
tation for the two continued fraction expansions, we let the Aj and Bj refer to
the values in Equation (1) for the simple continued fraction expansion of

√
D

with � = �(
√
D), while Gj and Bj refer to the values in Equation (6) in the

simple continued fraction expansion of (1 +
√
D)/2 with � = �((1 +

√
D)/2),

then we have the following relationships immediate from the above.

A�/2−1 =
(G

2

�/2−1 ∓ 3a)G�/2−1

2a
,

and

B�/2−1 =
(G

2

�/2−1 ∓ a)B�/2−1

2a
.
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The solution of Equation (17) for σ = 1 does not imply the solution of
Equation (17) for σ = 2 (see the discussion after Theorem 9). Thus, a general
converse of Theorem 4 is not possible. We must assume that a solution of
Equation (17) holds for both σ = 1, 2, in which case, if R2a − S2b = ±1 is
a solution for σ = 1 and r2a − s2b = ±4 is a solution for σ = 2, then by
Lemma 1,

r =
2R

G�−1 ∓ 1
and s =

2S

G�−1 ± 1
.

Moreover, more can be said as follows, which is immediate from the above
results.

Corollary 1 If r
√
a+s

√
b is the fundamental solution of Equation (17) with

σ = 2, then the fundamental unit of Z[
√
ab] = Z[

√
D] is given by

A�−1 + B�−1

√
D =

(
(ar2 ∓ 3)r

2

√
a +

(ar2 ∓ 1)s

2

√
b

)2

.

Example 8 Let D = 805 = 5 ·161 = a · b. Then the fundamental solution of

5r2 − 161s2 = −4

is (r, s) = (17, 3). In this case, we have A�/2−1 = 61540, B�/2−1 = 2169,
A�−1 = 1514868641, B�−1 = 53392104, and

1514868641 + 53392104
√

805 = A�−1 + B�−1

√
D =(

(ar2 + 3)r

2

√
a +

(ar2 + 1)s

2

√
b

)2

= (12308
√

5 + 2169
√

161)2,

where 12308
√

5 + 2169
√

161 is the fundamental solution of

5X2 − 161Y 2 = −1.

Moreover, in the notation of Remark 5, G�/2−1 = 85, B�/2−1 = 3,

A�/2−1 =
(G

2

�/2−1 + 3a)G�/2−1

2a
,

and

B�/2−1 =
(G

2

�/2−1 + a)B�/2−1

2a
.
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Corollary 1 generalizes [33, Theorem 2.3, p. 222] and explains a phe-
nomenon that was only touched upon therein, namely, the finding of the
fundamental unit halfway into the period. Moreover, this links the simple
continued fractions of the two orders, a phenomenon not suspected in earlier
work such as [33]. The following generalizes results in [34] for the case where
c = −3. Furthermore, it answers the natural question as to which other
values of c than c = ±1,±4 satisfy

c = ax2 − by2 with gcd(x, y) = 1 (25)

with the connections to continued fractions. In [30], we proved that any
squarefree value of c dividing b where D = ab and b is bounded above by√

4D/σ2 while a is a perfect square satisfying certain restrictive divisibility
conditions, then (25) has a solution if and only if c = Q�/2/σ in the simple

continued fraction expansion of (σ − 1 +
√
D)/σ. The following generalizes

this result as well.

Corollary 2 Suppose that c ∈ Z is squarefree, |c| | D > 1, which is not a
perfect square, and 1 < |c| < D/|c|. Then if

x2 −Dy2 = σ2c with gcd(x, y) = 1, (26)

each of the following holds.

(a) � = �((σ − 1 +
√
D)/σ) is even.

(b) c = (−1)�/2Q�/2 in the simple continued fraction expansion of the prin-

cipal surd, (σ − 1 +
√
D)/σ.

(c) The fundamental solution of Equation (26) is given by

x + y
√
D = G�/2−1 + B�/2−1

√
D = ra + s

√
D.

Proof. Since Equation (26) has a solution then aX2 − bY 2 = ±σ2, where
a = |c|, X = x/|c|, b = D/|c|, and Y = y. Observe that |c| | x since c is
squarefree and that gcd(X, Y ) = 1 since gcd(x, y) = 1. Hence, the result
follows from Theorem 3. ✷
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Remark 6 Corollary 2 fails if the squarefreeness condition on c is dropped.
For instance, take D = 75, c = 25, then 102 −D = c, but Q�/2 = Q2 = 6 �=
(−1)�/2c = 25. The reason is that 25 does not divide x = 10, so 102/c−D/c =
22 − 3 = 1 where a = 1 and b = 3, so Theorem 3 does not apply. In the
following, we illustrate a situation where it does apply.

Example 9 Let D = 1729 = 7 · 13 · 19, and c = −13, then � = 30 and

−13 = c = (−1)�/2Q�/2 = A2
�/2−1 −B2

�/2−1D = 170287262 − 4095292 · 1729.

Example 10 Let D = 38 = 2 · 19 = a · b and c = −2. Then � = 2,
Q�/2 = Q1 = 2,

A�/2−1 + B�/2−1

√
D = 6 +

√
38,

and (
A�/2−1

√
a

a
+ B�/2−1

√
b

)2

= (3
√

2 +
√

19)2 = 37 + 6
√

38 =

= A1 + B1

√
D = A�−1 + B�−1

√
D,

which is the fundamental unit of Z[
√

38].

Another natural question to ask is for a criterion in terms of simple con-
tinued fractions for Equation (26) to hold when c does not divide D. For
instance, for the case c = −3, we explored this question in [34] and developed
a criterion. In [24], this author found explicit methods in terms of continued
fractions for the solution of any equation of type (26) with no restrictions on
the nonzero integer c whatsoever.

Example 11 Let D = 119 = 7 · 17. Then 112 − 119 = 2 and � = 4 with
Q�/2 = Q2 = 2 and A�/2−1 + B�/2−1

√
D = 11 +

√
119.

Unfortunately, the criterion that is suggested by Corollary 2 fails in gen-
eral. In other words, the solvability of x2−Dy2 = c <

√
D with gcd(x, y) = 1

does not imply that Q�/2 = |c| even for small values as the following illus-
trates.
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Example 12 Let D = 1891 = 31 · 61. Then x2 − Dy2 = −3 has solutions.
For instance, (x, y) = (34798636, 800233). However, in the simple continued
fraction expansion of

√
D, Q�/2 = Q18 = 62 = 2 ·31. Moreover, ax2−by2 = 2

has solutions for a = 31 and b = 61 such as x = 162553839 and y =
115881247, but it does not have solutions for ax2 − by2 = ±1 when a > 1.

Example 12 motivates the following, which provides more information
than that given by the authors of [36], who provided a parity criterion (see
Theorem 6 below).

Theorem 5 Let D = ab > 2, not a perfect square, with 1 ≤ a < b. Suppose
that

ax2 − by2 = ±2 (27)

has a solution (x, y) = (r, s) ∈ N2 where xy is odd. Then each of the following
holds.

1. � = �(
√
D) is even.

2. If r
√
a + s

√
b is the fundamental solution of Equation (27), then for

any odd integer j ≥ 1,

(r
√
a + s

√
b)2j

2j
= Aj�−1 + Bj�−1

√
D.

3. A�/2−1 = ar, B�/2−1 = s, and Q�/2 = 2a.

4. r2a− s2b = 2(−1)�/2.

Proof. Suppose that r
√
a+s

√
b is the fundamental solution of Equation (27)

and that T + U
√
ab is the fundamental solution of X2 − abY 2 = −1. Since

N((r
√
a + s

√
b)2/2) = 1,

there is a j ∈ N such that (r
√
a+ s

√
b)2/2 = (T +U

√
ab)2i = (Tj +Uj

√
ab)2.

Thus,
r2a + s2b = 2(T 2

i + U2
i ab), (28)

so r2a± 1 = 2U2
i ab± 1. If the signs agree on both sides of the last equation,

then r2 = 2U2
i b, so b | r2 forcing b | 2 since

r2a− s2b = ±2. (29)
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However, b �= 2, so b = 1, a contradiction since 1 ≤ a < b. Hence, the signs
do not agree and we must have r2a = 2(U2

i ab± 1). Therefore, a | 2. If a = 2,
then since r2 = 2U2

i b ± 1 and r2 = s2b/2 ± 1, we deduce that s2 = 4U2
i ,

forcing s to be even, a contradiction. Thus, a = 1. Hence, 2 | r2, also a
contradiction. Hence, X2 − DY 2 = −1 has no solution. Equation (9) now
tells us that � must be even, which is part 1.

To establish part 2, we need only show that it holds for j = 1 since the
rest follows for any odd j. Since (r

√
a+ s

√
b)2/2 = (T +U

√
ab)2i+1 for some

i ≥ 0, we need only show that i = 0. We have

(r
√
a + s

√
b)2

2
(Ti − Ui

√
ab)2 = T + U

√
ab,

where the left-hand side is of the form (U
√
a + V

√
b)2/2 with U

√
a + V

√
b

being a solution of Equation (27). Therefore,

(r
√
a + s

√
b)2/2 = ((U

√
a + V

√
b)2/2)2i+1,

which is a contradiction to the minimality of r
√
a + s

√
b for any i > 0. This

establishes part 2.
For part 3, we have from part 2 and Lemma 1 that

(r
√
a + s

√
b)2

2
= A�−1 + B�−1

√
ab =

(A�/21 + B�/2−1

√
ab)2

Q�/2

.

Therefore,
Q�/2(r

2a + s2b) = 2(A2
�/2−1 + B2

�/2−1ab), (30)

and
rsQ�/2 = 2A�/2−1B�/2−1. (31)

We now consider four cases.

Case 1: ar2 − bs2 = −2 and �/2 is odd.
From Equations (16), (27), and (30), we have Q�/2ar

2 = 2A2
�/2−1. Thus,

from Equation (31), B�/2−1ar = A�/2−1s. From the relative primality of
A�/2−1 and B�/2−1 via Equation (5), we get that A�/2−1 = ar and B�/2−1 = s.
Plugging these values into Equation (31), we get Q�/2 = 2a, as required.

Case 2: ar2 − bs2 = 2 and �/2 is odd.
From Equations (16), (27), and (30), Q�/2bs

2 = 2A2
�/2−1, so we deduce

from Equation (31) that B�/2−1bs = A�/2−1r. By relative primality as in



23

Case 1, A�/2−1 = bs and B�/2−1 = r, so Q�/2 = 2b. However, by Equation
(11), there exists a t ∈ N such that P�/2 = tQ�/2 = bt. Therefore, by Equation
(4),

ab = P 2
�/2 + Q�/2Q�/2−1 = b2t2 + 2bQ�/2−1.

Since b > a, this implies that b > bt + 2Q�/2−1, a contradiction. Hence, Case
2 cannot occur.

Case 3: ar2 − bs2 = −2 and �/2 is even.
As in Cases, 1–2, we can use Equations (16), (27), (30), and (31) to

deduce that A�/2−1r = B�/2−1bs, from which we deduce that A�/2−1 = bs,
B�/2−1 = r, and Q�/2 = 2b, which leads to a contradiction as in Case 3.

Case 4: ar2 − bs2 = 2 and �/2 is even.
We deduce as in Case 1 that A�/2−1 = ar, B�/2−1 = s, and Q�/2 = 2a, as

required.
We have proved part 3 from which part 4 follows via Equation (8). ✷

The following isolates the case where a = 1 in Theorem 5.

Corollary 3 Suppose that D > 2 is not a perfect square. If

x2 −Dy2 = ±2, (32)

has a solution x, y ∈ N, then � = �(
√
D) is even, ±2 = (−1)�/2Q�/2, and

A�/2−1 + B�/2−1

√
D is the smallest positive solution of Equation (32). Also,

A�−1 + B�−1

√
D =

(A�/2−1 + B�/2−1

√
D)2

2
.

As the following consequence of Corollary 3 shows, there are classes of
radicands with guaranteed solvability of Equation (32).

Corollary 4 Suppose that D = 2a·p2i+1 > 2 where a ∈ {0, 1}, p ≡ 3 (mod 4)
is a prime and i ≥ 0. Then Equation (32) is solvable, with smallest solution
A�/2−1 + B�/2−1

√
D, Q�/2 = 2, and

A�−1 + B�−1

√
D =

(A�/2−1 + B�/2−1

√
D)2

2
.

Furthermore,
A2

�−1 −B2
�−1D = ±2 = (−1)�/2Q�/2,

where �/2 is odd when p ≡ 3 (mod 8) and �/2 is even when p ≡ 7 (mod 8).
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Proof. For D = 3 the result is clear, so we assume now that D > 5. By
[25, Theorem 3.70, p. 162] and [21, Footnote (1.5.9), pp. 25–26], the class
number of the order O∆ = Z[

√
D] is odd, where ∆ = 4D. Since 2 | ∆, then 2

is ramified in the order, so the O∆-prime over 2 is principle (see [25, Exercise
3.77, p. 167]). Therefore, x2 −Dy2 = ±2 has a solution, so by Theorem 1, �
is even, and 2 = Q�/2 since D > 5. Moreover,

A2
�/2−1 −B2

�/2−1D = (−1)�/2Q�/2 = (−1)�/22.

If �/2 is even then the Legendre symbol equality(
2

p

)
= 1

holds, so p ≡ 7 (mod 8), and if �/2 is odd, then(
2

p

)
= −1,

so p ≡ 3 (mod 8) (see [25, Theorem 4.1.6], for instance). ✷

Remark 7 From Corollary 3, we may deduce that when D > 2 is not a
perfect square and � = �(

√
D) is even, then Q�/2 = 2 in the simple con-

tinued fraction expansion of
√
D if and only if there is a solution to Equa-

tion (32).Also, when this occurs, one of the following must hold: (1) D ≡ 3
(mod 8) and �/2 is odd (eg. D = 3); (2) D ≡ 7 (mod 8) and �/2 is even
(eg. D = 7); (3) D ≡ 2 (mod 8), D/2 ≡ 1 (mod 8), A�/2−1 ≡ 0 (mod 4), and
�/2 is odd (eg. D = 18); (4) D ≡ 2 (mod 8), D/2 ≡ 1 (mod 8), A�/2−1 ≡ 2
(mod 4), and �/2 is even (eg, D = 34); (5) D ≡ 6 (mod 8), D/2 ≡ 3 (mod 8),
and �/2 is odd (eg. D = 6); (6) D ≡ 6 (mod 8), D/2 ≡ 7 (mod 8), and �/2
is even (eg. D = 14).

Notice that the solution of Equation (32) implies that Equation (27) is
solvable only for a = 1. Moreover, the solution of Equation (27) with a > 1
ensures that 2 is not principal in Z[

√
ab], for ab > 5, since, if it were, then

by Theorem 1, Q�/2 = 2, and by Theorem 5, Q�/2 = 2a. For instance, if
D = 91, then Q�/2 = Q4 = 14 and 7 · 152 − 13 · 112 = 2, whereas if D = 119,
then Q�/2 = 2, and 112 − 119 = 2.

Corollary 4 tells us that if there exists a solution to x2 − 2apy2 = ±2
then there exists a solution to X2 − 2ap2i+1 = ±2 for any i ≥ 0, whenever
a ∈ {0, 1} and p ≡ 3 (mod 4) is prime. The following examples illustrate.
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Example 13 Let D = 2·37. Then Q�/2 = Q5 = 2, A�/2−1 = 21362, B�/2−1 =
323, and

(A�/2−1 + B�/2−1

√
D)2

2
= 456335045 + 6899926

√
D = A�−1 + B�−1

√
D.

Example 14 Let D = 2 · 73. Then Q�/2 = Q8 = 2, and

(A�/2−1 + B�/2−1

√
D)2

2
=

(104164 + 3977
√
D)2

2
=

10850138895 + 414260228
√
D = A�−1 + B�−1

√
D.

Example 15 Let D = 73. Then Q�/2 = Q8 = 2, and

(A�/2−1 + B�/2−1

√
D)2

2
=

(11427 + 617
√
D)2

2
= A�−1 + B�−1

√
D.

Remark 8 It follows from the above that when Equation (32) has a solution,
then there is no solution to ax2−by2 = ±1 with D = ab unless one of |a| = 1
or |b| = 1. Note, as well, that there does not exist an analogue of Theorem 5
for σ = 2 since if

aX2 − bY 2 = ±8 with gcd(X, Y ) = 1 (33)

is solvable, then Equation (17) with σ = 2 is not solvable since Equation
(33) implies that a ≡ b (mod 8). For instance, if D = 65, a = 5, b = 13,
then �((1 +

√
65)/2) = 3,with G�−1 = 16, B�−1 = 2 in the simple continued

fraction expansion of (1 +
√

65)/2; and if D = 713, a = 23, b = 31, then
�((1 +

√
713)/2) = 14 with G�−1 = 10572734, and B�−1 = 395952 in the

simple continued fraction expansion of (1 +
√

713)/2.

Now we are in a position to provide more information than that given in
[36], and with a much simpler proof. The following generalizes the result of
Gauss cited in Remark 2.
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Theorem 6 Let D > 2, not a perfect square. Then � = �(
√
D) is even if

and only if one of the following holds.

1. There exists a factorization D = ab with 1 < a < b such that Equation
(17) with σ = 1 has a solution.

2. There exists a factorization D = ab with 1 ≤ a < b such that Equation
(27) has a solution (with xy odd).

Proof. By Theorem 3, we need only prove one direction. Assume that �
is even. Then by Equations (7) and (11), Q�/2 | 2A�/2−1 and by Theorem 1,
Q�/2 | 2D. If Q�/2 | D, and Q�/2 | A�/2−1, then

ar2 − bs2 = (−1)�/2,

where a = Q�/2, r = A�/2−1/a, b = D/a, and s = B�/2−1. Moreover a �= 1
since only Q0 and Q� take on the value 1 for any Qj with 0 ≤ j ≤ � in the
simple continued fraction expansion of

√
D. This is part 1.

Now we assume that part 1 does not hold. If either Q�/2 does not divide
D or Q�/2 does not divide A�/2−1, then

ar2 − bs2 = (−1)�/22,

where a = Q�/2/2, r = A�/2−1/a, b = D/a, and s = B�/2−1. It remains to
show that rs is odd. If r is even and s is odd, it can be shown that Q�/2 | D
and Q�/2 | A�/2−1, contradicting the hypothesis. Thus, we may assume that
s is even, so A�/2−1 is also even. If 4 does not divide Q�/2, then by Lemma
1, both A�−1 and B�−1 are even, a contradiction. Thus, 4 | Q�/2. Therefore,

AR2 −BS2 = (−1)�/2,

where A = Q�/2/4, R = 2A�/2−1/Q�/2, B = 4D/Q�/2, and S = B�/2−1/2,
contradicting that part 1 does not hold. This is part 2. ✷

Some classical results follow from Theorem 6, such as the following, which
is standard in any introductory algebraic number theory course.

Corollary 5 If D = pj where p ≡ 1 (mod 4) is prime and j ≥ 1 is odd, then
�(
√
D) is odd and �(

√
4D) is even.
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Proof. If �(
√
D) were even, then by Theorem 6, there is a factorization D = ab

such that either ax2 − by2 = ±1 with 1 < a < b, or ax2 − by2 = ±2 with xy
odd. The first case is impossible since p | a and p | b when a > 1. Thus, the
second case holds, and for the same reason, a = 1, namely x2 − pjy2 = ±2.
with xy odd. However,

±2 ≡ x2 − pjy2 ≡ 0 (mod 4),

which is a contradiction. Thus, �(
√
D) is odd, so there exist x, y ∈ N such

that x2 −Dy2 = −1. If x is even, then 4(x/2)2 −Dy2 = −1, and Theorem 3
tells us that �(

√
4D) is even. By considerations modulo 8, y may be shown

to be necessarily odd. ✷

The following consequence of Theorem 6 is a generalization of recent work
in [13] recently communicated to this author. One of the focuses of [13] is
when Q�/2 = 4.

Corollary 6 Let D �= 3 be a positive nonsquare integer such either D = pj

where p is on odd prime and j is an odd positive integer, or D ≡ 1, 2 (mod 4)
and �(

√
D) is odd. Then � = �(

√
4D) is even and Q�/2 = 4 in the simple

continued fraction expansion of
√

4D.

Proof. First assume that D ≡ 1, 2 (mod 4) and �(
√
D) is odd. Then by [10],

�(
√

4D) is even. Thus, by Theorem 6, there is a factorization 4D = ab with
either ax2 − by2 = ±1 with 1 < a < b, or ax2 − by2 = ±2 with xy odd. If the
latter case holds, then both a and b must be even, so (a/2)x2−(b/2)y2 = ±1.
If a �= 2, then by Theorem 6, �(

√
D) is even, a contradiction. Thus, a = 2,

so by Corollary 3, �(
√
D) is even, a contradiction. Hence, the latter case

cannot hold. In the former case, one of a or b must be odd. When b is
odd, then (a/4)(2x)2 − by2 = ±1, with gcd(2x, y) = 1. If a > 4, then by
Theorem 3, �(

√
D) is even, a contradiction. Hence, a = 4, so by Theorem 3,

Q�/2 = 4 in the simple continued fraction expansion of
√

4D. Similarly, if a

is odd, then ax2 − (b/4)y2 = ±1. If 1 < a < b/4, then by Theorem 3, �(
√
D)

is even, a contradiction. Thus, a ≥ b/4 and (b/4)(2y)2 − ax2 = ∓1, with
gcd(x, 2y) = 1. If b > 4, then by Theorem 3, �(

√
D) is even, a contradiction,

so b = 4. However, 1 < a < b, so a = 3, contradicting the hypothesis.
The case D = pj > 3 for p an odd prime and j ≥ 1 odd, is covered in the

above when p ≡ 1 (mod 4) by Corollary 5. Thus, we assume p ≡ 3 (mod 4).
By Equation (9), �(

√
4D) is even, since −1 is not a square modulo p. By



28

Theorem 6, there is a factorization 4D = AB with either AX2 −BY 2 = ±1
and 1 < A < B, or AX2 − BY 2 = ±2 with XY odd. In the former case,
we must have pj | B since otherwise p | A and p | B. Note that B = 4 and
A = 3 is excluded by hypothesis. Hence, A = 4, so Q�/2 = 4 by Theorem
3. In the latter case, pj | B by similar reasoning, and A = 2 is forced. By
Theorem 5, Q�/2 = 4. ✷

Corollary 6 generalizes [13, Theorem 5.1], which is the case where D =
4pj, and corrects the result since the case pj = 3 was not excluded therein.

Example 16 Let D = 2d where d > 1 is a perfect square divisible only by
primes congruent to 5 modulo 8. Then �(

√
D) is odd. To see this, assume

that �(
√
D) is even so by Theorem 6, there is a factorization D = ab such

that one of ax2 − by2 = ±1 with 1 < a < b, or ax2 − by2 = ±2 with xy odd.
However, the latter cannot occur since ax2 and by2 have different parities.
If the former holds, then the following Legendre symbol equality holds (for
example see [22, Theorem 4.1.6, p. 191]), where p is any prime dividing b
and a is even,

−1 =

(±2

p

)
=

(
ax2 − by2

p

)
=

(±1

p

)
= 1,

a contradiction. A similar contradiction is reached if p divides a and b is
even. These are the only two cases possible since 1 < a < b.

Remark 9 The phenomenon in Corollary 6 gives criteria for �(
√

4D) to be
even when �(

√
D) is odd. There is a more general related phenomenon worth

highlighting. If D > 1 is not a perfect square and ∆ = f 2D, where f ∈ N,
with �(

√
D) even, then �(

√
∆) is even. This fact is immediate from Equation

(9). Thus, Corollary 6 provides conditions under which the converse of this
fact fails to hold (for f = 2).

Remark 10 It should be observed that both parts 1 and 2 of Theorem 6
cannot occur together. To see this, assume that there exist a, b, a1, b1 ∈ N

such that ar2 − bs2 = (−1)�/2, with a > 1, and a1r
2
1 − b1s

2
1 = 2(−1)�/2, with

r1s1 odd. Multiplying the first equation by 2 and equating, we deduce that
a = 2a1, b = b1/2, r = r1/2, and s = s1. Hence, r1 is even, a contradiction.
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Hence, � = �(
√

4D) is even and Q�/2 = 4. For instance, if D = 2 · 52 · 132,

hen �(
√
D) = 13, � = �(

√
4D) = 26, and Q�/2 = 4.

Also, notice that there cannot exist two distinct factoizations of the form
ar2 − bs2 = ±1 with 1 < a < b since a = Q�/2.

Example 17 Let D = 296 with a = 2 and b = 148, then ar2 − bs2 =
2 · 432 − 52 · 148 = −2 = (−1)�/22 with Q�/2 = 4 = Q3.

In [36] the authors prove that the �(
√
D) is even if and only if one of the

Equations (17) or (27) has a solution. However, they do not mention the
involvement of the central norm Q�/2. They also mention that d = 74, for
which � = 5, with a = 2, b = 37 shows that the hypothesis that xy is odd in
part 2 of Theorem 6 cannot be removed since 2 ·432−37 ·102 = −2. However,
what our more informative Theorem 5 shows is that the case where a = 2
(and xy odd) forces Q�/2 = 4. Theorem 6 provides an insight into the even

parity of �(
√
D) via the central norm Q�/2 depending on the solvability of

one of Equations (17) or (27).
From the above development, we also get the following new result which

solves the problem of a criterion for the parity of the central quotient.

Theorem 7 Suppose that D > 1 is not a perfect square and � = �(
√
D) is

even. Then the following are equivalent.

1. The central (partial) quotient q�/2 in the simple continued fraction ex-

pansion of
√
D is even.

2. There exists a factorization D = ab with 1 < a < b and ar2 − bs2 = ±1
for some r, s ∈ N.

3. There does not exist a factorization D = ab such that 1 ≤ a < b and
ar2 − bs2 = ±2 with rs odd.

Proof. The equivalence of parts 2–3 follows from Remark 10. We now show
that part 1 is equivalent to part 2.

Suppose that part 2 holds. If D is odd, then by Equation (12), and
Theorem 3, q�/2 = 2P�/2/Q�/2 = 2P�/2/a, where a | P�/2 so q�/2 is even. Now
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assume that D is even. If D ≡ 2 (mod 4), then one of a or b is even. If a is
even, then by Equation (4),

D = ab = P 2
�/2 + Q�/2Q�/2−1 = P 2

�/2 + aQ�/2−1,

so P�/2 is even. Thus, by Equation (12), a | P�/2, whence q�/2 is even.
Now suppose that D ≡ 0 (mod 4) and a is even. If q�/2 is odd, then a =

Q�/2 does not divide P�/2 by Equation (12). Therefore, P�/2 = Q�/2t/2 = at/2
where t is odd by Equation (11). However, by Equation (7) and Theorem
3, ra = ats/2 + aB�/2−2, so r = ts/2 + B�/2−2, forcing s to be even, a
contradiction, given that a is even and ar2 − bs2 = ±1. Hence, q�/2 is even.
If D ≡ 0 (mod 4) and a is odd, then q�/2 is even by Equation (12). We have
shown that part 2 implies part 1.

Now assume that q�/2 is even. If ar2 − bs2 = ±2 where rs is odd, then
Q�/2 = 2a by Theorem 5. Thus, by Equation (12), q�/2 = 2P�/2/Q�/2 =
P�/2/a, so P�/2/a is even. Set P�/2 = at where t is even. By Equation (7) and
Theorem 5,

ar = A�/2−1 = P�/2B�/2−1 + Q�/2B�/2−2 = ats + 2aB�/2−2,

so r = ts+2B�/2−2, forcing r to be even, a contradiction. Hence, part 2 must
hold by the equivalence of parts 2 and 3. ✷

The following a a classical consequence of Theorem 7 (see [27, Conjecture
2.1, p. 61]).

Corollary 7 If p ≡ 3 (mod 4) is prime, then � = �(
√
p) is even and q�/2 is

odd.

Proof. By Equation (9), � is even and since there is no nontrivial factorization
of p, then by Theorem 7, q�/2 is odd. ✷

More generally, we have the following consequence.

Corollary 8 If D = 4b is not a perfect square, b is odd and is divisible by a
prime congruent to 3 modulo 4, then � = �(

√
D) is even and q�/2 is even.

Proof. As above, � is even. Suppose that part 2 of Theorem 6 holds. Since
rs is odd, then both a and b are even, so given that ab ≡ 4 (mod 8), we must
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have that ar2 − bs2 ≡ 0 (mod 4), a contradiction. Thus, part 1 of Theorem
6 holds. By Theorem 7, q�/2 is even. ✷

The authors of [36] also provide a criterion for the oddness of �(
√
D)

in terms of D being a sum of two squares and the solvability of another
Diophantine equation. However, that result is strikingly similar to that given
by Kaplan and Williams in [10]. However, in neither of these papers do the
authors give the underlying reasons for the oddness of �(

√
D) in terms of

underlying ideal theory. In [17, Theorem 8, p. 66], Louboutin gave the
following criterion for fundamental discriminants, and in [21], this author
generalized to arbitrary discriminants and provided a count on the number
of ambiguous ideal classes without ambiguous ideals. This calls for some
background explanation.

An ideal I in the Z[
√
D] is called ambiguous if I = I ′, where I ′ is the

conjugate ideal of I, and I is said to be in an ambiguous class in the class
group O4D of Z[

√
D] if I ∼ I ′, where ∼ denotes equivalence of ideals in

O4D. It can occur that there is an ambiguous class of ideals having no
ambiguous ideals (see [21] for an in-depth analysis of this phenomenon). The
following is the criterion provided in [21] (without the count on the number
of ambiguous classes without ambiguous ideals, for which the reader may
consult[21, Theorem 6.1.3, p. 191]).

Theorem 8 Suppose that D > 1 is not a perfect square, but is a sum of
two integer squares. Then �(

√
D) is odd if and only if there do not exist any

ambiguous classes of O4D-ideals without ambiguous ideals in them.

Example 18 D = 34 = 32 + 52 has �(
√
D) = 4 and the ideal [5, 3 +

√
34] =

5Z ⊕ (3 +
√

34)Z is in an ambiguous ideal class without ambiguous ideals.
In fact, any D = p2 + ((p2 + 1)/2)2 where p ≥ 3 is prime represents a
radicand such that there are ambiguous classes without ambiguous ideals.
Here �(

√
D) = 4. This example was discussed in [36], but there is no mention

of the ideal theory underlying it.

The notion of parity and ambiguous classes is also related to pure sym-
metry in the simple continued fraction expansion of

√
D (see [31] for details).

Note, as well, that if � = �(
√
D) is odd then necessarily D is a sum of two
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integer squares since, in that case, D = P 2
(�+1)/2 +Q2

(�+1)/2 in the simple con-

tinued fraction expansion of
√
D. For instance, D = 145 = 122 + 12 and

� = 5. It is also the case that D is a sum of two integer squares if and only if
there exists an element β ∈ Q(

√
D) with N(β) = −1. Of course, if � is even,

then β �∈ O4D. Hence, if � is even but −1 is a norm from Q(
√
D), then each

ambiguous class of O4D has two ideals corresponding to elements of norm
−1. For example, I = [5, (11 +

√
221)/2] and I ′ = [5, (11−

√
221)/2] are two

ideals that correspond to an element of norm −1 since (112−221)/102 = −1.
Here � = 6.

The reader may wonder about an analogue of Theorem 6 for (1 +
√
D)/2

when D ≡ 1 (mod 4). It is given as follows.

Theorem 9 Let D = ab ≡ 1 (mod 4), not a perfect square, with 1 < a < b,
and assume that there is a solution to Equation (16) with σ = 2. Then
� = �((1 +

√
D)/2) is even if and only if there exists a solution to Equation

(17) with σ = 2 (in which case (b)–(f) of Theorem 3 hold.)

Proof. In view of Theorem 3, we need only prove that � being even implies
a solution of Equation (17) with σ = 2. By Equation (11), if 4 | Q�/2, then
2 | P�/2. However, this is a contradiction via Equation (4) since D is not
even. Thus, 2 properly divides Q�/2. From Equation (8), we have that

G2
�/2−1 −DB2

�/2−1 = (−1)�/22Q�/2.

Therefore,
ar2 − bs2 = (−1)�/24,

where a = Q�/2/2, r = 2G�/2−1/Q�/2, b = 2D/Q�/2, and s = B�/2−1. Note
that Q�/2 | 2G�/2−1 by Equations (7) and (11). Also, gcd(r, s) = 1 since
Equation (16) with σ = 2. The reason is that from Lemma 1, rs = B�−1

which is odd, and gcd(r, s) | 2 by Equation (8). ✷

Corollary 9 If D > 1 is not a perfect square and σ = 2, then

�(
√
D) ≡ �((1 +

√
D)/2) (mod 2).

Proof. If D is prime, then it is a well-known fact that �((1 +
√
D)/2)

is odd, and �(
√
D) is odd. If D is composite and �((1 +

√
D)/2) is even,

then Equation (17) with σ = 2 has a solution by Theorem 9. Therefore,
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by Theorem 4, Equation (17) with σ = 1 has a solution, so by Theorem 3,
�(
√
D) is even. If �((1 +

√
D)/2) is odd, then ε3

D ∈ Z[
√
D], where εD is the

fundamental unit of Z[(1 +
√
D)/2], and since N((ε3

D) = −1, then �(
√
D)

must be odd via Equation (9). ✷

Note that we cannot remove the solvability of Equation (16) with σ = 2
from the hypothesis of Theorem 9. Consider D = 57, where �((1+

√
D)/2) =

6, but εD ∈ Z[
√
D] and the equation 3x2 − 19y2 = ±4 with gcd(x, y) = 1 is

not solvable, since odd xy implies 3x2 − 19y2 ≡ 0 (mod 8) . (However, note
that 3 · 52 − 19 · 22 = −1.) Thus, both Equations (16)–(17) fail in this case.
See Remark 2 for related data.

We now take another look at Corollary 4. The proof of this corollary
motivates a look at Legendre and related symbols in connection with our
Diophantine equations. We will look into this matter now. The following
generalizes [28, Theorems 3.2–3.3, pp. 71–73].

Theorem 10 Suppose that D = ab, not a perfect square, where 1 < a < b
with a = 2ta1 and b = 2ub1 for t, u ≥ 0. If |r2a − s2b| = σ2 has a solution
r, s ∈ N, with gcd(r, s) = 1, then the following Jacobi symbol equalities hold,
where � = �((σ − 1 +

√
ab)/σ) is even,(

b

a1

)
=

(−1

a1

)�/2+1

and

(
a

b1

)
=

(−1

b1

)�/2

.

Proof. By Theorems 3,(
G�/2−1

a

)2

a−B2
�/2−1b = (−1)�/2σ2.

Thus, (
b

a1

)
=

(
(−1)�/2+1

a1

)
=

(−1

a1

)�/2+1

,

and (
a

b1

)
=

(
(−1)�/2

b1

)
=

(−1

b1

)�/2

,

as required. ✷

Note that the use of the Jacobi symbol in the above is justified since
gcd(a1, b1) = 1 given that Equation (17) holds. Similarly this is true for the
next set of results.
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Remark 11 We get Gauss’s quadratic reciprocity law from Theorem 10 when
� = �(

√
pq) is even where 2 < p < q are primes. For instance, in the case

p ≡ q ≡ 3 (mod 4), � is even as above, and part 1 of Theorem 6 must hold
since part 2 clearly cannot. Thus, pr2 − qs2 = ±1 for some r, s ∈ N. Hence,(

p

q

)
=

(
pr2 − qs2

q

)
=

(±1

q

)
= ±1,

and (
q

p

)
=

(
qs2 − pr62

q

)
=

(∓1

q

)
= ∓1,

so (
p

q

)
= −

(
q

p

)
.

The following generalizes and refines [23, Theorem 2.6, p. 348], which in
turn generalized results in [7].

Corollary 10 If D = d1d2 ∈ N where d1 ≡ 3 (mod 8) and d2 ≡ 7 (mod 8),
then � = �(

√
D) is even, B�−1 is even in the simple continued fraction expan-

sion of
√
D, and the Jacobi symbol identities hold as follows:(

d1

d2

)
=

{
(−1)U/2 if Q�/2 = d2

(−1)U/2+1 if Q�/2 = d1,

where
T + U

√
D = A�−1 + B�−1

√
D

is the fundamental unit of Z[
√
D]. Moreover, �/2 is odd and B�/2−1 is even.

Proof. Since there must be a prime p dividing D such that p ≡ 3 (mod 4),
then by Equation (9), � is even. Thus, by Theorem 6, either Equation (17)
holds for some factorization D = ab with a �= 1 = σ, or Equation (27) holds
for some such factorization with xy odd. However, if Equation (27) holds
then under the assumption that one of Q�/2 = a = d1 or Q�/2 = a = d2,

0 ≡ x2a− y2b ≡ ±2 (mod 4),

since a ≡ b (mod 4), a contradiction. Hence, Equation (17) holds with σ = 1.
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We prove the result for the case where a = Q�/2 = d2, since the other
case is similar. By Theorem 10, we need to show that

B�−1 ≡ � + 2 (mod 4). (34)

From Theorem 3, we know that

B�−1 = 2A�/2−1B�/2−1/a = 2rs, (35)

with one of r or s even. Therefore, B�−1 ≡ 0 (mod 4), so we must show that
� ≡ 2 (mod 4). First, we demonstrate that B�/2−1 = s must be even. If
not, then by Equation (8), A�/2−1 is even. If A�/2−1 ≡ 0 (mod 4), then by
Equation (8),

A2
�/2−1 −B2

�/2−1ab ≡ −ab ≡ (−1)�/2a (mod 8),

so b ≡ (−1)�/2+1 (mod 8). Since b = d1, then 3 ≡ (−1)�/2+1 (mod 8), a con-
tradiction. Thus, A�/2−1 ≡ 2 (mod 4). By Equation (35), B�−1 ≡ 4 (mod 8),
so

A2
�−1 −B2

�−1ab ≡ 1 − 4ab ≡ 1 (mod 8),

a contradiction since ab is odd. We have shown that B�/2−1 = s is even.
Since r2a − s2b = (−1)�/2 with a = d2, b = d1, r = A�/2−1/a, and

B�/2−1 = s, then r2 ≡ (−1)�/2+1 (mod 4), in which case �/2 is odd, which
establishes Equation (34). ✷

Example 19 If D = 77, with d1 = 11 and d2 = 7, then Q�/2 = Q3 = 7 and(
d1

d2

)
=

(
11

7

)
= 1 = (−1)B�−1/2,

where A�−1 + B�−1

√
D = 351 + 40

√
77.

Example 20 Let D = 21 with Q�/2 = d1 = 3 and d2 = 7. Then(
d1

d2

)
=

(
3

7

)
= 1 = (−1)B�−1/2+1,

where � = 6, and A�−1 + B�−1

√
D = 55 + 12

√
77.
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The following generalizes [7, Theorem 2.6, p. 340].

Corollary 11 Suppose that D = 2d1d2 ∈ N, d1 ≡ 3 (mod 8), d2 ≡ 7 (mod 8),
and Q�/2 = 2d1. Then � = �(

√
D) is even, B�−1 is even and the following

Jacobi symbol identity holds,(
d1

d2

)
= (−1)B�−1/2.

Proof. As above � is even and since Equation (27) clearly cannot hold with
xy odd, then by Theorem 6, Equation (17) must hold with σ = 1. Thus,
by Theorem 10, we need to show that B�−1 ≡ � (mod 4). By Theorem 3,
a = Q�/2 = 2d1, B�−1 = 2rs, and s is odd, and (−1)�/2 ≡ 6r2 + 1 (mod 8). If
r is odd, then �/2 is odd, and if r is even then �/2 is even. This shows that
B�−1 ≡ � (mod 4), as required. ✷

Example 21 Let D = 42 with d1 = 3 and d2 = 7. Then(
d1

d2

)
=

(
3

7

)
= −1 = (−1)B�−1/2,

where � = 2 = B�−1, and Q�/2 = Q1 = 6 = 2d1.

In Corollaries 10–11, it is shown that under those hypotheses, Equation
(27) cannot hold since Theorem 10 assumes that Equation (17) holds with
σ = 1, and Remark 10 tells us that both of them cannot hold together. The
following result deals with the case where Equation (27) holds. Moreover,
this is completely new in the sense that it is not a generalization or refinement
of known results.

Theorem 11 Suppose that D = ab ∈ N is not a perfect square, where 1 ≤
a < b, a = 2ta1, b = 2ub1, t, u ≥ 0. Then if Equation (27) holds for xy odd,
the following Jacobi symbol identity holds,

(
a

b1

)
=

(
2

b1

) (−1

b1

)�/2

and

(
b

a1

)
=

(
2

a1

) (−1

a1

)�/2+1

,

where � = �(
√
D) is even.
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Proof. By Theorems 5–6, � is even, and by Remark 10, Equation (17) cannot
hold. Thus, by Theorem 5, Q�/2 = 2a, A�−1 = ar, B�−1 = s, and

(
A�/2−1

a

)2

a−B2
�/2−1b = 2(−1)�/2,

so (
a

b1

)
=

(
r2a− s2b

b1

)
=

(
2(−1)�/2

b1

)
=

(
2

b1

) (−1

b1

)�/2

,

and similarly, (
b

a1

)
=

(
2

a1

) (−1

a1

)�/2+1

,

as required. ✷

The following provides an analogue of Corollary 11 which establishes a
Jacobi symbol identity in terms of the constant term in the the fundamen-
tal unit in Z[

√
D], rather than the coefficient of

√
D and ties this to the

solvability of Equation (27).

Corollary 12 Let D = d1d2 ∈ N, not a perfect square, with d1 ≡ 1 (mod 4),
d2 ≡ 7 (mod 8). Then if Q�/2 = 2d2 in the simple continued fraction expan-

sion of
√
D, the following Jacobi symbol identity holds,(

d1

d2

)
= (−1)A�−1/2,

where A�−1 + B�−1

√
D is the fundamental unit in Z[

√
D] arising from the

simple continued fraction expansion of
√
D.

Proof. As above � is even, and if Equation (17) holds with σ = 1, then by
Theorem 3, D = ab with Q�/2 = a = 2d2, a contradiction since D is odd.
Hence, Equation (27) holds with xy odd by Theorem 10. Thus, by Theorem
5, Q�/2 = 2a = 2d2, b = d1,and A�/2−1 = ar. By Theorem 11, we need to
show that A�−1 ≡ � + 2 (mod 4) in order to complete our task. By Theorem
5, A�−1 = (r2a + s2b)/2. Therefore, A�−1 ≡ 0 (mod 8) if b ≡ 1 (mod 8), and
A�−1 ≡ 6 (mod 8) is b ≡ 5 (mod 8). Hence,

A�−1 ≡ 0 (mod 4) if b ≡ 1 (mod 8) and A�−1 ≡ 2 (mod 4) if b ≡ 5 (mod 8).



38

Moreover, by Theorem 5, 2(−1)�/2 ≡ d2 − d1 ≡ 6 (mod 8) if b ≡ 1 (mod 8)
and 2(−1)�/2 ≡ 6 (mod 8) when b ≡ 5 (mod 8), so (−1)�/2 ≡ 3 (mod 4) when
b ≡ 1 (mod 8) and (−1)�/2 ≡ 1 (mod 4) if b ≡ 5 (mod 8). This establishes
that A�−1 ≡ � + 2 (mod 4), securing the result. ✷

Example 22 Looking back to Example 12, with a = 31 = d2, and b = 61 =
d1, we get, (

d1

d2

)
= −1 = (−1)409568133891387775 = (−1)A�−1/2.

An equation related to the title equation is,

aX4 − bY 2 = σ2, (36)

which has been studied by numerous authors, such as [2]–[5], [12]–[20], and
[35]. In particular, in [12], it is shown that if Equation (36) has a solution,
then the fundamental solution r

√
a + s

√
b of ax2 − by2 = 1 satisfies r = t2

for some t ∈ N. Therefore, from Theorem 3, we get that A�/2−1 = t2a and

Q�/2 = a in the simple continued fraction expansion of
√
D =

√
ab. Thus,

this provides an easy check that Equation (36) has a solution. For instance,
in [1], Bumby proves that the only solutions of the Diophantine equation

3x4 − 2y2 = 1 (37)

in positive integers are (x, y) ∈ {(1, 1), (3, 11)}. We observe that A�/2−1 =

A0 = 2 = 2 ·12 = a · t2 = Q�/2 = Q1, while
√

2+
√

3 and (
√

2+
√

3)3 = 9
√

3+

11
√

2 provide the two solutions of Equation (37). Also, 9 = B3�/2−1 = B2

and 11 = A3�/2−1/a = A2/2 in the simple continued fraction expansion of√
6. Since all solutions of 3X2 − 2Y 2 = 1 are given by (

√
2 +

√
3)2j+1 for

any j ≥ 0 by Theorem 2, then Bumby’s result tells us that there cannot be a
coefficient of

√
3 that is a square for j > 1. This is essentially what Bumby

proves.
Theorem 3 provides a quick method for showing that Equation (36) does

not have a solution merely by checking to see if Q�/2 = a and G�/2−1/a = t2

for some t ∈ N. For instance, from Example 1, 9x2 − 260y2 = 1 has minimal
solution r

√
a + s

√
b = 43

√
9 + 8

√
260. Hence, 9X4 − 260Y 2 = 1 has no

solution since Q�/2 = Q4 = a = 9, and A�/2−1 + A3 = 9 · 43 �= 9 · t2 for any
t ∈ N.
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In [40], Walsh shows the following. Suppose that

(r
√
a + s

√
b)2j+1 = v2j+1

√
a + w2j+1

√
b,

where r
√
a+ b

√
b is the fundamental solution of ax2 − by2 = 1. If r = t2 and

we set m = t4a− 1, then

(
√
m + 1 +

√
m)2j+1 = V2j+1

√
m + 1 + W2j+1

√
m,

then v2j+1 is a perfect square if and only if V2j+1 is a perfect square. Hence,
in consideration of Equation (36) for σ = 1, , it suffices to look equations of
the form

(m + 1)X4 −mY 2 = 1. (38)

for instance, the Bumby-type Equation (37) is of this form with m = 2.
In [41], Walsh shows that Equation (38) has the solution (1, 1) and con-

jectures (fro m > 1) that there are no others unless m = t2 + t for some t ∈ N

in which case
(X, Y ) = (2t + 1, 4t2 + 4t + 3)

is the only other solution. The case m = 1 has been studied in various venues
such as [6], where solvability of the Diophantine equation pm −2qn = ±1, for
primes p and q is shown to have no solutions unless with m = n = 2 or m = 2,
n = 4. In the latter case the only solutions are p = 239 and q = 13 by [14].
The results of this paper can be used to achieve the latter. Similarly, in [37],
the Diophantine equation (x2 − 2)2 − 2 = 2y2 is considered, the solvability
of which is shown to be equivalent to the solvability of X2 − 2Y 4 = −1 and
again by [14], we know what the solutions happen to be.

For the sister equation to that of Equation (38),

aX2 − bY 4 = 1, (39)

Ljunggren proved in [15] that when r
√
a+s

√
b is the fundamental solution of

ax2 − by2 = 1, then by setting s = n2w with w odd and squarefree, Equation
(39) has at most one solution and it is given by

(r
√
a + s

√
b)w = u

√
a + v2

√
b.

For w ≤ 5, Walsh [41] shows that there are infinitely many a, b such that
Equation (39) has a solution.
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Example 23 For a = 2, b = 19, r
√
a+s

√
b = 3

√
2+

√
19 is the fundamental

solution to x2a − y2b = −1. In the simple continued fraction expansion of√
38, Q�/2 = Q1 = a = 2. Also, A3�/2−1 = A2 = 450 = 2 · 152, B3�/2−1 =

B2 = 73, and
152

√
2 + 73

√
19 = (3

√
2 +

√
19)3

is the solution to 19X2 − 2Y 4 = 1. Thus, Ljunggren’s aforementioned result
tells us that (3

√
2 +

√
19)2j+1 has a square coefficient of

√
2 only for j = 1.

For w ≥ 7, Walsh conjectured in [40] that Equation (39) has no solutions
and proved this for w = 7. Thus, based upon our results in this paper, we
pose the following.

Conjecture 1 If 1 < a < b and r
√
a + s

√
b is the fundamental solution of

ax2 − by2 = 1,

with s = n2w, where w = 2j + 1 ≥ 7 is odd and squarefree, then

(r
√
a + s

√
b)w = (Aj�−1r + sbBj�−1)

√
a + (Aj�−1s + raBj�−1)

√
b

where Aj�−1s + raBj�−1 is not a perfect square.

There is also a link to Theorems 3–4 via results of Ljunggren who proved
in [16] that if the equation ax2 − by2 = 4 has a solution with gcd(x, y) = 1,
then the only solution to aX4 − bY 2 = 1 is r

√
a+ s

√
b, which is the smallest

solution of ax2 − by2 = 1. Thus, via Theorem 4 we know how the solution
relates to the order Z[(1 +

√
ab)/2].

We conclude with the observation that results in [23] on alternating sums
can also be generalized using the techniques of this paper.
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