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Abstract

A simplex spanned by a colored point set in Euclidean d-space is colorful if all vertices
have distinct colors. The union of all full-dimensional colorful simplices spanned by
a colored point set is called the colorful union. We show that for every d € N, the
maximum combinatorial complexity of the colorful union of n colored points in R? is
between Q(n(d’l)Z) and O(n(d’l)2 logn). For d = 2, the upper bound is known to be
O(n), and for d = 3 we present an upper bound of O(n*a(n)), where a(-) is the extremely
slowly growing inverse Ackermann function. We also prove several structural properties
of the colorful union. In particular, we show that the boundary of the colorful union is
covered by O(n?~1!) hyperplanes, and the colorful union is the union of d + 1 star-shaped
polyhedra. These properties lead to efficient data structures for point inclusion queries
in the colorful union.

1 Introduction

Given a colored set S of n points in d-dimensional Euclidean space R?, a simplex is colorful
if its vertices have pairwise distinct colors. The simplicial depth (resp., colorful simplicial
depth) of a point p € R? is the number of full dimensional closed simplices (resp., colorful
simplices) spanned by S and containing p. By Carathéodory’s theorem the set of all points
with positive simplicial depth is the convex hull convS. We call the set of all points with
positive colorful simplicial depth the colorful union and denote it by Ug. It is the union of all
colorful simplices, hence it is a polyhedron in R?. The study of colorful depth was pioneered
by Bérany [9], who deduced a lower bound on the maximum simplicial depth by showing
that a point lies in a colorful simplex for many random colorings of the point set.

The colorful linear programming (CLP) problem was proposed by Barany and Onn [10]:
for a colored set of n points in R? and a query point ¢ € R, find a colorful simplex that
contains ¢ or report that no such simplex exists. An important special case is that ¢ lies in
the core of the colored points, which is the intersection of the convex hulls of the color classes.
In this special case, ¢ is in the colorful union by the colorful Carathédory theorem [9], and
so the CLP is guaranteed to be feasible. This case was thoroughly studied by Barany and
Onn [10, 11] and Deza et al. [17]. The colorful Carathéodry theorem has been strengthened.
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Arocha et al. [7] and Holmsen et al. [22] have independently proved that the query point ¢
lies in the colorful union already if ¢ is contained in the convex hull of the union of any two
color classes. Very recently, a further strengthening was obtained by Meunier and Deza [26].
However, very little is known about the general case where ¢ is an arbitrary point in R

We design efficient data structures for a colored set S of n points in R? that supports point
inclusion queries for the colorful union Ug. For d = 2, it is easy to construct a data structure
with O(logn) query time, O(n) space and O(n logn) preprocessing time. Boissonnat et al. [12]
proved that the union Ug of all colorful triangles for a set of n colored points in the plane is
a simple polygon with at most 2n — 3 vertices, which can be computed in O(nlogn) time.
Hence, a point location data structure of size O(n) can support point inclusion queries for Ug.
For an efficient data structure in higher dimensions one has to understand the combinatorial
structure of the colorful union. We present the following results.

1. We show that for every d € N, the maximum combinatorial complexity of the colorful
union for n colored points in R? is between Q(n(@D*) and O(n(@ 1% logn). A tight
worst case bound of ©(n) has been known for d = 2, and we prove a stronger upper
bound of O(n*a(n)) for d = 3, where a(-) is the extremely slowly growing inverse
Ackermann function.

2. We show that Ug is the union of d+ 1 star-shaped polyhedra, where the star-centers are
the vertices of an arbitrary colorful simplex. This reduces point inclusion queries to ray-
shooting queries, and leads to efficient data structures to support point inclusion queries
in arbitrary fixed dimension. In particular, in R¢, there is a data structure of size m,
nd=1t < m < nld=D? that supports point inclusion queries for Ug in O (n®= ¢ /m!/(d=1))
time for any fixed € > 0.

3. We show that the colorful union may have undesirable features already in R3. We
construct colored sets S of n points in R? with each of the following properties:

(i) Us is not star-shaped,;
(ii) Ug has a face whose edges are all adjacent to reflez dihedral angles;

(iii) the boundary of Ug contains a polygonal chain of Q(n) reflex vertices.

On the contrary, Ug is star-shaped and has no two consecutive reflex vertices in R2.

Organization.

We discuss related work in the remainder of Section 1. We introduce notation and present
a few preliminary lemmata in Section 2. Our lower and upper bounds for the combinatorial
complexity of the colorful union in arbitrary constant dimension d € N are presented in
Section 3. We use our combinatorial results for designing efficient data structures for inclusion
queries in Section 4. Pathological configurations for the colorful union in 3-space are presented
in Section 5. An improved upper bound for the combinatorial complexity of Ug in 3-space is
proved in Section 6. We conclude in Section 7 with open problems.



Related Work.

The union of geometric objects in R% has applications in constructive solid modeling, motion
planning, proximity problems, and conflict-free colorings. We redirect the interested reader
to the excellent survey [27] on unions of various geometric objects in Euclidean space. The
maximum combinatorial complexity of the union of m full-dimensional simplices in R? is
O(m?), this bound is attained if the simplices are flat. Research efforts focused on finding
families of simplices whose union have smaller complexity. One example is the family of fat
simplices, where the dihedral angles of all simplices are bounded from below by a constant
0 > 0, which is the fatness parameter of the family. The maximum complexity of the union of
m fat triangles in R? is known to be between O(m2*™ log* m) and Q(ma(m)), where a(:)
is the inverse Ackermann function [19, 29, 33] (the upper bound has recently been improved
from O(mloglogm) [25]). Ezra and Sharir [20] proved that the complexity of m fat tetrahedra
in R3 is O(m?*¢) for every ¢ > 0. Our result about the complexity of the colorful union is

another example: n colored points in R? determine m = O(n%*!) colorful simplices, yet the

complexity of their union is only O(n(4=1" logn) = O(m(d_l)(l_d%l) logm).

The colorful simplices in a colored points set in R? can be interpreted as a complete
multipartite (d+1)-uniform geometric hypergraph. Akiyama and Alon [5] studied the number
of pairwise disjoint simplices in such a hypergraph, Dey and Pach [15] studied the intersections
of hyperedges, related to the higher dimensional analogues of the crossing number. To the
best of our knowledge, the combinatorial complexity of the union of colorful simplices in R?
has not been considered before for dimensions d > 3.

2 Preliminaries

Let S be a colored set of n > d+1 points in R?. We assume throughout this paper that every
d+ 1 points in S are affinely independent. For k =0,1,...,d, a k-simplex is a subset P C S
of size k+1. A d-simplex in R? is also called a simplex for short. The convex hull of a subset
P C S is denoted by convP. For subsets with up to three elements, we use the shorthand
notation p = {p}, pqg = {p, q}, and pgr = {p, ¢, r}; if there is no danger of confusion, we also
use the same notation for the convex hulls pg = conv{p, ¢} and pgr = conv{p, q,r}. We say
that a simplex P contains a point set Q C R? if Q C convP.

The colors of the points in S are represented by positive integers. For a single point s,
we denote by color(s) the color of s. For S” C S, we denote by color(S’) C N the set of colors
that occur in S’. A k-simplex is colorful if its k + 1 vertices have pairwise distinct colors.
We assume throughout that |color(S)| > d 4 1, hence there is at least one full-dimensional
colorful simplex in S. The colorful union of S is the polyhedron

Us = U{ConvP : P CS,|P|=d+ 1, and |color(P)| =d + 1}.

The combinatorial complexity of a polyhedron U is the number of its k-faces for all k£ =
0,1,...,d. InR3, in particular, if a polyhedron U is simply connected (that is, homeomorphic
to a ball), then its 0-, 1-, and 2-faces form a planar graph. In this case, by Euler’s formula,
the combinatorial complexity of U is proportional to the number of vertices, edges, or faces.



Extremal sets and shells.

A point p € S is extremal if there is a halfspace H™ bounded by a hyperplane H that contains
p such that color(S N H') C {color(p)}. In general, a k-simplex P C S is extremal if it is
colorful and there is a hyperplane H containing P such that color(S N H*) C {color(P)},
where H* is again a halfspace bounded by H. For an extremal (d — 2)-simplex P, let the
wedge W (P) be the intersection of the closed halfspaces cl(H ™) for all hyperplanes H that
witness that P is extremal. By definition, all points whose color is not in color(P) must lie
in W(P). The boundary of W (P) consists of two half-hyperplanes, say H; and Ha, each
of which contains P and one additional point of S, say s1,s2 € S, respectively. The colors
of s1 and s may be the same, but they differ from any color in color(P). We call the two
(d — 1)-simplices, P U {s1} and P U {s2}, the shells of P. We also say that P is the axis
of these two shells. It is clear that S determines O(n?!) extremal (d — 2)-simplices, hence
there are O(n%~1) shells in RY. Figure 1 illustrates the definitions by an example.

Figure 1: The 2-simplex r1b; spans an extremal 2-simplex. This is witnessed by the plane
Hy, which has only points of the same color as ry or b; on one side. The plane Hy also
witnesses that r1b; is extremal. The the triangles r1b197 and r1b1y; are the two shells of axis
r1b1. The bold edges of Hy and Hj indicate the wedge W (riby).

Parity constraints.

The following Lemma is due to Deza et al. [16, Theorem 3.5]. For completeness we include
a formal proof.

Lemma 1. Let S be a colorful point set in R? such that each color class has even cardinality.
If a point ¢ € R\ S does not lie on any hyperplane spanned by S, then q is contained in an
even number of colorful simplices.

Proof. Consider a continuous path v from point ¢ to an arbitrary point r in the exterior of
convS avoiding all affine (d — 2)-flats spanned by any d points in S. (In case v runs through



some (d — 2)-flat we perturb the path slightly.) We follow v from ¢ to r, and keep track
of the colorful simplicial depth. Clearly, the colorful depth of r is zero. The colorful depth
changes only if v crosses a colorful (d — 1)-simplex P spanned by S. Let Sy C S be the set
of all points whose color is missing from color(P). By our assumption, the cardinality of Sy
is even. Denote by H the hyperplane spanned by P. When ~ crosses convP from halfspace
H~ to HT, the colorful simplicial depth changes by |So N H| — |So N H~|, which is even,
since |So| = [So N HY| 4+ |So N H | is even. O

We show next that the boundary of the colorful union is covered by shells.

s as

a

Figure 2: Construction of Lemma 2.

Lemma 2. Every face of the colorful union Ug is contained in a shell.

Proof. Let f be a face of the polyhedron Ug. Since Ug is the union of colorful simplices,
f lies on the boundary of some colorful simplex P C S. Hence, f is contained in a colorful
(d—1)-simplex @) C P. Assume that P = QU {r}, and denote by H the hyperplane spanned
by @ that induces two open halfspaces H™ and H~, such that » € H~. If there is a point
s € SN H' with color(s) ¢ color(Q), then f would be in the interior of the union of two
colorful simplices conv(Q U {r}) Uconv(Q U {s}). Hence every point in SN H™ is colored by
some color from color(Q), that is, color(S N H™') C color(Q).

If color(S N H') C color(Q), then there is a colorful (d — 2)-simplex R C @ such that
color(S N HT) C color(R). This means that R is an extremal (d — 2)-simplex with axis R,
and @ is a shell of R. Hence f is contained in shell @, as required.

Now assume that color(S N HT) = color(Q). Let A= {ay,...,aq} C SN HT be a set of
d points with distinct colors (i.e., color(A) = color(Q)). For each a;, let b; = a;r N H (refer
to Fig. 2). Let B = {b1,...,bq}, and color each b; with the color of a;. In the point set
@ U B, each of the d color classes has cardinality 2. Pick a point p in the interior of face
f C H that does not lie on any hyperplane spanned by S. The point p is in the interior of the
colorful d-simplex @, so by Lemma 1, it is in the interior of some other colorful d-simplex @Q’
spanned by QU B, which has at least one vertex in B. Let Q" be the set obtained from @’ by
replacing all points b; € @ by their corresponding counterparts a;. It can be easily checked
that Q" U {r} is colorful and contains p in its interior. This contradicts our assumption that
f (and p) are on the boundary of Ug. O



Visibility within the colorful union.

We define visibility with respect to the polyhedron Ug. We say that two points p,q € Ug are
visible to each other if the line segment pq is contained in Ug.

Theorem 1. Let S be a colored point set in R? and let P C S be an arbitrary colorful
sitmplex. Then every point in Ug is contained in a colorful simplex that has a vertex in P.
Consequently, every point in Ug is visible from one vertex of P.

Proof. Let ¢ € Ug be a point in the colorful union. If ¢ € convP, then any vertex of P sees
q. Assume that ¢ ¢ convP. Since q € Ug, there is a colorful simplex @ C S that contains gq.
If P and @ have a common vertex, the statement of the theorem follows trivially. Assume
that PN Q = (. Note that P and ) are each colorful, but they do not necessarily have the
same d + 1 colors. Successively pick a point in P and a point in ) whose colors are unique
in P UQ, and recolor both points to a new color. The recoloring ensures that both P and Q
remain colorful, and PUQ has d+ 1 colors. Clearly, if a simplex R C PUQ is colorful in the
new colors, then it was colorful in the original colors, too. Now P U @ is a colored point set
where every color class has size 2. The point ¢ is contained in the colorful simplex () spanned
by the points of PU Q. By Lemma 1, ¢ is contained in some other colorful simplex R. Then
R must have at least one common vertex with P. O

A polyhedron U in R? is star-shaped if there is a point p € U such that every point
in U is visible from p. Such a point p € U is called a star center. We show that in the
plane, the colorful union Ug is star-shaped. In Section 5, however, we construct colored point
configurations in R3 such that Ug is not star-shaped.

Lemma 3. If S be a colored point set in R, then Ug is star-shaped.

Proof. Let P C S be the set of all extremal points in S and let W = {W(p) : p € P} be the
set of all wedges determined by some extremal point in S. Recall that a wedge W (p) contains
all points in S whose color is not color(p). Since color(S) > 4, any three wedges in W have a
non-empty intersection (in fact, their intersection contains a point of S). By Helly’s theorem,
all wedges in W have a common point, say o € R?. We show that Ug is star-shaped with
star center o. It is enough to show that for every point ¢ € Ug, the line segment oq lies in
Us. Consider an arbitrary point ¢ € Ug, and let e be an arbitrary edge of Ug that intersects
the ray @. By Lemma 2, edge e lies on the boundary of a wedge W (p) € W, where o lies in
the interior of W(p). So 0( crosses e from the interior to the exterior of Ug. It follows that
@ crosses the boundary of Ug at most once, and so @ N Ug is a line segment. Since both o
and ¢ are in @ NUg, segment oq lies in Ug, as required. O

3 The combinatorial complexity of the colorful union

If the convex hull of S is a colorful simplex, then Ug = convS with d + 1 vertices. Hence,
the minimum combinatorial complexity (over all sets S) of Ug for n > d+ 1 colored points in
R? is ©(1). If S is in convex position, then the minimum combinatorial complexity of Ug is
©(n). This complexity is attained for a colored point set constructed recursively as follows.
Start with the d+ 1 vertices of a colorful simplex. In each step, choose an arbitrary (colorful)



face A of the current convex hull, place a new point near the center of A in the exterior of
the convex hull, and color it with a color that does not occur in color(A).

In the remainder of this section, we present lower and upper bounds for the mazimum
combinatorial complexity of the colorful union of n colored points in R

3.1 Lower bounds for the maximum combinatorial complexity

Theorem 2. For every integer d > 2, there are (d + 1)-colored point sets in R? of size
n > d+ 1 such that the combinatorial complexity of the colorful union is Q(n(d_l)Q).

Proof. Let d > 2 be a fixed positive integer. For every n > d + 1, we construct a set S of n
points of d 4 1 colors in R, We have one point of color d and d + 1 each. Let a (resp., b) be
the point of color d (resp., d + 1) on the xg4-axis at N (resp., N + 1), for a sufficiently large
N to be specified later.

The remaining n — 2 points are evenly distributed in the first d — 1 color classes. We
construct the position of these point in three steps. Let R4™! denote the subspace of R¢
spanned by the first d — 1 coordinate axes. Step 1. For i = 1,...,d — 1, place the points
of color ¢ in the interval (0,1) of the x;-axis. Let S; denote the set of these points. Step 2.
Perturb each point in S; in the subspace R?~! by a sufficiently small §; > 0 such that the
resulting point set Sp is in general position in R%~!. Step 3. Perturb the x4 coordinate
of each point in Se by a sufficiently small §o > 0 such that the resulting point set S3 is in
general position in RY. Our point set is S = S5 U {a, b}.

The points in S; € R4 form ©(n?~1) colorful (d — 2)-simplices in R, Let My denote
the (d — 1)-tuples of pairwise disjoint colorful (d — 2)-simplices of S3 whose convex hulls have
a non-empty intersection. Since Sy is in general position in R?~!, the intersection of any d — 1
pairwise disjoint (d — 2)-simplices spanned by Ss is either empty or a single point, and the
intersection points ate distinct. We have |[Ms| = O((n¢=1)4-1) = ©(n(d=1*) by the second
selection theorem [6, 24] (which, in turn, follows from the colorful Tverberg theorem [32]).
Let M3 denote the corresponding (d — 1)-tuples of (d — 2)-simplices of S3. Denote by vy,
the intersection point of a (d — 1)-tuple m € Mo, and let Var = {vy, : m € M}. Let € > 0
be the minimum distance between the points in V4 in R, For every point v,,, m € Ma,
let B,, C R? denote the d-dimensional ball of radius £/3 centered at v,,. The balls B,,,
m € Mg, are pairwise disjoint.

After the second perturbation, S is in general position in R?, and so no point is contained
in d — 1 distinct (d — 2)-simplices. However, each colorful (d — 2)-simplex in S3 is extremal,
with two almost vertical shells incident to points a and b, respectively. If d2 > 0 is sufficiently
small, the d — 1 pairs of shells whose axes are the d — 1 distinct (d — 2)-simplices in m € M3
intersects in a unique ball B,,. If IV is sufficiently large, then the lower-most intersection
point of these d — 1 pairs of shells is a vertex of Ug. Since the balls B,, are pairwise disjoint,
Usg has at least ©(n(@=1?) vertices. O

3.2 Upper bounds for the maximum combinatorial complexity

Boissonnat et al. [12] showed that the colorful union of a set S of n colored points in the
plane is a simple polygon. They also showed that the polygon Ug has no two consecutive
reflex vertices, and the convex vertices are points in S. It follows that Ug has at most 2n



vertices in R?. By Lemma 2, the boundary of Us is contained in O(n?~!) shells for every
d > 2. Aronov and Sharir [8, 31] proved that the combinatorial complexity of a single cell in
the arrangement of m distinct (d — 1)-simplices in R? is O(m?~!logm). The colorful union
Ugs has the same combinatorial complexity as the outer face in the arrangement of its shells,
which is O((n? )41 log(n®1)) = O(n{e1*logn). We have shown the following.

Theorem 3. For every d > 2, the combinatorial complexity of the union of colorful tetrahedra
spanned by a set of n colored points in R? is O(n(d_l)2 logn).

In Section 6, we improve this general bound for d = 3 from O(n*logn) to O(n'a(n)),
where a(-) is the inverse of the Ackermann function.

4 Efficient data structures for point inclusion queries

Using Theorem 1, we can build a data structure for point inclusion queries in the colorful
union Ug. Let S be a colored set of n points in RY, and let G = {g1,...,944+1} C S be an
arbitrary colorful simplex. Fori =1,...,d+ 1, let S; = {s € S : color(s) # i} U{g;}, and let
U; be the colorful union of S;. Note that g; is the only point of color ¢ in .S;. By Theorem 1,
Us = Uf:ll U;. That is, for a query point ¢ € R%, we have g € Ug if and only if ¢ € U; for
some i =1,...,d+ 1. It is easy to test whether ¢ € U; with a ray shooting query.

Lemma 4. For every ¢ = 1,2...,d+ 1, we have q¢ € U; if and only if ¢ = g¢; or the ray
emitted from g; in the direction of q passes through q before reaching a shell of S; U{g;}.

Proof. Assume that q # g;. Recall that U; is star-shaped with star-center g;. If ¢ € U;, then
the ray ﬂ passes through ¢ before reaching the boundary of U;, and the boundary of U; is a
shell of S; by Lemma 2. Conversely, suppose that the ray ﬂ hits a shell convA of S;. Since
the ray starts from g;, A is spanned by S; \ {g;}. If the ray passes through ¢ before hitting
convA, then ¢ is contained in the colorful simplex A U {g;}. O

Let T; denote the set of shells of S;. Since |S;| = O(n), we have |T;| = O(n?1). A ray
shooting query for T; would report the first shell hit by a ray, not the last one. Nevertheless,
the problem can be reduced to vertical ray shooting. If g; is on the convex hull of S, then
a projective transformation can map g; to infinity such that rays emitted from g; become
vertical rays directed downwards. The last shell hit by a vertical downward ray passing
through ¢ is the first shell hit by a vertical upward ray starting from infinity. If g; is not on
the convex hull, we can partition R? into two halfspaces by a hyperplane containing g;, and
build a ray shooting data structure for the set of shells in T; clipped in each halfspace.

The currently available data structures for ray shooting queries among a set of (d — 1)-
simplices in R% are based on range spaces of finite VC-dimension, multi-level partition trees,
and Megiddo’s parametric search technique [2, 3, 14, 30]. Given s not necessarily disjoint
(d—1)-dimensional simplices in R?, one can construct a data structure for vertical ray shooting
with O(s"la(s)) space and O(log s) query time; if the space is reduced to m, Q(s) < m <
O(s%t1), then the query time increases to O(s'*¢/m!/(4=1) for any constant ¢ > 0. Since
O(d) vertical ray shooting data structures, each for s = O(n9~!) shells in R?, can jointly
answer a containment query for Ug, we have the following result.



Theorem 4. For a set of n colored points in RY, there are data structures for answering point
inclusion queries for the colorful union Us. There is a data structure with O(n(4=1"a(n))
space and O(logn) query time. If the available space is reduced to m, Qn¢') < m <
O(n\@=V%) then the query time increases to O(n® 1+ /m!/ =1 for any constant & > 0.

Remark. Edelsbrunner [18] (see also [28, 31]) proved that the combinatorial complexity
of the upper envelope of m possibly intersecting (d — 1)-simplices in R? is ©(m~la(m)).
Since Ug = U?jll U;, then Ug is the union of d 4 1 star-shaped polyhedra, each of which has
O(n(d_1)2a(n)) combinatorial complexity. This, however, does not imply the same upper

bound for the complexity of Ug.

5 Colored point configurations with undesirable features

A point configuration whose colorful union is not star-shaped.

In the plane, colorful union Ug is always star shaped by Lemma 3. The star center is typically
not a point in .S, and Ug is not necessarily the union of two star shaped polygons with star
centers at S. However, Ug is the union of three star shaped polygons with star centers in S
by Theorem 1.

We show that in 3-space there are colored point sets whose colorful union is not star-
shaped. One example is shown in Table 1 and Fig. 3(a).

vertex X y z color vertex X y z  color
D1 -09 -1 1 1 D5 -1 —-09 -1 3
D2 -09 1 1 1 D6 1 =09 -1 3
D3 09 -1 1 2 D7 -1 09 -1 4
D4 0.9 1 1 2 P8 1 0.9 -1 4

Table 1: The coordinates of a point set whose colorful union is not star shaped.

(b)

Figure 3: (a) The colorful union of the point set S. (b) A superset of the visibility regions.



In the point set in Fig. 3(a), axes p1ps and paps have color {1,2}. Every point in Ug that
sees the relative interior of p1ps3 must lie in wedge W (p1, p3). Similarly, the relative interior of
p2p4 can only be seen from wedge W (pa, ps). Thus any point in Ug that sees both axes must
lie in W (pa, p4) N W (p1,p3). The intersection of these two wedges, however, is strictly below
the zy-plane. A superset of the intersection of the wedge with Ug is depicted in Fig. 3(b).
Similarly, the relative interior of pspy and pgps is visible from the intersection of two wedges,
which is a region strictly above the zy-plane (Fig. 3(b)). It follows that no point can see all
these four edges of Usg.

A face bounded by edges with reflex dihedral angles.

In the plane, every face of Ug is incident to a point in S (c.f. [12]). Since Ug is simply
connected, this property implies that the combinatorial complexity of Ug is O(n) in R2. In
3-space, however, there are colored point sets S such that a face of Ug is not incident to any
colorful edge. Fig. 4 shows an explicit example with 8 colored points in R?. The white face
in Fig. 4(right) is bounded by four edges with reflex dihedral angles.

b3
vertex x y z  color
P1 7T —-10 -3 1
D2 8§ -9 0 1
D3 0 —-14 10 2
D4 9 —-15 6 2
5 4 —-13 0 2 P4
D6 2 —-10 -1 3
p7 4 -6 0 3
D8 5 —6 —4 4

P1

ps

Figure 4: An example where a face is not incident to any axis.

A chain of reflex vertices.

In the plane, Ug has no two adjacent reflex vertices [12]. This property no longer holds in
3-space. Fig. 5 depicts a family of point sets in R? where the boundary of a face may contain
an arbitrary long chain of reflex vertices. Points of colors 1 and 2 are arranged along two
parallel lines in the zy-plane, such that the complete bipartite graph between the first two
color classes forms a convex chain of length (n) (Fig. 5, left). Two points of color 3 and 4
are placed below the zy-plane on opposite sides of all vertical planes through edges of color
{1,2}. A small perturbation can make any 4 points affinely independent while preserving the
reflex chain of length Q(n).

6 Colorful union in 3-space

In this section we prove an upper bound for the combinatorial complexity of the colorful union
in 3-space. Recall that Theorem 5 gives an upper bound of O(n*logn) in 3-space. We can
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Figure 5: A chain of reflex vertices of Ug along the boundary of a single face.

replace the logarithmic factor with the extremely slowly growing inverse of the Ackermann
function.

Theorem 5. The combinatorial complexity of the union of colorful tetrahedra spanned by
a set of n colored points in R3 is O(n*a(n)), where a(-) is the inverse of the Ackermann
function.

The proof builds on the following lemma, whose proof is postponed to Subsection 6.2.

Lemma 5. If S is a set of n colored points in R3, then the relative interior of every shell of
S contains O(n?a(n)) vertices of Ug.

Proof of Theorem 5. By Lemma 2 every face of the colorful union Ug is contained in a
shell. A set of n colored points spans O(n?) colorful edges. So there are O(n?) extremal
colorful edges, hence O(n?) shells. It is enough to prove that each shell contains O(n%a(n))
vertices, edges, and faces. By Euler’s formula it is enough to count the number of vertices
lying on each shell. First, we count the vertices of Ug lying on the boundaries of shells. The
boundaries of shell triangles consist of O(n?) colorful segments. If a vertex of Ug is contained
in a colorful segment pgq, then it is an endpoint p,q € S or an intersection point of segment
pq with the relative interior of one of the O(n?) shells. Therefore, each colorful segment
contains O(n?) vertices of Usg, and Ug has O(n*) vertices on the boundaries of shells. There
are O(n2a(n)) vertices of Ug in the relative interior of each shell triangle by Lemma 5. It
follows that each shell contains O(n2a(n)) vertices of Ug, as required. O

6.1 Auxiliary results in the plane

Before the proof of Lemma 5, we present auxiliary results in the plane. We assume throughout
this section that S is a finite set of colored points in the plane such that no three points are
collinear and |color(S)| > 3. For a closed polygonal curve v in the plane, the faces of v are

the connected components of R? \ . Clearly, one face is unbounded and all other faces are
bounded.

Lemma 6. Let S be a colored point set in R?.
(i) If v is a simple closed curve contained in Ug, then each bounded face of v is contained

m Us.

11



(ii) If vy is a closed polygonal chain whose vertices are points in S and every edge is colorful,
then every bounded face of v lies in the interior of Ug.

(i) If s1,82 € S and s3 € W(s1), then segment s1s2 is contained in Ug.

Proof. Statement (i) follows since Ug is simply connected [12]. For part (ii), a closed polyg-
onal chain 7 can be decomposed into simple (possibly overlapping) curves. Every simple
curve lies in Ug and hence all the induced bounded faces are contained in Ug, as required.
For part (iii), consider s1,s9 € S with s9 € W (s1). If s1 and sy have different colors, then
s1s2 is colorful and is clearly contained in Ug. Assume that color(s;) = color(sz), and let
s',s"” € S be the two points lying on the shells with axis s;. The colors of s’ and s” each are
different from color(s;) and hence from color(sg). It follows that the closed polygonal chain
(s1,5,s2,5") has colorful edges and syse C Ug by part (ii) of the lemma. O

We say that a line segment e is fully visible from a point p € Ug in R?, if conv(eU{p}) C Us.
We show that if S is a colored point set in the plane, then almost all edges of Ug are fully
visible from at least one of two given points in S.

Lemma 7. Let S be a colored point set in R?. Let si,s9 € S with color(sy) = 1 and
color(sz) = 2.

(1) If an edge e of Ug is fully visible from neither sq nor sa, then e is an edge of conv.S, hence
the endpoints of e are some extremal points pi,p2 € S. Furthermore, color(py,p2) =
{1,2}, the point set {p1,pa2,s1,s2} is in convexr position, and the wedges W(p1) and
W (p2) each contain exactly one of s1 and ss.

(2) All but at most two edges of Ug are fully visible from si or sg.

(3) If an edge e of Ug is fully visible from s1 or sa, then e is incident to some extremal
vertex py € S such that the convex hull of e and the vertices {s1, s2}NW (p1) is contained
m US.

Proof. (1): Let e be an edge of Ug that is fully visible from neither s; nor sy (see Fig. 6(a)).
By Lemma 2, e lies on a shell segment pips, for some pi,ps € S. We shall prove that
e = pipe. At this point, however, we only assume e C pipe. It is clear that {p1,pi} N
{s1,82} = 0, otherwise the entire segment p1ps would be fully visible from s; or sy. We
have color({p1,p2}) = {1, 2}, otherwise the triangle p1p2s; or p1p2ss would be colorful, and
segment pipo would be fully visible from s; or ss.

If conv{pi,pa,s1,s2} = (p1,p2,51,52) (see Fig. 6(b)), then conv{pi,ps,s1,s2} C Us by
Lemma 6(ii), and so pips is fully visible from both s; and sg. Similarly, if conv{pi, ps, s1, s2}
is a triangle (Fig. 6(c)), then the non-convex quadrilateral (p1,pa,si,s2) or (p2,p1,s2,S1)
is a simple polygon, which contains triangle pip2s; or pip2sz. In both cases, the entire
quadrilateral is contained in Ug by Lemma 6(ii), and so pips is fully visible from s; or sa.
Therefore, conv{pi, p2, $1, $2} has to be a quadrilateral with some monochromatic edges. As-
sume, without loss of generality, that conv{pi, pa, s1, s2} = (p1, S1, S2, p2) in counterclockwise
order.

Let H be the supporting line of p1ps, and assume that s1,s5 € H~. We claim that pips is
an edge of convS. Suppose, to the contrary, that p;ps is not an edge of convS. Then there is
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Figure 6: The colorful union of the planar point configurations in the proof of Lemma 7(1).

a point r € SNH™. We have color(r) € {1,2}, otherwise the relative interior of p;ps would lie
in the interior of Ug, and e would not be an edge of Ug. Assume that color(r) = 1 (the case
that color(r) = 2 is analogous). Let ' be the intersection point of segment rso and line H.
We distinguish three cases based on the order of point py, ps, 7’ along H. Case 1: the order of
these points is (1, p1, p2) (see Fig. 7(a)). Then pips is contained in a face of the non-simple
polygon (7, p2, s1, s2), and by Lemma 6(ii) p1p2 lies in the interior of Ug. Case 2: the order is
(p1,7',p2) (see Fig. 7(b)). Then pir’ C p1pe is fully visible from so by applying Lemma 6(ii)
for (p1,p2, 51, $2); and the relative interior of 7/py C p1po lies in the interior of Ug by applying
Lemma 6(ii) for (7, pa, s1,s2). Case 3: the order is (p1,p2, ). Then (p1, s2,r, p2) is a simple
polygon, whose interior lies in Ug by Lemma 6(ii), and so p1ps is fully visible from ss. All
three cases lead to a contradiction, so we conclude that S N H' = () and p1ps is an edge of
convS. It follows p; and po are extremal points in .S, and e = pips.

Since the segments pisy and pes; are colorful, we have so € W(p2) and s1 € W(p2).
However, s; ¢ W (p2), otherwise segment pas; would be contained in Ug (by Lemma 6(iii)),
and so triangle pipas1 C Ug (by Lemma 6(i)), hence e = p;ps would be fully visible from s;.
One can show analogously that so & W(p1), as required.

P2 o @

b 42

59
S1

()

Figure 7: The colorful union of the planar point configurations in the proof of Lemma 7(1)

and (2).
(2): Suppose that Ug has two edges, p1p2 and qi1q2, that are fully visible from neither s;

nor sa. We have shown in Lemma 7(1) that p1,p2,qi1,q2 € S with colors in {1,2}, and both
(p1,p2, s2,s1) and (q1, 42, s1,51) are convex quadrilaterals. We may assume without loss of
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generality that color(p;) = color(q1) = 1 and color(py) = color(qz) = 2. Hence pip2 and q1¢2
each lie in a halfplane bounded by the supporting line of s;s2. We now show that they must
lie on opposite sides of s1s2. Suppose, to the contrary, that pips and g1¢g2 are on the same
side of s1s2. From Lemma 7(1), both pips and g1¢2 are edges of convS. We may assume that
conv{si, s2, p1,p2,q1,q2} = (81,82,p2,P1,q2,q1) in counterclockwise order (Fig. 7(c)). The
vertices of the convex quadrilaterals (s1,p2,q1,s2) and (s2,p1,p2,q1) are colored alternately
1 and 2, and so they are contained in Ug. Therefore pips is fully visible from sy, which is a
contradiction. We conclude that pips and giqo lie on opposite sides of s1s5. Hence Ug has
at most two edges (at most one each side of s;s2) that are visible from neither s; nor ss.
(3): Assume without loss of generality that edge e is fully visible from s;. By Lemma 2,
e lies on a shell segment pips, for some p1,ps € S. Recall that Ug has no two consecutive
reflex vertices and every convex vertex is a point in S [12]. Hence we may assume that one
endpoint of e is p; € S. Since pyp2 is a shell, then color(py) # color(ps). We distinguish two
cases.
Case 1: e = p;py. By symmetry, we may assume that color(p;) # 2 and color(py) # 1. This
implies that s; € W(p2) and so € W(p1). If W(p1) or W(p2) contains exactly one of s; and
s2, then statement (3) follows immediately. So assume that both W (p;) and W (p2) contain
{s1,s2}. By Lemma 6(iii) and by construction every edge of the complete graph spanned by
D1, P2, S1, S2 1s contained in Ug, which in turn shows (by Lemma 6(ii)) that conv(eU{s1, s2})
lies in Ug.
Case 2: py is not in e. Then e = pir, where r € conv p1ps is a reflex vertex of Ug. If
s1 € W(p1) the lemma follows trivially, so assume that s; € W(p1). The reflex endpoint r
is followed by an extremal point, say ¢ € S, on the boundary of Ug. Since ¢ & W (p;1) we
have color(q) = color(p). The segments s1p1, pir, and rs; are contained in Ug since e is
fully visible from s;. Segment p;s; is also contained in Ug by Lemma 6(iii), and segment
$182 is contained in Ug because it is colorful. Furthermore, poso is colorful, or else gso is
colorful (since color(q) = color(p;) # color(pz2)). Due to Lemma 6(ii), in all situations the
convex hull of e and {s1,s2} lies in a polygon whose edges are contained in Ug, and hence
conv{si, se,e} C Ug (see Figure 8). Notice that a colorful edge rse cannot cut through e. O

52

Figure 8: Proof of Lemma 7(3). The solid edges are contained in Ug as well as one of the
dashed edges of each scenario. The figure depicts the three interesting configurations of s1, so
with respect to e.
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6.2 Proof of Lemma 5

We are given a set S of n colored points in R?. Let A = vjv9v3 be a shell triangle with axis
v1v2. We show that the relative interior of convA contains O(n?a(n)) vertices of Ug. Assume
without loss of generality that color(v;) =i for i = 1,2, 3. Let H be the plane spanned by A.
Let Ua = cl(convA Nint(Ug)) be the restriction of Ug to the triangle convA. It is enough to
show that Ua has O(n?a(n)) vertices in the interior of convA.

By Lemma 2, every edge of Ua lies in the intersection of convA and another shell triangle.
Let T denote the set of all shell triangles ¢ such that ¢ £ A and convA N conv ¢ contains at
least one edge of Ua lying in the relative interior of convA. Since there are O(n?) shells, we
have |T| = O(n?). For every t € T, the line segment convA M conv ¢ lies in Ua, and it may
contain several collinear edges of Ua. Let trace(t) be the convex hull of all edges of Ua along
convA N conv t. We say that a trace(t) is k-visible, for k = 0, 1,2, if Ux contains the convex
hull of trace(t) and k vertices of A, and k is the maximum such integer. In particular, a
k-visible trace is fully visible from k vertices of A, where visibility is understood with respect
to the polygon Ua. If trace(t), t € T is O-visible but it can be decomposed into two line
segments which are each fully visible from a vertex of A, then fix one such decomposition,
and call the two segments the half-traces of trace(t). Every half-trace is 1-visible.

Outline of the proof of Lemma 5.

Every vertex of Ua lying in the interior of convA is at the intersection of two traces. We
proceed with a systematic classification of different types of traces, and devise upper bounds
for the number of intersection points that lie on the boundary of Ua. Our key tool will be
a reduction to the lower envelope of line segments in the plane. It is well known that the
lower envelope of k segments in the plane has O(ka(k)) vertices, and this bound is the best
possible [4]. The reduction will be fairly easy for the intersections of traces that are fully
visible from the same vertex of A (Lemma 8), and for intersections where at least one of two
intersecting traces is 2-visible (Lemma 14). The greatest challenge is to count the vertices
of Ua at intersections of 0- or 1-visible traces which are not visible from the same vertex of
A. To estimate the crossings among 0- and 1-visible traces, we define for every such trace a
wedge w(t) such that trace(t) lies on the boundary of w(t). We prove a serious restriction on
the intersection pattern of these wedges (Lemma 16): if a vertex of U lies at the intersection
of two such wedges but no vertex of A is contained in both wedges, then one of the wedges
contains the apex of the other. This restriction would immediately imply a linear bound on
the intersection points in terms of the number of wedges if w(t) NconvA C Ua for every such
trace(t). However, w(t) N convA is not always contained in Ua, and we need proceed with
care. We continue with the detail.

Traces fully visible from a single vertex of A.

The intersection of two traces is either the endpoint of one of the traces or the crossing point
of the two traces (i.e., it lies in the relative interior of both traces). There are O(n?) traces,
and so Ua has O(n?) vertices at the endpoints of traces. It remains to show that Ua has
O(n2a(n)) vertices at crossings of traces. To begin with, we show that Ux has O(n%a(n))
vertices at the crossings of traces which are fully visible from the same vertex of A. For
i1 =1,2,3, let L; be the set of all traces and half-traces fully visible from v;. The convex hull

15



of each segment in L; and v; is a triangle lying in Ua; let D; denote the union of all of these
triangles. It is clear that D; C Ua.

Lemma 8. Fori=1,2,3, the set D; has O(n?a(n)) vertices.

Proof. By definition, D; is the union of O(n?) triangles that lie in convA and share vertex
v;. Apply a projective transformation that maps v; to infinite, and maps the incident edges
of A to vertical rays pointing up. Every triangle incident to v; and lying in convA is mapped
to a region vertically above a line segment. The number of vertices of D; is the combinatorial
complexity of the lower envelope of these segments. It is known that the lower envelope of
O(n?) line segments has O(n%a(n?)) = O(n%a(n)) vertices, which is the maximum length of
a Davenport-Schinzel sequence of order 3 over O(n?) symbols [4]. O

To prove Lemma 5, it remains to bound the number of crossings of pairs of traces which are
(1) either fully visible from different vertices of A, or (2) one of them is not fully visible from
any vertex of A. In order to better understand the crossings between traces, we distinguish
three types of traces and study their properties.

Three types of traces.

Recall that H denotes the plane spanned by A. As usual, H defines two open halfspaces, H™
and H~. Let H~ be the open halfspace containing all points of colors other than {1,2,3}.
Since vyvg is an axis of A, we have color(SN H™) C {1,2}. A triangle t € T is of

e type A if exactly one vertex of ¢ isin SN HT,
e type B if exactly two vertices of ¢ are in S N H™ and an axis of ¢ crosses H,

e type C if exactly two vertices ¢ are in S N H' and the axis of ¢ is in H™T.

Denote by T4, T, and T, respectively, the set of shell triangles of type A, B, and C. We
have T = T4y UTpUTc. We say that trace(t) is of type A (resp., type Bor C)if t € Ty (resp.,

Tg or T¢).
p
p
A\ i
V3 V3 »
H H
Upr/ Upq H- Upr = Ugr H~

(% V2w (Y

Figure 9: Triangle A = vjv9vs with a triangle pgr of type A (left), and of type B or C (right).

Traces of type A.

For every p€ SNHT and ¢ € SNcl(H ™), let v,y = pg N H. That is, vy, is the intersection
point of segment pg and plane H. For every p € SN H™T, let U, denote the union of all
colorful tetrahedra spanned by p and three points in S N cl(H ™). It is clear that U, C Ug.
We also define the planar point set S(p) = {vpq : ¢ € SN cl(H7),color(q) # color(p)} and
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color each point vy, with color(q). In particular, the three vertices of A are in S(p) with their
original colors. Observe that H N U, = Ugy)-

Lemma 9. Ift € Ty and p is the vertex of t in SN H™, then trace(t) is contained in a single
edge of Us(p)-

Proof. Let t = prq. Since t € T4, we have ¢, € SNcl(H™) and t N H = vpqvp,. Segment
UpqUpr 18 colorful in S(p), and so it is contained in Ug(,). The edges of Ua along trace(t)
must be on the boundary of Ug(y) since Ug(,) NconvA C Ua. By the result of Boissonnat et
al. [12], no two edges of Ug(y) are collinear. Therefore all of trace(t) is contained in a single
edge of Ug(y)- O

Consider a colorful segment pg with p € SN H' and ¢ € SNcl(H™). Recall that if pg
is extremal (with respect to S), then W(pq) denotes the minimal 3-dimensional wedge with
axis pq that contains all points in S whose colors are not in color(pg). Let wy,q = W(pq) N H,
and observe that it is a planar wedge with apex vp,. If pg is extremal with respect to
{puU(Snecl(H™)) C S, then let W, denote the minimal 3-dimensional wedge with axis pq
that contains all points of SN cl(H ™) whose colors are not in color(pq). Let w,, = W, and
observe that w,,, is also a wedge with apex vp,. It is clear that w,, C wy, if pg is extremal,
however the two wedges are not necessary the same.

We are now ready to classify the traces of type A.
Lemma 10. Every trace(t) of type A satisfies one of the following three conditions:

o it is 2-visible;
e it is I-visible and it lies on the boundary of a wedge wy,,, where pq is an edge of t, and
w, contains exactly one vertex of A;

Pq
e it 1s O-visible and lies on the boundary of two wedges, w,, and w,,., where both pq and
pr are edges of t, furthermore, the wedges w,, and w,, each contain exactly one vertex

Pq
of A, which are two distinct vertices of A.

There are O(n) 0-visible traces of type A.

Proof. Let t = prq be a shell triangle of type A with p € NHT and ¢,7 € S Ncl(H).
Assume without loss of generality that color(p) = 1. By Lemma 9, trace(t) lies on a single
edge of Ug(,), which we denote by e. We have vy, v3 € S(p), since ve,v3 € SNcl(H™). Invoke
Lemma 7 for the point set S(p) with s; = vg and s9 = vs.

First assume that e is fully visible (with respect to the polygon Us(p)) to neither v4 nor
v3. By Lemma 7(1), both endpoints of e are extremal points in S(p). Since trace(t) C vpqvpr,
the endpoints of e are vy, and vy,. Therefore, trace(t) lies on the boundary of the wedges

w,, and wy,.. If trace(t) C e is 2-visible, then there is nothing left to prove; and if trace(t) is
1- or 0-visible, then the claim follows from Lemma 7(1).

Now assume that e is fully visible from vz or v3 (with respect to the polygon Ug(;)). This
implies that trace(t) C e is not O-visible (with respect to the polygon Ua). If trace(t) is
2-visible then there is nothing left to prove. So we may assume that e is 1-visible from vgy
or vs. By Lemma 7(3), e is incident to some extremal vertex v € S(p) such that the convex

hull of e and vertices {vg, v3} N W (v) is contained in Ug,y. Since trace(t) C vpqvpr, Wwe may
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assume without loss of generality that v = vy, hence W (v) = w,,. On one hand, w,,
contain both vy and v3, otherwise trace(t) would be 2-visible. On the other hand w,,, contains
at least one of vg and vs, since the colors of p, v2, and v3 are distinct. Finally w,, does not
contain v1, otherwise it would be 2-visible by Lemma 6. Hence w,, contains exactly one
vertex of A.

By Lemma 7(2), Ug(,) has at most two edges that are not fully visible from any vertex
of A, and at most one such edge intersects the interior of A. Therefore, there is at most one
0-visible trace of type A on the boundary of each Ug,, p € SN H T. This proves that there
are O(n) 0-visible traces of type A. O

cannot

Traces of types B and C.

We show in Lemma 12 below that every trace of type B or C is 1- or 2-visible. Therefore, all
0-visible traces are of type A.

Lemma 11. Let pqr be a colorful triangle such that p,q € SN H* and r € SN H—, with
color(p) = 1 and color(q) = 2. If color(r) > 4, then the interior of v1v3Vg, Uv30gUpr UU2030p,
is contained in the interior of Ug. If color(r) = 3, then every bounded face of the closed
polygonal chain (vi,vs, v2, Vpr, Vgr) in A is contained in the interior of Us.

Proof. If color(r) > 4, then the colorful simplices conv{vi,q,vs,r}, conv{p,q,r,v3}, and
conv{p, va, v3, T} contain triangles v1v3vVgy, V3UprVgr, and voU3Vy,, respectively.

U3 U3 V3 U3
U‘IT D
qr ~
’UqT va UPT Upr
171 () U1 (%) 151 (%) 771 (%)
(a) (b) () (d)

¢

Figure 10: Triangle A = vivov3 and the closed polygonal chain (vg, v3,v1, Vgr, Upr) Where pgr
it a triangle of type B or C.

Now suppose that color(r) = 3. Refer to Fig. 10. The closed polygonal chain (v1, ve,p, q)
is alternately colored 1 and 2. Every edge of this chain forms a colorful triangle with each
of v3 and r. These eight triangles of color {1,2,3} form a combinatorial octahedron. By
adding a point of a fourth color to each triangle, we obtain colorful tetrahedra that jointly
contain every bounded region determined by the immersion of this octahedron into R3. Every
bounded face of the planar polygonal chain (v1,v3, v2, Vpy, Vgr) is on the boundary of one such
region lying in H'. Since A forms a colorful tetrahedron with a point in H~, the bounded
faces of (v1,vs,v2, Upr,vgr) in A are in the interior of Usg. O

Lemma 12. Every trace(t) of type B is either

o 2-visible; or
o I-visible and lies on the boundary of a wedge wy, such that pr is an axis of t, wp, N
convA C Ua, and wp, contains exactly one vertex of A.
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Proof. Let t = pqr such that p,q € H™ and r € H~, with color(p) = 1 and color(q) = 2.
Assume without loss of generality that pr is the axis of t. If color(r) > 4, then by Lemma 11,
we have v3Upvgr U 02030y, C Ua. Since wedge W (pr) contains va, vz and ¢, the union of
these two triangles is a convex quadrilateral, and so trace(t) is 2-visible, from vy and vs.
Assume now that color(r) = 3. By Lemma 11, Ua contains the bounded faces of the closed
polygonal chain (v1, v3, V2, Upr, Vgr). Since wedge W (pr) contains both vy and ¢, this polygon
has a convex interior angle at vy,. If vy & Z(Uprvs, 0pyv3) (Fig. 10(b)), then conv(trace(t) U
vov3) C Ua and trace(t) is 2-visible. If vy, € Z (003, vprv3) (Fig. 10(c)), then wy, NconvA C
Ua. Since trace(t) lies on the boundary of wedge wy,, = W(pr) N H, it is 1-visible from vs.
Furthermore, vy is the only vertex of A in the wedge w,,. O

Lemma 13. Every trace of type C is either

o 2-visible; or
o [-visible and lies on the boundary of a halfplane h™ such that h~ N convA C Ua.

Proof. Let t = pqr such that p,q € HT and r € H~, with color(p) = 1 and color(q) = 2,
where pq is the axis of . Note that vs lies in the wedge W (pq). Hence, for every edge of Ua
along trace(t), the interior of Ua lies on the same side as vs. Let h be the supporting line of
UprUqr, and let A~ be the halfplane containing vs3. If h intersects the segments v1v3 and vov3
(Fig. 10(a) and (d)), then by Lemma 11 we have h™ N A C Ua.
Assume now that h intersects segments v1v2 and, without loss of generality, v1v3 (Fig. 10(b)).

By Lemma 11, every bounded face of the closed polygonal chain (vi,vs, v, Upr, vgr) lies in
Ua. Since trace(t) C vpvg contains some edges of the boundary of Ua, segment vp,vy, is
adjacent to an unbounded face of this polygonal chain, and so the segments vovy,, and v3vg,
cannot cross. Therefore the quadrilateral (va, vpy, vgr, v3) is convex, and it is contained in Ua
by Lemma 11. This shows that trace(t) is 2-visible, from v2 and vs. O

2-visible traces.

We show that 2-visible traces are incident to at most O(n?a(n)) vertices of Ux.

Lemma 14. Let t1,to € T such that their traces intersect at point x and let trace(t;) be
2-visible.

(a) If trace(tq) is 2-visible, then both traces are fully visible from a vertex of A.

(b) If trace(te) is 1-visible, then both traces are fully visible from a vertex of A; or x is an
endpoint of trace(t1) or trace(ta).

(c) Iftrace(t2) is O-visible, then x is an endpoint of trace(ta); or trace(ta) can be decomposed
into two half-traces, each of which is fully visible from some vertices of A.

Proof. We may assume without loss of generality that Ua contains a convex quadrilateral
Q@ = conv(trace(t1) U vavs).

(a) Since A has three vertices, any two 2-visible traces are fully visible from a vertex of
A.

(b) The statement clearly holds if trace(tz) is visible from vy or vs. Assume that trace(ts)
is fully visible from vertex v; only. Recall that a trace is the union of collinear edges of
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Figure 11: Triangle A = vjvovs where trace(ty) is fully visible from both ve and vs.

Ua. Since an endpoint of a trace cannot be in the interior of Q C Ua or the triangle
conv (trace(te) Uws), one of trace(t;) and trace(t2) has to end at x. See Fig. 11(a)-(b).

(c) By Lemmata 12 and 13, trace(t2) is of type A. By Lemma 10, trace(t2) lies on the
boundary of two wedges w,, and w,, that each contain a unique vertex of A, say v; € w,,
and vj € wy,, i # j. Hence the segments v;vp, and v;vp, cross, and they are both contained
in Ugpy € Ua by Lemma 6(iii). By Lemma 6(ii), the bounded faces of the nonsimple
quadrilateral v;v;vp,vp, are also contained in U, sp) € Ua. If v;v; # vive, then z is the
endpoint of trace(ts), since trace(t2) cannot enter the interior of @ (Fig. 11(c)). If v;v; = viva,
then z partitions segment vp,vp, (hence trace(ts)) into two segments that are each fully visible

from v; and wa, respectively (Fig. 11(d)). O

Lemma 14 implies that every vertex of Ua that lies on a 2-visible trace is either an
endpoint of some trace or it is a crossing of two traces fully visible from the same vertex of
A. The total number of these vertices of Ua is O(n?a(n) from Lemma 8. It remains to count
the number of crossings between 0- or 1-visible traces that are not visible from a common
vertex of A. By Lemma 13, every 1-visible trace(t) of type C lies on the boundary of a
halfplane A~ with A~ N convA C Ua. Clearly, such a trace(t) cannot cross any other trace
(a crossing is in the relative interior of both traces). We conclude that all 2-visible traces
and all traces of type C jointly contain O(n?a(n)) vertices of Ux. Let X denote the set of
all vertices of Ua located at crossings between 0- or 1-visible traces of type A or B that are
not visible from a common vertex of A. It remains to show that | X| = O(n%a(n)).

Directed traces.

To every 1-visible trace(t) of type A or B, we associate a wedge w(t) such that

t lies on the boundary of w(t);
the apex of w(t) is on the an edge pq of t, withp € SNH' and g € SNcl(H™);
the edge pq of t is extremal with respect to the point set {p} U (SNcl(H™)) C S,

w(t) contains exactly one vertex of A, whose color is not in color(pg).

If trace(t) is of type A, then let w(t) = w,, from Lemma 10. If trace(t) is of type B, then let

w(t) = wp, from Lemma 12. To every O-visible trace of type A, can associate two wedges,

w,, and w,, from Lemma 10. Direct the boundary of each wedge w(t) towards their apices
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(see Fig. 12). This induces a unique direction on each edge along 1-visible traces, and two
possible directions on the edges along 0-visible traces. We define the in-degree of a crossing
x € X as the number of incoming edges along 1-visible traces. Note that 0-visible edges are
not counted in the in-degree, but for each crossing z € X on a 0-visible trace, one of the
associated wedges is directed away from 0. Let ¥ C X be the set of crossings that have
in-degree 1 or 2. Lemma 15 below implies that it is enough to prove that |Y| = O(n%a(n)).

We define two neighbors for each vertex x € X. Assume that x is the crossing of trace(;)
and trace(tz). Let 1 € X be the vertex of Ua along trace(t1) such that the relative interior
is xx; lies in the interior of Ua. Similarly, let o € X be the vertex along trace(t2) such
that the relative interior is xxo lies in the interior of Ua. The vertices x; € trace(t;) and
x9 € trace(ty) are the neighbors of x.

U1 V2 U Vo U1 (%)

Figure 12: The boundaries of wedges are directed towards their apices. The boundaries of
two wedges have up to four crossings, but at most three crossings have in-degree 0 or 1.

Lemma 15. We have | X| < O(|Y| + n2a(n)).

Proof. Recall that every trace is the union of collinear edges of Ua, and trace(t) is contained
in a segment convA N conv t for some ¢t € T. There are O(n) 0-visible traces by Lemma 10,
and so Ua has at most O(n?) vertices at crossings between pairs of 0-visible traces.

If x € X lies on a 1-visible trace and its in-degree is 0, then one of its neighbors has
in-degree at least 1. Charge x to one such neighbor z’ arbitrarily. The neighbor z’ is either
in X or it is one of the O(n?a(n)) vertices of Ua that are not in X. Since every vertex of
Ua has at most two neighbors in X, each vertex of Ua is charged at most twice. We have
|X| < 3|Y| + O(na(n)). O

Crossing wedges.

Consider a vertex © € Y of Ua. It is at the crossing of some 0- or 1-visible traces trace(t)
and trace(t2). Since the in-degree of x is 1 or 2, we may assume that trace(t;) is 1-visible and
directed towards x, and trace(t2) is either 0-visible undirected or 1-visible directed arbitrarily.
Recall that trace(f1) and trace(ts) lie on the boundaries of some wedges w(t;) and w(t2),
respectively, each of which contains exactly one vertex of A. If trace(t2) is 1-visible, then
w(t1) and w(t2) contain distinct vertices of A, otherwise the two traces would be visible from
the same vertex of A. If trace(t) is O-visible, then it lies on the boundary of two wedges,
each of which contains a distinct vertex of A, and we can choose either of them to be w(ts).
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Let the core of wedge w(t1) (resp., w(t2)) be the line segment between the apex and the
vertex of A it contains. The following lemma restricts how the wedges w(t1) and w(t;) can
intersect if the cores of w(t;) and w(ty) cross each other.

Lemma 16. Let © € Y be the crossing of two traces, trace(ti) and trace(tz). Let vy, and
vsq be the apices of w1 = w(t1) and wy = w(ts), respectively, with p,r € SN H' and
q,s € SNcl(H™). Assume that the cores of wy and wy cross. Then color(p) = color(q),
color(r) # color(s), and we have vy, € wy or Vgs € W1.

Proof. Let v; € wy and v; € wa denote the unique vertices of A contained in the two wedges.
We have i # j as v;up, and vgs cross. Since {p, ¢, 7, s} has two vertices on each side of H, then
H nconv{p,q,r,s} is a convex quadrilateral (Fig. 13, left), in which v, and vy, are opposite
vertices. Assume without loss of generality that H N conv{p,q,7,s} = (Upr, Vps, Vgs, Vgr) In
counterclockwise order.

Recall that color(S N HT) C {1,2}. Since w; and wy each contain exactly one vertex
of A, we have color{p,q,r,s} C {1,2,3}. Since they contain distinct vertices of A, we have
color(pr) # color(gs). Under these constraints, there are still several possible distributions
of the colors among the points p, ¢, r, and s. By symmetry, it is enough to consider three
cases, depending on whether the two points on one side of H have different colors or not.

p
q
v
qr v
pr
+ UI’W >
H R T Uas
H
-
onr ns

Figure 13: Configuration of the points p, ¢, r and s in Lemma 16.

Case 1: color(p) = color(q). Without loss of generality, assume that color(p) = color(q) =
1, color(r) = 2 and color(s) = 3. Since the core segments v,,v3 and vgsvs cross (Fig. 13, right),
then @ = (v2,v3,vgs, Upr) is a convex quadrilateral. Since (vpy, Vps, Vgs, Vgr) is also a convex
quadrilateral, one of vy and v, must lie outside of ). Recall that wedge w; contains all
points in S(p) whose color is not in color(pr) = {1,2}. Therefore vs,v,s € w; and sim-
ilarly v, vgr € wa. If vy, is outside of @, then v, € Z(W,vqs—,v%) C wy. Otherwise
Vs € (Tt By C .

Case 2: color(r) = color(s). Without loss of generality, assume that color(p) = 1,
color(gq) = 2 and color(r) = color(s) = 3. Then v, v2 C wp, and vgev1 C wgs. Since the core
segments vy, vy and vgsv1 cross, then x is in a bounded face of the polygon (v2, vs, v1, Ugs, Upr).
(See Fig. 14.) By Lemma 11, the bounded faces of the polygons (ve,vs,v1, Vgr, Upr) and
(v2,v3, V1, Vgs, Ups) are contained in Un. They jointly contain all bounded faces of (ve, v3, v1, vgs, Vpr),
including x. That is, x is not on the boundary of Ua, contradicting = € Y.
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Figure 14: In Case 2, the crossing x € Y of trace(t1) and trace(tz) lies in a bounded face of
the pentagon (vi, v3,v2, Upy, Vgr) O (U1, 2,03, Ugs, Ugr)-

U3

U1 vV

Figure 15: In Case 3, the crossing x € Y of trace(t;) and trace(t2) lies in a bounded face of
the pentagon (v1,v2, v3,Vgs, Upr), Which is contained in the interior of Us.

Case 3: color(p) # color(q) and color(r) # color(s). Without loss of generality, we may
assume that color(p) = 1, color(q) = 2, color(r) = 3 and color(s) = 1. Then vpv2 C wq
and vgsv3 C wo. Since the core segments vy, v2 and vgsv3 cross, x is in a bounded face of the
pentagon (v3,v1, V2, Upyr, Ugs). (See Fig. 15.) Similarly to the proof of Lemma 11, the closed
polygonal chain (vg,v3, q,7) is alternately colored 2 and 3. Every edge of this chain forms a
colorful triangle with each of v1, p, and s. By adding a point of a fourth color to each triangle,
we obtain colorful tetrahedra that jointly contain every bounded region in R? determined by
these triangles. Every bounded face of the planar polygonal chain (vs3, v1,v2, Upyr, vgs) is on the
boundary of one such region lying in H*. Since A forms a colorful tetrahedron with a point
in H™, all bounded faces of (v3,v1,v2, Upr, vgs) in A are in the interior of Ug, contradicting
zeyY. O

We are now ready to bound the number of crossings in Y. We devise a charging scheme
where we charge each crossing x € Y to a vertex of one of the sets Dy, k = 1,2, 3, defined
below. For k = 1,2,3, let Ek denote the set of all traces, half-traces and all edges of the
polygons Ug(y), p € SNH™ that are fully visible from v;. Note that |Lk| = O(n?). The convex

hull of each segment in Lk and v is a triangle contamed in Ua; let Dk denote the union of
all these triangles. Analogously to Lemma 15, Dy, has O(na(n)) vertices for k = 1,2, 3.

Lemma 17. We have |Y| = O(n%a(n)).

Proof. We will charge every crossing x € Y to a vertex of ﬁk, for some k € {1,2,3} such
that each vertex is charged at most twice.

Consider a crossing = € Y of some trace(t1) and trace(tz). We may assume that trace(t;)
is 1-visible and directed towards x, and trace(ts) is either 0-visible undirected or 1-visible
directed arbitrarily. The traces lie on the boundary of wedges w(¢;) and w(t2) such that they
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each contain exactly one vertex of A, say v; € w(t1) and vj € w(t2), ¢ # j. This means that
trace(ty) is 1-visible from v;, and trace(¢1) enters the interior of w(t) at x. Note, however,
that x € Y is an interior point of trace(?;), and so it has to reach the boundary of Ua
between x and the apex of w(t1). Specifically, the neighbor of x along trace(t1), say ', is on
the boundary of Ua. Denote the apices of w(t1) and w(t2) by v, and vgs, respectively, such
that p,g € SNHT and r,s € SNcl(H™).

We show that the cores of w(t;) and w(t2) cross. Suppose, to the contrary, that the core
of trace(t;) does not cross the core of trace(ty). Then trace(t;) enters w(ty) at x. It cannot
exit from the wedge w(ta), otherwise both trace(¢1) and the core of w(t1) would cross the
core of w(ty). If trace(te) is of type B, then w(t;) NconvA C Ua by Lemma 12, and so x is
an endpoint of trace(ty), contradicting x € X. If trace(tz) is of type A, then it lies on the
boundary of Ug(,) by Lemma 10. Recall that Ug(,) denotes the colorful union of the point set
S(q), and we have Ug(g) N convA C Ua. Now trace(t1) enters the interior of Ug(,) at x, and
it cannot exit from Ug(,y by Lemma 7. Again, = is an endpoint of trace(t;), contradicting
x € X. We conclude that the cores of w(t1) and w(t2) cross.

By Lemma 16, we have color(p) = color(q) and color(r) # color(s); and we also have
Upr € w(tg) or vys € w(ty). Without loss of generality, assume that color(p) = color(q) = 1,
color(r) = 2, and color(s) = 3. Then the wedge w(t1) with apex v, contains v3 € S, and
w(t2) with apex vy, contains vertex vy € S. In particular, trace(t;) is fully visible from vs.
We may assume without loss of generality that the apex of trace(t1) lies in w(t2). If trace(t2)
is of type B, then w(¢;) NconvA C Ua, and so z is an endpoint of trace(t;), contradicting
x € X. Therefore, trace(t2) is of type A.

Now trace(t1) enters the interior of Ug(,) at w, it reaches the boundary of Ug,) on or
before arriving to 2/, but it remains in wedge w(t2). We claim that the directed segment zz’
reaches the boundary of Ug(,) at an edge e of Ug(, fully visible from v3. Invoke Lemma 7
for the planar point set S(q) with s; = ve and sy = v3. Every edge of U, s(q) 1s either fully
visible from w3 or lies on the boundary of some wedge that contains ve. If trace(t;) enters
the interior of any such wedge w that contains vo, then it cannot exit from w by Lemma 16.
Hence, trace(t;) must exit from Ug(,) at a point z" located on an edge of U, s(q) fully visible
from vs.

Note that z” is the intersection of trace(t1) and an edge e of Ug(g), both of which are fully

visible from vs. Both trace(¢1) and e are in the set of segments L3, and so part of trace(t1)
lies in the interior of D3 in some small neighborhood of z”. However, D3 CU A, and so the
directed segment xa’ reaches the boundary of 133. Let & be the first intersection point of
trace(t1) with the boundary of Ds along z”2’. Since trace(t1) € Eg, 4 is a vertex of Ds.
We charge the crossing z to vertex & of 53. Similarly, charge every crossing z € Y to some
vertex of Dy for some k = 1,2,3. Each point Z is charged at most twice. As noted above,

Dy, k = 1,2,3, have a total of O(n2a(n)) vertices. This proves that |Y| = O(n2a(n)). O

We have shown that Ua has a total of O(n?a(n)) vertices in the interior of convA. This
completes the proof of Lemma 5. O
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7 Open problems

We have tightened the gap between the lower and upper bound for the combinatorial com-
plexity of the colorful union in R3. We do not know whether the term corresponding to the
inverse of the Ackermann function is necessary. It is an obvious open problem to simplify
and extend our results to higher dimensions.

We have transformed inclusion queries for Ug into vertical ray shooting queries, which
lead to the data structure proposed in Theorem 4. In particular, this data structure is
a ray shooting data structure for shell (d — 1)-simplices spanned by the point set. As a
consequence, the data structure ignores the fact the simplices are spanned by a ground set of
only n points, and it also ignores the colors. It remains an interesting open question whether
these two structural properties can be exploited to design a more efficient data structure.

Depth queries are a more general form of inclusion queries, because a point is contained
in the colorful union if it has colorful simplicial depth of at least one. Little is known
about general colorful simplicial depth queries and it is desirable to come up with efficient
data structures for this problem. For the monochromatic case, the simplicial depth can be
computed in R? in O(nlogn) time [21, 23], and in R? in O(n?) time [13, 23]. In higher
dimensions no better strategy than the trivial O(n'*?) brute force test seems to be known.
Afshani and Chang [1] proposed a data structure for approximate simplicial depth queries.
There are no similar approximate results for the colorful simplicial depth.
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