AMAT 483 Computational Methods for Mathematical Finance

Discrete hedging

(Following Wilmott (1994), “Discrete Charms,” Risk Magazine, Vol. 7, No. 3, pp. 48-51.)

We suppose that we are hedging at intervals of 8¢, and that S = e”, with dz = 6t + o¢/dt, where
¢~ N(0,1),and i = i — 102

We are going to hedge an option V' with A units of stock .5, so that our portfolio I = V' — AS. Then

STT = 6V — ASS,

and so
var[§I1] = var[0V] + A% var[§S] — 2A cov[dV, 6.5].
We want to minimize this using A, and the minimum is attained when
cov[oV, 65
var[0S]

We will compute this ratio to O(€?).
We write € = v/dt, so that 6z = eo¢ + €2[i.
Now, to O(e?),

1 1 1
0S =25 ((5:16 + §5x2 + 65:163 + —5:174) ,

24
and
5V =V, + ;vﬁ + VoS + %V55582 + évsssés?’ + ivssssas‘l + €°Vs6S + gvgsscssﬂ
=V, + gvtt + (Vs + €*Vig) 65 + % (Vss + €?Viss) 05% + éV555553 + 2—14‘/5555554.
Now, in terms of expectations,
oz = fi€? @2625<u+%(2+%2)62)
012 = o2€® + [i%e! 052 = 252 (02 + (/Lz + 20% 1 + %4) €2>
0z = 30 fiet 053 = 3e'0? 53 (u + 02)
ozt = 3otet 054 = 3015t

It follows from this that )
var[§S] = €25%0? <1 + <2u + %) €2> :

Moreover, we can see too that, still to O(e?),

cov[6V,85] = 6V S — 6V S
e i+ Ve i) (51 55) - s (5579

53 1
- (VS + 62‘/’55) Var[éS] + 70264‘/55 (2M + 302) + §VSSSU4S464,
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so that

‘/S 62V8—|—€2§‘/SS (2/-1f+30'2> _S;O_Q‘/:gss
t +
1+ (2lu + %2) €2

S S?
= V5+€2 (‘/;55 + 5‘/55 (2,u + 30’2) + 702‘/555) .

Now, if we assume that, to zero’th order in €, V' satisfies the Black-Scholes equation

0.2
Vt =7rV — TSVS — 782‘/55,

then ,
Vis = —1rSVss — 02SVsg — %SZVSS&

so that, to O(e?),
2

A:Vs+e2(u—r+%)SV55.

This is the choice that minimizes var 6II. Wilmott then equates the expected return on JII with the
riskless rate r to obtain the modified Black-Scholes equation

2
Vi+rSVsg + %SQVSS —rV =0,

with
2

ol=0"+e(p—r) (3(u—r) +02),

or, equivalently (to O(e?)),
2

a*:a<1+6—(,u—r) (3(u—r)+a2)>.

202
To see this, set
— 1
oIl = (em - 1) II = (7“62 + 57“2 4) II.
Working to O(€*), we have
1 — __
(r+ §r2e2)(V —AS) =46V — A0S
4
=V, + %Vtt + (Vs + €Vis) 65
1 — 1 _— 1 N __
+ 5 (VSS + 62‘/,555) 052 + 6V555533 + 2—4V5555(554 — A6S
so that

1 2 1 2
(r + 57”262)(‘/ —AS) =V, + %V}t + (VS +52V1;S) <M+ B (,u2 + %) 62>

1 4

T3 (Vss + €Vigs) 52 (02 + (H2 + 207+ %) 62)
1 1

+ §V5356202S3 (,u + 0'2) + gV55550'4S4€2
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