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Discrete hedging
(Following Wilmott (1994), “Discrete Charms,” Risk Magazine, Vol. 7, No. 3, pp. 48–51.)
We suppose that we are hedging at intervals of δt, and that S = ex, with δx = µ̂δt + σφ

√
δt, where

φ ∼ N(0, 1), and µ̂ = µ− 1
2
σ2.

We are going to hedge an option V with ∆ units of stock S, so that our portfolio Π = V −∆S. Then

δΠ = δV −∆δS,

and so
var[δΠ] = var[δV ] + ∆2 var[δS]− 2∆ cov[δV, δS].

We want to minimize this using ∆, and the minimum is attained when

∆ =
cov[δV, δS]

var[δS]
.

We will compute this ratio to O(ε2).
We write ε =

√
δt, so that δx = εσφ+ ε2µ̂.

Now, to O(ε4),

δS = S

(
δx+

1

2
δx2 +

1

6
δx3 +

1

24
δx4

)
,

and

δV = ε2Vt +
ε4

2
Vtt + VSδS +

1

2
VSSδS

2 +
1

6
VSSSδS

3 +
1

24
VSSSSδS

4 + ε2VtSδS +
ε2

2
VtSSδS

2

= ε2Vt +
ε4

2
Vtt +

(
VS + ε2VtS

)
δS +

1

2

(
VSS + ε2VtSS

)
δS2 +

1

6
VSSSδS

3 +
1

24
VSSSSδS

4.

Now, in terms of expectations,

δx = µ̂ε2 δS = ε2S

(
µ+

1

2

(
µ2 +

σ2

2

)
ε2
)

δx2 = σ2ε2 + µ̂2ε4 δS2 = ε2S2

(
σ2 +

(
µ2 + 2σ2µ+

σ4

2

)
ε2
)

δx3 = 3σ2µ̂ε4 δS3 = 3ε4σ2S3
(
µ+ σ2

)
δx4 = 3σ4ε4 δS4 = 3σ4S4ε4.

It follows from this that

var[δS] = ε2S2σ2

(
1 +

(
2µ+

σ2

2

)
ε2
)
.

Moreover, we can see too that, still to O(ε4),

cov[δV, δS] = δV δS − δV δS

=
(
VS + ε2VtS

)
var[δS] +

1

2

(
VSS + ε2VtSS

) (
δS3 − δS2 δS

)
+

1

6
VSSS

(
δS4 − δS3 δS

)
=

(
VS + ε2VtS

)
var[δS] +

S3

2
σ2ε4VSS

(
2µ+ 3σ2

)
+

1

2
VSSSσ

4S4ε4,
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so that

∆ = VS+ε2VtS+ε2
S
2
VSS (2µ+ 3σ2) + S2

2
σ2VSSS

1 +
(
2µ+ σ2

2

)
ε2

= VS+ε2
(
VtS +

S

2
VSS

(
2µ+ 3σ2

)
+
S2

2
σ2VSSS

)
.

Now, if we assume that, to zero’th order in ε, V satisfies the Black-Scholes equation

Vt = rV − rSVS −
σ2

2
S2VSS,

then

VtS = −rSVSS − σ2SVSS −
σ2

2
S2VSSS,

so that, to O(ε2),

∆ = VS + ε2
(
µ− r +

σ2

2

)
SVSS.

This is the choice that minimizes var δΠ. Wilmott then equates the expected return on δΠ with the
riskless rate r to obtain the modified Black-Scholes equation

Vt + rSVS +
σ2
∗

2
S2VSS − rV = 0,

with
σ2
∗ = σ2 + ε2(µ− r)

(
3(µ− r) + σ2

)
,

or, equivalently (to O(ε2)),

σ∗ = σ

(
1 +

ε2

2σ2
(µ− r)

(
3(µ− r) + σ2

))
.

To see this, set

δΠ =
(
erδt − 1

)
Π =

(
rε2 +

1

2
r2ε4

)
Π.

Working to O(ε4), we have

ε2(r +
1

2
r2ε2)(V −∆S) = δV −∆δS

= ε2Vt +
ε4

2
Vtt +

(
VS + ε2VtS

)
δS

+
1

2

(
VSS + ε2VtSS

)
δS2 +

1

6
VSSSδS3 +

1

24
VSSSSδS4 −∆δS

so that

(r +
1

2
r2ε2)(V −∆S) = Vt +

ε2

2
Vtt +

(
VS + ε2VtS
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µ+

1

2

(
µ2 +

σ2

2

)
ε2
)

+
1

2

(
VSS + ε2VtSS

)
S2

(
σ2 +

(
µ2 + 2σ2µ+

σ4

2

)
ε2
)

+
1

2
VSSSε

2σ2S3
(
µ+ σ2

)
+

1

8
VSSSSσ

4S4ε2

= . . .
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