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Volatility

 Volatility is the standard deviation of the
change in value of a financial instrument
with specific time horizon

* |t is often used to quantify the risk of the
instrument over that time period

* The higher volatility, the riskier the
security




Types of Volatilities

» Historical V: standard deviation (uses
historical (daily, weekly, monthly,
quarterly, yearly)) price data to empirically
measure the volatility of a market or
instrument in the past

 Implied V: volatility implied by the market
price of the option based on an option
pricing model (smile and skew-varying
volatility by strike)




Volatility Smile

« The models by Black & Scholes (continuous-
time (B,S)-security market,1973) and Cox &
Rubinstein (discrete-time (B,S)-security market
(binomial tree), 1979) are unable to explain the
negative skewness and leptokurticity (fat tail)
commonly observed in the stock markets

« The famous implied-volatility smile would not
exist under their assumptions



Coftee Options

» Coffee options
trade on New
York's Coffee,
Sugar and
Cocoa
Exchange

(CSCE).




Coffee Call Option

« CSCE May
2001 coffee
call option
implied
volatilities as
of March 12,
2001




Implied Volatility:

« Graph indicates
implied volatilities at
various strikes for the
May 2001 calls based
upon their March 12,
2001 settlement
prices. The pattern of
implied volatilities
form a "smile" shape,
which is called a
volatility smile.
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Implied Volatility: Volatility Skew

« Most derivatives markets
exhibit persistent patterns of
volatilities varying by strike. In
some markets, those patterns
form a smile. In others, such
as equity index options
markets, it is more of a
skewed curve. This has
motivated the name volatility
skew. In practice, either the
term "volatility smile" or
"volatility skew" (or simply
skew) may be used to refer strike strike
to the general phenomena of
volatilities varying by strike.
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Implied Volatility: Volatility Surface

* Another dimension to
the problem of
volatility skew is that
of volatilities varying
by expiration. This is
illustrated for CSCE
coffee options. It
iIndicates what is
known as a volatility
surface




Types of Volatilities |

» Level-Dependent Volatility (CEV or Firm
Model)-function of the spot price alone

» Local Volatility-function of the spot price
and time (Dupire formulae, 1994)

« Stochastic Volatility: volatility is not
constant, but a stochastic process
(explains smile and skew)




Two Approaches to Introduce SV

* One approach-to
change the clock time
t to a random time
T(t) (change of time)

* Another approach-
change constant o = olt), ,/U
volatility into a
positive stochastic
process

oW (t) = W(T(1))

o°(s)ds < 4+0o¢



Stochastic Volatility: Some
Models

ARCH model (Engle (1982))

Discrete SV: GARCH model
(Bollerslev (1986))

Heston SV model (1993)

Mean-Reverting SV model
(Wilmott, Haug, Javaheri
(2000))

Elliott and Chan 'Option
Pricing with Stochastic
Volatility Driven by a Fractional
Ornstein-Ohlenbeck Process'.

In(S;/Se-1) = 0us, & = i.i.d.N(0,1)
o=V + %1112(8'”-—'1/3n—1—;} +(1—a—79)o2_,
doy = k(0* — o7 )dt + yodw,

"j”;} = ‘ﬁ-'(ﬁz — ﬂf)n’t - “;-afriwf



SV with Delay

Kazmerchuk, dﬂl‘!(?‘--ﬁz)_ﬁl. ot ,2
Swishchuk & Wu & | 1 tlrﬂ(h%b-ﬁ]f“"- 8)| = (a+9)o(t, S

(2002)




One-Factor SV with Delay

The underlying asset S(t) follows the process

dS(t) = uS(t)dt + o(t, S;)S(t)dW ()

S;:=8(t—1) S(t)=¢(t), te[-1.0, 7>0.

The asset volatility is defined as the solution of the following equation

]

lo=(t, S;) t - T
o’ (t8) _ ., / ols.S,) IV )
dt T LJt-r

Why this equation?

%

— (a+1 }ﬁg[l‘. 5).




From GARCH to SV with Delay

02 =4V +aln®(S,_1/Sn2) + (1 —a—7)s2_, -discrete-time GARCH(1,1)
on =7V + % In*(Sn_1/Sn-11) + (1 —a—)on_, -discrete-time GARCH(1,1)
(1=1)
g2 )
‘f"’df} ¥+ S (q(f‘i_”ﬂ) — (a +7)02(t) -continuous-time GARCH
| R (expectation of log-returns
is zero)
do?(t, St) G

+ 2
- v+ 2 U o (s, S_ﬁ}f,q-y.r(:,.)] — (@ +7)o%(t,S;). -continuous-time GARCH
dt T L (non-zero expectation

of log-return)



Comparison with GARCH (1,1)

GARCH (1,1) Log-returns for S(t) (lto formula)

1”—(5?1/571—1) =m+ 0nén, {511} ~iid. N(U,l),

. ' (¢ b | | t
0721 = 'TV +Q (Un—lfn—l)2 + (1 Q- 7)051—1 hl S(i( ) ) = [ (T - 502(“: S(?f)))du) + [ U(’h’,, S(u)]d”(u)
=WVt a(Syr/Sg)-mP+(1-a=n)t, 0 -

Continuous-Time GARCH for SV with Delay

do?(t, St) G

¢ 2
=V +— U a(a'._ﬁ’.ﬁ}rfﬂ-’(*-‘)] — (@ +7)o*(t, S).
dt T | Jier




Main Features of 1-Factor SV
with Delay

1) continuous-time analogue
of discrete-time GARCH
model

2) Mean-reversion

3) Market is complete (W is
the same as for the stock
price)

4) Incorporate the expectation
of log-returns

2

2(+ q t
=S / a(s-mrﬂr(a)l - (a+7)0"(t,S))
o7 y oot 2
— =(a+9 V—o/)dt+ - / 0,
it ( I)(f}fjr’“;’ ) T[ t-r |

dS(t) = puS(t)dt + o(t, S¢)Sy dW (t)

t t
, ):/ (’F—%UQ(?.L,S(?.L)))QZ.M)+ o(u, S(u))dW (u)
t—7

t—7




Equation for the Expectation of
Variance

Equation for the Variance

2 @ t 2
- {:# 2 W42 {[ o(s, AST.s]EiH',(H)] — (a+19)a’(t, 5).
dt T LJt—

Equation for the Expectation



Solution of the Equation for the
Expectation of Variance (1FSV)

Equation to be solved

dott) _ VW +ar(u—r)* + 2

t
o . / v(s)ds — (a + ¥)v(t)

t—1

Stationary solution General solution

aT(p — '!')2
v(t) =X =V + v(t) =~ X + Ce '

+ )
aT(pn —r1)°

C=v(0)-X =03V —

'AI



General Solution

Integro-differential equation with delay

du(t ' t
$)=7V+mﬂrwf+%/qvwﬂﬂ4@+ﬂ“”
’ t—T1

General solution

u(t) = Ep- [Ug[f. S)

. V¥
oatlp=r) 5 .. aTlp—T1)7\ .
o2 Tl J—(ﬁ—v— f J)fJ




Multi-Factor SV Models

- One-Factor SV Models (all above-mentioned):
1) Incorporate the leverage between returns and
volatility and

2) reproduce the ‘skew’ of implied volatility

« However, it fails to match either the high
conditional kurtosis of returns (Chernov et. al.
(2003)) or the full term structure of implied
volatility surface (Cont &Tankov (2004))

* Adding jump components in returns and/or
volatility process, or considering multi-factor SV
models are two primary generalizations of one-
factor SV models



Multi-Factor SV Models

Chernov et al. (2003): used efficient method of moments
to obtain comparable empirical-of-fit from affine jump-
diffusion models & two-factor SV family models

Molina et al. (2003): used a Markov Chain Monte Carlo
method to find strong evidence of two-factor SV models
with well-separated time scales in foreign exchange data

Cont &Tankov (2004): found that jump-diffusion models
have a fairly good fit to the implied volatility surface

Fouque et al. (2000): found that two-factor SV models
provide a better fit to the term structure of implied volatility
than one-factor SV models by capturing the behaviour at
short and long maturities

Swishchuk (2006): introduced two-factor and three-factor
SV models with delay (incorporating mean-reverting level
as a random process (GBM, OU, Pllipovich or continuous-
time GARCH(1,1) model))



Multi-Factor SV with Delay

. 2(+ Q t
One-Factor SV with Delay-----> do (;; 5t) — V4 ¢ { [ ofs. S'ﬁ]sﬂ-l-’(a)] ~(a+7)04(t,S)
ar T JI-7

« Multi-Factor-Mean SV with Delay-mean-reversion
level V is a stochastic process

V-5V (t)-stochastic process

« V (1) - geometric Brownian motion (GBM) (two-
factor)

* V (t) - Ornstein-Uhlenbeck (UE) process (two-
factor)

« V (t) - Pilipovich one-factor (two-factor)
 V(t) — Pilipovich two-factor process (three-factor)



2-Factor SV with Delay: GBM
Mean-Reversion (GBMMR)

lo=(t, Sy 1r ;. |
ao*(t, ot ) — Vi + - / o(s, 'SSJII{”I(HJ
Pl JE—T =

ko



2-Factor SV with Delay (GBMMR):
Equation for the E and Solution

Equation for the E

V9 (l

t
! = Ve aru o 4 2 / o(s)ds — (a+7)u(t)

dt r )i,

where 't‘[f) = Epdgﬂ[f. StJ*

Solution

v(t) = X + Ce™ ™ + (£ = A8 Vo

X 3 C a
, (E—A3)t 10 - (E—X3t AT
X —-1)+ )t en

|:l:— )\Li(f J L:_ )\L:{—AI I:f ‘ J



2-Factor SV with Delay: OU
Mean-Reversion (OUMR)

0,5, 11 sesdmes)
dot5) 0 / ofs. S.)dW (5
! i t—T =

b



2-Factor SV with Delay (OUMR):
Equation for the E and Solution

Equation for E

[v(t) § 3
dt ¢ ¢




2-Factor SV with Delay: Pilipovich 1-
Factor Mean-Reversion (OFMR)

lo*(t, S, T s |
t8) o / o(s, S¢) dW (s
i1 :

[ gt




2-Factor SV with Delay (Pilipovich 1TFMR):
Equation for the E and Solution

Equation for E

(;t(_f} . —{£—|—}\ﬂ]t s {: N .: o . 32
dt (f Vo L{:_}“i L{,—}-..J] T )

_ t
a4 :/ g*[x)ffﬁ'— (H'—“_;-]"'f‘(ﬂ
T Jt—r

Solution

~ £ olE 4+ AT
v(t) ~ X + Ce Vt 4+ 2 J{I;I“[“* FM)
£+ A3

x (1 — f:—{E—F}aH}t} 1 XLt




3-Factor SV with Delay: Pilipovich 2-
Factor Mean-Reversion (2FMR)

lo®(t, St 1/ ' |
ac=(t, 5S¢ ) — AV, + - / o(s,S)dW (s)
J S T—T =

—(a+7)a*(t, Sp).
Vs = E(Ly — Vi) dt + BV, dWy (1),

dLy = B1Ledt + nLe dWa(t).



3-Factor SV with Delay (Pilipovich 2FMR):
Equation for the E and Solution

Equation for E

I p r
du(t) A (f-—{£+hj}t{,-h L, ST A L_D[f.(ffl_}\]?}}t _ f:—{é—l—}\f_—?]t)}
{Ef_ .I ':_}\l.jl_ -.jI]_
t
2, @ . N
LY (Y
T Jt—1
Solution
v(t) = X + Ce 7" — (£ + A8 I-—-i;.[ : X (1 — e—(E+2AB)t)
£+ A3
C N £ A3
L 0 A ;_{-E—I—}-u_:l'}f-‘- .y <
E+ 2B+ f }} YL+ AB+ A

(_Tililf]_ — A’-lffj
(51 — A — v)

o |:_‘1r|1f:{_:'31_}11 )t f.—{-f:,'—i—h_:'ﬂ}t)-] L

" I:f:{_i'ﬂl_}il'?}::lt L f."_r'l‘.;l N {'T__.Tflif, + A3) : Iiffh"-t L f_—{£—|—}i_.-'§}r.j
(£ + AG +v)



Main Features of All the
Solutions for MFSVD

1) Contains solution of one-factor SV with
Delay

» 2) Contains additional terms due to the
new parameters (more factors-more
parameters)

« Solution (MFSVD)=Solution (1FSVD) +
Additional Terms (Due to the stochastic
mean-reversion)



Variance Swaps

Forward contract-an agreement to buy or sell
something at a future date for a set price (forward
price)

Variance swaps are forward contract on future
realized stock variance



Realized Continuous Variance

Realized (or Observed) Continuous Variance:

R.*- . _;‘_[ f nl_’u'?‘-:

where (¢) is a stock volatility,

T is expiration date or maturity.



Why Trade Volatility (Variance)?

+ \Volatility Swaps allow investors to profit from
the risks of an increase or decrease In future
volatility of an index of securities or to hedge
against these risks.

+ |f you think current volatility is low, for the right

price you might want to take a position that
profits If volatility increase.




How does the Volatility Swap Work?

FLOATING
L
HEDGE FUIND m—— DEALER
el —
Fixed leg = sirike price
Floatting leg = realized volatility
SCENARIOS
A — The volatility increases:
2104"11
HEDGE FUND > DEALER
18%
il
3%
I1HHEDGE FUND - DEALER
B — The volatility decreases:
E 12%
HEDGE FUNID - DEALER
8%
|

HEDGE FUNID

DEALER
B%
-af——




Payoff of Variance Swaps

A Variance Swap is a forward contract on
realized variance.

Its payoff at expiration is equal to

J?\'T{ET%. (f‘*] — f{.mr)

N is a notional amount ($/variance);
Kvar is a strike price



Valuing of Variance Swap for
Stochastic Volatility with Delay

Value of Variance Swap (present value):
P = "TEp[0%5(S) — Kuar]
where EpP* is an expectation (or mean value), r is interest rate.

2

To calculate variance swap we need only Ep-[07(t,5;)

(w, S(u—7))du.
JER Y L

b



Valuing of Variance Swap for One-Factor
SV with Delay in Stationary Regime

dv(t) a

t
L — W tar(p—r)+ = / v(s)ds — (a + v)v(t)
dt - T Ji_t

11l
4
_|_
-
=
.::~
.
|
s
by



Valuing of Variance Swap for One-Factor
SV with Delay in General Case

dv (t) (¥

" =V b ar(p -+ S / o(s)ds — (o + 7)o (?)

)~ X +Ce =V +ar(u—r)/y+Ce™

C=v(0)—X =05 -V —at(p—1)*/7.

In this way

= Lp [” D~V +ar(u- f]) T [r’Tﬁ -V -ar(i- a‘]z Je



Valuing of Variance Swap for One-Factor
SV with Delay in General Case

We need to find EP*[Var(S)]:

Ep*ﬂ-’ruf'[ﬁ")} = T “ Ep[ ()]
LIV +ar(u-r)?h +(n,,—1 ar(p -
— 1--"'+ruf(ﬁ—-;")2 -I-(U” V—ar(p-r)/y) f- .

2

Pr=e™V-K+ar(u—rf/y+ (o5 -V —ar(p—r)/y)




Comparison of SV in Heston
Model with SV with Delay

Heston Model (1993)

Q.
r ”% — i"fdf‘|‘ﬂdﬂ-‘}

do? = k(6% = o¥)dt + yodu?,
| { t

Y



Comparison of SV in Heston Model
with SV with Delay Il

Swap for SV in Heston Model

) 1 — E—I.-T
EVE = —37

(o8 — 6%) + 67,

Swap for SV with Delay

_ 1 — T _ _ _
E{V} ~ f]_ (6*(0,6(=7))=V—ar(u—r)7)+H[V+ar(u—r)*/4]

When tau=0 (the same expression as above):
1 — e T

E{V} = ~T

(a2(0,(—7)) — V) + V.




Numerical Example 1: S&P60 Canada
Index (1997-2002)

Table 1
Statistics on Log Returns S&7P60 Canada Index
Series: LOG RETURNS S&FP60
CANADA INDEX
Sample: 1 1300
O bservations: 1300
Mean 0.000235
Median 0.000593
Maximuimn 0.051983
Minimuiimn -0.101108
Stcd. Dew. 0.013567
Skewness -0.665741
Kurtosis T.T8T327

1—e T

E{Var(S)} = V+ar(p—rP+ (02 =V —ar(p—r)/y)e=

0.0002 + (1 — 0.0124)/0.0124) x 0.0604 x (0.0002 — 0.02)?
+(0.0001 — 0.0002 — 0.0604 x (0.0002 — 0.02)2/0.0124) x =222
0.000102,



Dependence of Variance (Realized) Swap
for One-Factor SV with Delay on Maturity
(S&P60 Canada Index)

Dependence of YWar(3) Swap on Maturity

0.0004 é
00035
JDDGSE
ﬁaagﬁg
2.0002

00015
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Variance (Realized) Swap for One-Factor SV
with Delay (S&P60 Canada Index)

Depandaence of War(=S) Swap on Daelay and Maturity




Numerical Example 2: S&P500

(1990-1993)

Table 3

Statistics on Log Returns S&FP500 Index

Series: LOG RETURNS S&FP500
INDEX

Sample: 1 1006

Observations: 1006

Mean 0.000263014

Median 8.84424F-05

Maximum 0.0340258390

Minimum -0.045371484

Std. Dewv. 0.00796645

Sample Variance

6.34643FE-05

Skewness

-0.178481359

Kurtosis

3.206144083

vi—e T

E{Var(S)} = V+Zlar(u—r)?+ (0§ =V —ar(p—r) /1)

0.004038144 + ((1 = 0.511)/0.511) x 0.3828 x 14 x (0.000263 — 0.02)?
(0.000063 — 0.04038144 — 0.3828 x 14 % (0.000263 — 0.02)%/0.511)

| —e—0.511
0.511 _
= 0.00774376584.

X 4+




Dependence of Variance (Realized) Swap
for One-Factor SV with Delay on Maturity
(S&P500)

Dependence of War(s) Swap on Maturity

0.04
0. nagé
0. DBE-;
0. .33?;
0. naeg
0. uaﬁé

0,034




Variance (Realized) Swap for One-Factor

SV with Delay (S&P500 Index)

Dependence of Yar(S) Swap on Delay and Maturity

(e
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Numerical Example 1: S&P60 Canada In-

dex

V4 Sl = 0,000

o=V -ar(p-r)

=000

=
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E of Variance and the Price of Variance
Swap for 1-Factor SV with Delay

aTt(p — -J'JQ

v(t) » X+Ce M =V+ +Ce M

-~

FIGURE 1: Variance of one-factor SV with delay (formula (10)).

FIGURE 2: The price of variance swap for one-factor SV with delay

(formula (13)).



Variance and The Price of Variance Swap for
SV with Delay (GBMMR)

:\
00074 ™,

v(t) m X + Ce™ ™ + (£ = A Vo §
3) C - ] 3
< (E=A8)t _ 1> - (E=2AB)t _ i ]
X | — 14— . : §
i:. - )\J’ (( ) L: — }\J’ -7 (( ‘ ) 0,004+ \‘-,_\

P P B e F T 7w B Fres S PR o B e e PR o S G [ v v s |
Q 20 40 &0 20 100
*®

FIGURE 3: Variance of two-factor SV with delay and with GBM mean-
reversion (formula (17)).

0,007
o.0os]

0.006

= —T}

J" / 0.008

(& — A3y Vo [ X ((:{g—)\;ﬂ}T = B 1.) Omzé o
I (£ — AG) (€& — AB)

C(elEAT —1) C(e?T — 1) } } x

P* ~ f-—F'T{ [x ~K+C

0.001] S

|||||||||||||||||||||||||

- FIGURE 4: Price of variance swap for two-factor SV with delay and
with GBM mean-reversion (formula (19)).

(& — AB)(& — A3 — ) Y(E— A8 —7)



Variance and The Price of Variance Swap SV
with Delay (OUMR)

. . Bl A3 e
o(t) ~ X + Ce ™ + & (w - (L . )) ]
L‘ OOQG: 2
JXF _ P (__‘ _ ~ 0065; \ i
< {9 . -

FIGURE 5: Variance of two-factor SV with delay and with OU mean-

reversion (formula (22)).
0.007F,
Ve o‘oosg ‘\“\\
. T Cm (Vi — o ADYY 2 ™
P* ~ (:_TT X - K+ (_.71 _, ( I 4+ hl (I 0 (L g ) OOOSE A\ e
1 ¥ 1 0.0047] LS
. [5({-—53" -1 1‘) L ClesT —1)  C(e7T — 1}” :
¢ s ol f ST Y I 0. 0024 -
S 3 §E€+7) y (v + &) . s,
00017 T e
OllrrZ'O"IIdIOIlT'G'O“I'E:OKr“‘lOO

FIGURE 6: Price of variance swap for two-factor SV with delay and
with OU mean-reversion (formula (24)).



Variance and The Price of Variance Swap for
SV with Delay (Pilipovich 1FMR)

<

~ S e f
v(t) ~ X + Ce Vb4 15 [(};(I“(“ . M) _ L)

£+ N3
x (1 — f:—(E—FAB}t‘} 1 XLt
C‘(M — L} ‘ol ’

£ + ~f .
e p 4 (e’" — 1 }
§+ A0 +1 g /

-~

P* e T X — K+ (.-‘1 — e T N V&
- T €+ A3)T

e 1 AG) —(E+28) _
5 [A((M —L) (; _ J{))
£ E+ NG

JX’LI‘Q (_7‘( I/b(g;)\ﬂ] . L}

2 E+ NG+~

ST 1 e EDOT 1\  CL T o1
x + + 1
( g £+ A8 ) Y ( g >} }

0.0074 ™\,
0,008+
0.008-
™~
0 004+ B
N

] s
0. 0034 .

E [ OO | T ¥ vt .17 7 0 T T T T 7 T 7 T I\\

o 20 40 50 80 100

x

FIGURE 7: Variance of two-factor SV with delay and with Pilipovich
one-factor mean-reversion (formula (27)).

FIGURE 8: Price of variance swap for two-factor SV with delay and
with Pilipovich one-factor mean-reversion (formula (28)).



Variance and The Price of Variance Swap for
SV with Delay (Pilipovich 2FMR)

_ - s X _ 8)ir 1
v(t) =~ X 4+ Ce 7t — (& + A\B)v Vo [7:: 3 (1 —e (5-0—)\_.3,]1‘-} 0_007:\‘-\_“
0 c (e7t — (:—(£+}\;:?}r.} iy £+ A3 0.0065
£+ A3+ ¢+ A3+ M ] %
s \“.
v [‘\_’[(:(:’31—)\1??11‘- - {I_{E+A;‘j}f_J N C'[L)'l — )\1;;] ooos; '\-..\_\
(81— A — ) :
Yy . 0.0041 e
% ((:(_."31_)\1?}:31', o (."Irf-J a0 r(‘ (I‘-,)\_)iA AJI . ((:"Irl', _ (_(£+)\3]f) ] ‘\“\_‘_‘7
(E+AC+7) 0.0035 \"'*-\\
Tkl ik kel i TR
. y - . 1—e T E+ AV
P* =~ f'_TT{ |:}L — K + (_1—:| — M FIGURE 9: Variance of three-factor SV with delay and with Pilipovich
1 ¥ 1 two-factor mean-reversion (formula (31)).
X fe€mHT _q
x[( AJ"(( £+ A3 _I)
[:% ; /] (H X ) 000?5,\
C(e=EHAT _ ) CeT —1) N
4 _ 1 : o.0081
E+ABE+AB+7) (v +E+A8) 1N\
. . . - 0.0051 %
(6 +23)Ly [X(eWPr=2mT _1 _ (B8, — Ain)T) :
€+ "3+ )T B — A o :
X (e AT _ 1 4 (£ + 23)T) .
€+ 75) oo S
N (_‘ J]]_ — }\1 ” {:(-531 _Al??}T e J_ B ("\."T — J_ DDO"; “-‘\“"‘kq_“ii_i
- -7]1—)\]_?[_7- _;’l_}\l” ~ 0"”2'0"”4'0”7"'éou"aloll"@o

&0 3 —(E+2A3)T _ - AT
= Al (( ! ¢ ! >:| } X FIGURE 10: Price of variance swap for three-factor SV with delay and

{J + A3+ ~ with Pilipovich two-factor mean-reversion (formula (33)).
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Comparison
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Conclusion

* There is no big difference between One-
Factor SV with Delay and Multi-Factor SV
with Delay

* One-Factor SV with Delay catches almost
all the features of Multi-Factor SV with
Delay

* One-Factor SV with Delay is Similar to the
SV in Heston Model (at least for variance
swaps)




SV with Delay and Jumps
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SV with Delay without Jumps




SV with Delay and Jumps
(Simple Poisson Process Case)
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Equation for The Mean of Variance
v(t) =E” [a2(t, S¢)]

o
{h}iﬂ = AWV+ar+ad’t-2dr(p-r)+or(p-r)+ - ] u(s)ds
G —T

T
I
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Stationary Solution

v(t) =X =V + [ft}m + a2t — 2aAT(p — 1) + a7 (p — -r}g] /v
L ; |

Stationary Solution without Jumps

MW—HE

o(t) =X =V +

FY



Price of Var Swap in Stationary
Case
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General Solution

M]NX+CE*
=V4+- [A-I— (A p-l—})]-l—(?t?_ﬁ"f

O=ct-V- p+ A=ptr)]



Price of Var Swap in General case
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Compound Poisson Process Case

do? (t, S¢) Q 2

e '
=4V + - [ / o(s,S)dW™ (s) + / YsdN (s) = (1 - ?H
t—T =7

dt T
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Equation for the Mean of Variance

dlt) , o coaft
% = WV +ad+aNr - 20— r) +arfu-r)* 4 2 / 0(s)ds
it

—(a4y)u(t)



Stationary Solution

V + [aA(€ +n) + ar? 7€ — 2aM€(p— 1) + ar(p —1)*] /4
o« : m f -
V= NE+n)+r0e—p+1)] (

-~
/



Price of Swap in Stationary Case

P=eU-01V _K 4 E NE+n) +7\=p+r)])



General Solution

~ X 4+ Ce

V4 % [A({;‘E +n) +7(AE — o+ ?*}E__ + Ce™

C=08 -V —Z [N +n)+7(AE — p+7)?]
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Price of Swap in General case
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More General case

P, S | | |
PS) d / o5, 5,)a1W* (5) + / podN(s) = (n =17
t—T -

~(a+7)0’(t,S1) (38)

T
|41
|

E

where W*(t) is a Brownian motion, N(t) is a Poisson process with inten-
sity A and g, is the jump size at time t. We assume that Ely,| = A(t),
Ely.:] = C(s,t),s < t and Efy?| = B(t) = C(t,t), where A(t),B(t),C(s,t)
are all deterministic functions. Note that the change of measure do not change
the Poisson intensity A and the distribution of jump size 1, since they are
independent to the Brownian motion,



Equation for the Mean of Variance
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General Solution

‘ - —~t | . n , ! o
o(t) = t '(0) + F(l—e"*lel L*[U)—%/ y(s)[l—e_?“_”_"']ds
1 I ' o
+:/ h(s,’r)[l—e"“’“_sj]ds-k(f’. (49)
1 Jo
0 [0
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Numerical Example

Table 1

Statistics on Log Returns S&/’60 Canada Index

Series: LOG RETURNS S& P60
CANADA INDEX

Sample: 1 1300

Observations: 1300

Mean 0.000235

Median 0.000593

Maximum 0.051983

Minimum -0.101108

Std. Dev. 0.013567

Skewness -0.665741

Kurtosis

7. 787327




Constant V and E**[v]

V+ 2 M +n) + 7N —p+7)?]
— 0.0002 + 0.0604/0.0124 x [0,0115 x [(~0.003)2 + 0.0035]
+ (0.0115 x (—0.003) — 0.0002 + 0,0124)2]
— 0.0023.

E'fv] ~ V+ 5 [M& +1m) +7(A — p+1)?]
+ {{]’5 i P ﬂE [}\(gl + 1"}') + Tl()\g — [ L -}1)2] } l_fi;ar--l‘

_—0.0124

= 0.0023 + (0.0001 — 0.0023) x =5
= 0.0001136,




Delivery Price and Maturity

x 10 ¢ Dependence of Delivery Price on Maturity
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Figure 1: Dependence of Delivery Price on Maturity (S&FPG0 Canada Index).



Delivery Price and Delay

% 10 ¢ Dependence of Delivery Price on Delay
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Figure 2: Dependence of Delivery Price on Delay (S& P60 Canada Index).



Delivery Price and Jump Intensity

x 104 Dependence of Delivery Price on Jump Intensity

Delivery Price
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Figure 3: Dependence of Delivery Price on Jump Intensity (S&FP60 Canada
Index).



Delivery Price, Delay and Jump
Intensity

Dependence of Delivery Price on Delay and Jump Intensity

Delivery Price

Jump Intensity Delay

Figure 4: Dependence of Delivery Price on Delay and Jump Intensity (S& P60
Canada Index).



Delivery Price, Delay and Maturity

Dependence of Delivery Price on Delay and Maturity
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Figure 5: Dependence of Delivery Price on Delay and Maturity ((S& P60 Canada
Index).



Delivery Price, Maturity and Jump
Intensity

Dependence of Delivery Price on Jump Intensity and Maturity
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Figure 6: Dependence of Delivery Price on Jump Intensity and Maturity

(S& P60 Canada Index).
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The End

* Thank You for Your Attention!
* aswish@ucalgary.ca
* http://www.math.ucalgary.ca/~aswish




