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SUMMARY

Accounting for association between mixed discrete and continuous random variables is an impor-
tant statistical problem in many practical applications. In this paper, we use copulas to construct
a class of joint distributions of mixed discrete and continuous random variables. In particular, we
employ the Gaussian copula to generate meta distributions for mixed discrete and continuous random
variables. Examples of meta-Gaussian mixed-variable distributions are the robit-normal and probit-
normal-exponential distributions, the first for modelling the distribution of mixed binary-continuous
data and the second for a mixture of continuous, binary and trichotomous variables. The new class
of distributions is general enough to include many models currently available. We study properties
of the distributions and outline likelihood estimation; a small simulation study is used to investigate
the finite-sample properties of estimates. Finally, we present an application to discriminant analysis
of mixed binary and continuous data.

Keywords: conditional grouped continuous model; Gaussian copula; general location model; logit
model; normal distribution; probit model; ¢-distribution.

1. Introduction

Many statistical applications involve the collection and analysis of multivariate data comprising a
mixture of discrete and continuous variables. Examples can be found in medicine (where continuous
laboratory measurements may be included with such variables as presence or absence of a certain
symptom for each patient), in health studies (where data may involve a patient’s choice of health care
unit, his state of health, his global quality of life, along with a number of quantitative health-related
variables), and in many other fields. Multivariate modeling of such data often leads to complications
in practice due to a relative lack of standard models.

An obvious, but often inefficient, approach to handling mixed data is to convert one type of
variable to another, and then to employ appropriate methods. Although this approach is simple
enough and may work in practice, the crude coding of qualitative variables or categorization of
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quantitative variables makes it conceptually unattractive and unsatisfactory in many applications.
Instead, a model-based alternative is possible by directly or indirectly specifying a joint distribution.

Factorization models directly specify the joint distribution as the product of a conditional dis-
tribution of one set of variables and a marginal distribution of the other. General location models
(GLOMs) (Olkin and Tate, 1961) are based on conditional Gaussian distributions and have received
much attention in the literature. They assume conditional normality of continuous components and
an arbitrary distribution for discrete components. A reverse factorization entails specifying a latent
continuous multivariate distribution from which discrete variables are derived by forming discrete
classes. Probit-style models for categorical data generated from a multivariate normal distribution of
underlying latent variables yield so-called conditional grouped continuous models (CGCMs) (de Leon,
2005; Anderson and Pemberton, 1985). A number of refinements and extensions of these models have
since been studied by several authors; e.g., see de Leon and Carriere (2007) for the general mixed-data
model, a hybrid of GLOM and CGCM which provides a unified treatment of these models.

While factorization provides a general route for directly specifying mixed-variable distributions,
it is not without its shortcomings. Factorization models use a structural approach in classifying
variables as continuous or discrete to decide the direction of conditioning. A hierarchy in the data
is thus induced, with conditioning components treated as intermediate variables, and conditioned
components as primary responses. As such, factorization models are not invariant to the direction of
conditioning taken and the factorization adopted. Variations of GLOM and CGCM have been studied
in various applications resulting in models that are not comparable, as parameters have different
interpretations depending on the factorization used. It is thus possible for different factorization
models to yield very different inferences, especially of associations.

Indirect approaches to specifying mixed-variable joint distributions have also been studied. One
approach that has found widespread adoption in practice introduces shared or correlated random
effects to incorporate correlations between variables in the resulting joint model. The basic idea
in this approach is to use random effects to build in correlation between mixed variables. The
approach does not resort to factorization, and thus treats variables symmetrically. Its hierarchical
structure allows for considerable flexibility in accounting for different measurement levels, delineation
of various associations, incorporation of covariate effects, and extension to longitudinal and clustered
data settings. However, random effects models also have their drawbacks. For one, correlations may
be restricted to lie within artificially narrow ranges; for another, computational difficulties may arise
in high—dimensional problems (see de Leon and Carriere Chough, 2010, and McCulloch, 2007, for
examples).

A recent alternative strategy involves the use of copulas, as discussed by Song (2007), among
others. The approach embeds absolutely continuous univariate marginal distribution functions Fx, (+),
o+, Fxp (), into their corresponding P-dimensional distribution function Fx, .. x,(-) via a copula

C(-) as
FXl,“',XP(ml?"' 7‘TP) = C(FXl(xl)ﬂ”' 7FXP(*TP))‘ (1)

The meta distribution Fy, ... x,(-) (McNeil et al., 2005) is thus specified via its margins and a copula
that “glues” them together. In parametric contexts, the margins need not come from the same
parametric family, allowing researchers great flexibility in modelling variables of different types. The
copula accounts for “dependence” between variables in a way that is separate from their marginal
specifications.

The choice of an appropriate copula with which to “couple” marginal distributions depends on
the suitability of the copula’s dependence parameter for describing the data’s dependence structure.
Gaussian copulas are an important family which has been used in a variety of applications (e.g., Song,
2007). The P-dimensional Gaussian copula is defined as

C(uy, -+ ,up) = ®p (q)_l(ul), e ,<I)_1(uP);R) , (2)

for uy, - ,up € [0,1], where ®~!(-) is the inverse function of the standard normal distribution
function ®(-), and ®p(-;R) is the P-dimensional standard multivariate normal distribution function



(i.e., zero means and unit variances), with correlation matrix R. For continuous random variables
X1~ Fx, (), -+ ,Xp ~ Fx,(-) whose joint distribution function Fy, ... x,(-) is specified by Gaussian
copula (2), we get

FX17...7XP($1,”- ,xp) = ®p ((I)il(ul),-” ,éil(uP);R), (3)

where u; = Fx, (x1), - ,up = Fx,(zp) with U; = Fx, (X1) ~ uniform[0,1],---, Up = Fx,(Xp) ~
uniform[0, 1] the probability integral transforms (PIT), and R is the correlation matrix of so-called

normal scores ®~1(Uy),---,®~1(Up). The flexibility and analytical tractability of Gaussian copulas
make them a handy tool in many applications. Their popularity is due to the fact that they describe
dependence between variables in much the same way that Gaussian distributions do.

While not new, applications of copulas to discrete data (e.g., Nikoloulopoulos and Karlis, 2010,
2009, 2008; Song et al., 2009; Zimmer and Trivedi, 2006; Trégouét et al., 2004; Meester and MacKay,
1994) have only recently been elucidated and clarified (Genest and Neslehova, 2007). Embrechts
(2009) alludes to problems arising from the use of copulas to construct discrete distributions, and
cautions that “everything that can go wrong, will go wrong.” As Genest and Neslehova (2007) show,
a number of complications arise from the direct application of copula models to discrete data. One
such complication, which may be merely a theoretical issue, concerns the failure of the copula to
uniquely determine the distribution. Another, but a more practical one, involves the interpretability
of the dependence parameters.

This paper considers a class of mixed-variable distributions generated by copulas in general, and
Gaussian copulas, in particular. A latent-variable approach is adopted to sidestep complications of
direct application of copula models to discrete variables. The proposed distributions treat mixed vari-
ables symmetrically and do not resort to factorization. The class is general enough to include previous
models studied in the literature as special cases. We discuss in detail its properties (e.g., moments,
correlations) and investigate likelihood estimation for the model. An application to discriminant
analysis is used to illustrate the distributions.

2. Mixed-data meta distributions

In this section, we construct the copula-generated model for the joint distribution of mixed variables,
first using a general copula function and then using the Gaussian copula.
Suppose we have discrete variables Z1,--- , Zg, and continuous variables Y7,--- ,Yc. Let Z; have

L; + 1 discrete values ag-l) < L ag-LjH), j=1,---,Q. Underlying Z; is Yj*, a continuous latent

variable whose relationship with Z; is defined by the following threshold model:

AP iy > o)
z; = ¢ A9 igal <yr <ol g =1L,

zj(»o) iff Y]* < 045.1)

where a-l),u- ,ag-
that Zj(gj = fj, fj = 0, s ,Lj.
Given marginal distributions Fyy(-),- - By (-), and Fy, (), -, Fy.(-), for continuous and latent

Li ), are unknown cutpoints or thresholds. Without loss of generality, we assume

~_ A~

variables, respectively, we assume that the joint distribution of Y* = (Y}*,--- ,YQ*)T, and Y =

(Y1,---,Ye)T, is determined by a copula C(-). The joint distribution of Z = (Z1,---,Zg)" and Y
is then

1 ¢ Lo+
P( Zy =ty Zg = L, > = 3 Y (—etiiac w1 ggated), (4)
Ylﬁyl,"'aycﬁy() j=1 ;=0 Vi, ,0C 7



j
expression holds in the case () = 2, and it can be easily shown to hold for general ) > 2 by induction.

where u{%T9) = ij*(ag.eﬁgj)), j=1,-,Q; v = Fy,(yx), k =1,--- ,C. It is clear that the above

The corresponding density of ( SZ{ ) is given by

1
¢ (bte) - (oteq)
£, = -1 Q"'E;‘Qzl € ol ! ) » Ug 7, 5
fzx(£,y) ;ejo( ) R o (5)

where £ = ({4, -- ,EQ)T and y = (y1,--- ,yc)'. Although (4) and (5) similarly appear in Song et
al. (2009) and Song (2007), the approach outlined above contrasts with Song et al.’s (2009) and
Song’s (2007) direct application of copulas to model discrete variables. Genest and Neslehova (2007)
demonstrate that copulas directly linking discrete margins are unique only on the Cartesian product of
marginal ranges due to non-uniformity of PITs in the discrete case; in fact, the class of possible copulas
can be quite large, especially in the binary case. Although this may seem to be of mere theoretical
interest without any practical implications, it has a host of serious consequences that bear directly
on dependence modeling of discrete variables. For one, common rank-based association measures
like Kendall’s tau and Spearman’s rho may now depend on the margins (see, e.g., Neslehovd, 2007;
Mesfioui and Tajar, 2005). For another, the range of their possible values may be restricted—severely
in some cases—rendering interpretations of such measures problematic.

Our use of latent variables to describe Z1, - -+, Zg, manages to sidestep these issues. Because the
copula is introduced at the latent level, the resulting copula distribution is completely unique. In
addition, the copula’s dependence parameter is still margin-free and can be interpreted the usual way
as proxy for the associations between the mixed variables. The model relies on association measures
akin to polychoric and polyserial correlations to model the dependence structure of the data, without
consequent restrictions on their admissible ranges. See section 2.2 for more details.

Note that the margins Fy;(:),--- ,Fy5(-), and Fy,(-), -+, Fy,(-), can be any continuous distri-

butions and C(-) can be any copula, thus allowing researchers great flexibility in modelling mixed-
variable joint distributions. In what follows, we take a fully parametric specification of the marginal
distributions, and adopt the Gaussian copula to construct the joint distribution. This approach does
not resort to conditioning, resulting in a symmetrical treatment of variables while preserving the
margins, an attractive feature in practice.

2.1. Meta-Gaussian distributions

Y
of Gaussian copula is appealing, since it describes dependence in the same way that the multivariate
normal distribution does, with the difference that it does so for arbitrary random variables.
Following Song (2007, 2000), who used the Gaussian copula to generate a class of multivariate

. . e Z
We now adopt the Gaussian copula to construct a meta-Gaussian distribution for ( ) The use

dispersion models, Proposition 1 below lays out density (5) of ( XZ[ ) using the Gaussian copula.

Proposition 1. Assuming joint distribution (4) of ( v > is expressed in terms of the Gaussian
copula with correlation matriz R, then joint density (5) is given by

P(to_110)d(tc—gicio—1) - - d(t1)c:2)
Cc-1

_ 2 -2 _ 2 _ 2
k=1 \/ 1 = Twowe [T \/1 "WeWe_1|We \/1 "W W |We:Ws

fzx (X, y)



1 1
Q+ (L14€1) (bg+eq).,
PILPIC b (s s R, )

XfYc(yC)

with fy, (-) the marginal density of Yy, ¢(-) the standard normal density, and

LO—k|C:C—k42 — TWe_ i Wo— it |WeWe — 2 VO—k+1]C:C— k42

lo—klc:c—k+1 = 2
\/ o TWC—kWC—k+1|WC3WC—k+2
sbite) . "
(Li+e))  ZjlCk+L WIWe|We W1 Vk|Cik+1
JjlC:k - D) ’

\/1 W W W Wi
where W} = CIfl{ij* (Y} and Wy = &~ YFy, (Yr)} are the normal scores (latent in the case

Li+ej _ li+tej _ . . .
of W;‘)7 s§3 ) — @ 1(u§3 GJ)), t = ® L(vy), TWexWe—pi1|WeWo_pso 8 the partial correlation

between Weo_y and Weo_gy1, after eliminating Weo_g4o,--- , We, TWEWo [ WeWe— i is the par-
tial correlation between W; and We—y, after eliminating We—g41, -+, We, and Rywewe_,., =
RW1*3WC—I€|WC1WC—}C+1 is the partial correlation matriz for Wi, --- ,Wé,Wl, - Weo_k, after elimi-

nating Wo_ga1,--+ ,We, fork=1,--- ,C — 1.
To see how (6) is obtained, put P = @ + C and note that

Jlatea) | (o) te gtater) - (loteq)
dp 1 ’ 15Q "SR] = d(t)Pp_q e o elle ’ ;R\Wc dt, (7)
tl?"' 7tC - t1|C7'” atC—1|C
so that we get
B gare) (ot g(fl+fl> “\Q“Q)
—®p| "1 % R = @pg | UG %o sRywe | fre (o),
dyc i, -, tc tic, -+ s to-1)c We | e
since Otc/Oyc = fyve(yc)/é(tc). Next we have
2 (titer)  (loteq) (biter) - (loteq)
0 (PP 51 s ,SQ s ;R _ 0 (I)Pfl 51|C ) ) Q|C’ ’ ;lec
dyc—10yc t1,-,tc yc—1 tic, s to-1c
X fro (o).
Applying (7), we get
9 glatea) (EQ+€Q) glata) o (loteq)
Opy | O 0TTRQIC Ry, = ®py 1[C:C=10"" 2 2QICio-1 s Rywewe
dyc-1 t1|C,~ t071|c We tl\C:C—l:"' th2|C.C—1 et

dte—rc)  fre_,(yo-1)

X
/ r to_ ’
1 2”C—IHC ¢( ¢ 1)




where Otc_ijc/0yc—1 = ¢(tc—1j0)0tc—1/0yc—1; it is then clear that repeated application of (7)
leads to (6). Note that the order of differentiation can vary; in the above, we first differentiated
with respect to yo, then yo_1, and so on, for notational convenience. Note as well that for the
multivariate normal distribution, among others, partial and conditional correlations coincide (Baba
et al., 2004). For example, the partial correlation ry, . w, jwe:we_, L, between Wy_y and Wy, after

eliminating Weo_g19, -+, W, is equal to the conditional correlation between Wjy_; and Wy, given
We_k42, -+, We. These correlations can be computed recursively, e.g.,

"Wy aWi|WeWe k3 — TWi_aWeo k2 |WoWeo— ki3 " Wi Weo — g2 |We:We— ki3
"Wy AWk |[WeWe_gyo :

2 2
\/(1 TWk—lwc—k+2\WCZWc—k+3)(1 TWkWC—k+2|WC5WC—k+3)

The choice of the Gaussian copula, while arbitrary, is convenient because of its nice marginal and
conditional properties. Meta-Gaussian distributions for mixed data have been studied previously by
Song (2007, 2000). They were introduced for continuous data by Kelly and Krzysztofowicz (1997)
and la‘(cer ge)neralized to a class of meta-elliptical distributions by Fang et al. (2002); see also Zhang
et al. (2011).

The meta-Gaussian mixed-variable distribution (6) is general enough to include previously studied
models as special cases. For instance, adopting normal margins for both continuous and latent
variables specializes (6) as a CGCM; see also the normal-probit models of Poon and Lee (1987) and
Catalano and Ryan (1992). It specializes to Song et al.’s (2009) and Song’s (2007) model in the
mixed binary-continuous case and can thus be considered as an extension of the latter to mixed
polychotomous and continuous variables.

Logistic margins for Y{*,--- ,YC’S, result in a discrete-variable model similar to Nikoloulopoulos
and Karlis’ (2008) logit copula model. de Leon and Wu (2011) recently used a (generalized) t-latent
distribution to yield a robit model (Liu, 2004) for binary variables as a robust alternative to probit
and logit models. Indeed, the versatility and flexibility of our approach lie in the wide range of
marginal models that can be accommodated.

We next derive marginal distributions of subvectors of Z and Y. As Proposition 2 below shows,

(6) is “reproducible” in the sense that its margins have the same form as (6). Consider Z = ( Zy )

Zy
Y, . .
and Y = v, ) where Z1 and Y are ()1 X 1 and C; X 1, respectively, with Q1 = QQ — Q2 and
2
C1 = C — (5. We also partition R accordingly as
Rw: Rwrw; | Rwiw, Rw:w,
R — ( Rw- | Rw-w ) _ Rw; |Rwi;w, Rw;w, 8)
| Rw Rw, Rw,w, |’
Rw,
Wi w . X
where W* = ( W% ),andW: < Wi ),wth“{ =Wy, W5 )T W = (W5 g, W),

i

Wl — (Wla e ,WC&)Ta and W2 = (WC1+17 e aWC)
Proposition 2. Assuming the joint distribution of ( SZ{ ) is given by (6), the marginal density of

Z, )
< Y, > s then

to,— to, 1) Dt
fz.v,(l1,y1) = o P(te,—1jcy)P(te—2ici:00-1) -+ - D(t1cy2)

2 C1-2 _ .2 _ .2
k=1 /1 T"WiWe, [T, \/1 "WiWe, —11We, \/1 "W W |We, W3




1 1
Q1
+0 € O+ (fQ +€qy),
X Z e Z (_1>Q1 2371 6](I)Q1 (Sg‘lclfll)u Tty Q1|1C1 ! RW17W1|W01 W1>
€1=0 =0

Cl 1 fYk )

X fye, (Yeu) H o(ts) (9)

where £ = (01,--- ,Lo,), ¥1 = (Y1, - ,yc,), and the rest are defined analogously to those in
Proposition 1, with RWI7W1|W01:W01_1€+1 = RW{‘:W51,W1:Wcl—k|W01:Wcl—k+1 containing partial cor-
Rw: Rwrw,
Rw,
Wcl—k:—i-la"' >WC1; k=1,--- 701 -1

relations based on

>, for Wi, .- ’Wéﬂ and Wy,--- ,We,_k, after eliminating

Proposition 2 easily follows from the “closure” property of Gaussian copulas:

q1 ap
lim @ (@ (ur),- @ (up);R) = im [ oo [ gp(wryeer apsR)dey - dop
Uy Ap 10 J 00 —0o0
= Ppoi (- 2 (up), @ H(up—1) - s Ry) (10)

where ¢, = ®"!(u,),p=1,---, P, and R_ () is R with the pth column and pth row deleted. Applying

* *

(10) on the distribution of ( Y

v ) we get the distribution of ( Y

) as a (Q1 + C)-dimensional
Y,

Rw: Rw:rw,

Gaussian copula with correlation matrix (
Rw,

, where Y7 = (Y, --- ,Yél)—r. Density

(9) is now immediate from Proposition 1.
It is also possible to obtain the conditional densities. For example, the conditional density of

Z given Zi easily follows from Propositions 1 and 2 as
Yo Y,
d(te—110)P(tc—2ic:c—1) - d(t)c:2)

Cc-1 2 Cc-2 2 2
k=1 /1~ Tw.we || P \/1 "WeWeo_1|We \/1 "W Wa | We:Ws

[2: Y12, v, (2, y2l1,y1) o

1 1
XY DR g (s s Ry, )
e1=0 eQ:(J
fYc yC H fYk (11)
Micy) | Ci41

note that while density (6) is reproducible under marginalization, conditional density (11) clearly
does not have the same form as (6). This contrasts with earlier meta-Gaussian distributions for
continuous data developed by Kelly and Krzysztofowicz (1997) (see also Bodnar et al., 2010) which
have reproducible marginal and conditional densities.

2.2. Associations

Copula models usually rely on rank-based association measures, such as Kendall’s tau or Spearman’s
rho (Balakrishnan and Lai, 2009, Chapter 4) to evaluate the strength of dependence between vari-
ables, as they are invariant to monotonic transformations (e.g., normal scores). However, unlike with



continuous variables for which they provide margin-free measures of the level of dependence, this no
longer holds in the discrete case (e.g., Genest and Neslehova, 2007). Denuit and Lambert (2005) and
Mesfioui and Tajar (2005) adopt a “continuous-ation” approach as a possible remedy. Interpretabil-
ity of the association measures is another issue since their range varies, and there is thus a need to
re-scale them.

Directly applying copulas to model multivariate discrete data, as in Song et al. (2009), suffers
from the same problem many multivariate discrete distributions do: correlations and dependence
parameters are unnaturally constrained to ensure the propriety of the joint probabilities. See, for
example, the recent case of Li and Wong (2011) and Nikoloulopoulos (2011). Using continuous latent
variables to describe discrete variables and constructing the copula model at the latent level gets
around this problem.

The correlation matrix R contains three types of correlations: correlation TWEw, between latent

normal scores W} and W, (based on latent variables Y] and ij), correlation TW Wi between a
latent normal score WJ?" and normal score W based on continuous variable Yy, and correlation ryw, w,,

between normal scores based on Yj and Yj. Bodnar et al. (2010) show that any pair of variables

Y

corresponding correlation between their normal scores (latent and otherwise) is 0.
The correlations in R are called normal or dependence correlation coefficients (Bodnar et al., 2010;
Klaassen and Wellner, 1997), when variables are observable, as is the case with ry, w,,. Since Y* is

latent and unobservable and because TW W, and TW W, are analogous to polychoric and polyserial
J

(latent and otherwise) in ( ), hence any pair in ( 3 ), are independent if and only if the

correlations YV and Y Vi respectively, we refer to TWrw?, as a polychoric normal correlation
J J

coefficient, and to TWrW, as a polyserial normal correlation coefficient. From the nonlinearity of

normal quantile transforms, it follows from Theorem 6.1 of Klaassen and Wellner (1997) that

TYj*Y; < |7”WJ.*W]_*,|, 7“yj*y,c < |’I"W]_*Wk’, TYeYy < |7"Wka/|- (12)

Given TWEW s TW Wi and rw,w,,, it is possible to obtain YRV TYS Yo and ry,y,,, as
_ kk _ * _
ryevy = Vi rwews)s ryeve = Oplrwew)s vy = Yk (rww,), (13)

for some functions ¢7%, ¥7,, and . Kugiumtzis and Bora-Senta (2010) use piece-wise linear
approximations based on truncated standard bivariate normal variables to obtain ;;.‘,, Q/J;k, and
Y. While easy to implement, it may occasionally yield a non-positive definite correlation matrix
of TYFYSs TY Vi and ry,y,,; this arises mainly due to such correlations needing to satisfy certain

admissible ranges.
*

Y
W Y
measures are such that TWrW, = TV TWiWE = TV Y and Tw,w,, = Tv,v, - Assuming a meta-

*
Because ) is a monotone transformation of < ), it follows that the Kendall’s tau

*

Gaussian distribution as in (6) for ( \;{

>, these measures are easy to calculate given R.:

2 . 2 . _ 2 . _
TWpwy, = —sin I(TW;‘W;,)7 Twpw, = _sin 1(TWJ?*W,€)7 W Wy, = —sin Yrwow,, ); (14)

*

Y
in practice. A similar approach in the meta-Gaussian case may be adapted to Spearman’s correlation
rho pg = 6sin~!(sin(77/2)/2)/7.

they can also capture the full range of possible associations in , making them quite attractive



2.3. Examples

We now give two examples illustrating the class of meta-Gaussian mixed-variable distributions in
(6). The first involves a continuous, a binary, and a trichotomous variable; the second is a binary-
continuous pair.

Example 1. (Probit-normal-exponential meta-Gaussian distribution) Let Y7 ~ normal(u,o?) and
Ys ~ exponential(\), and let Z; and Zs be binary and trichotomous random variables, such that
Tl o iffyr<ar )
2 iff Yy > ol
Zy = {1 ifa) <vy <al? |
0 iff Yy <alV

where Y7* and Y5 are standard normal latent variables; in addition to the usual assumption of unit
latent variances, latent means are fixed at 0 since they are not identifiable from the cutpoints. This is
the model described in (6) with C' = @ = 2, and with L; = 1 and Ly = 2. Normal latent distributions
for Y7 and Y5 imply that Z; has a probit distribution and Z; is distributed according to Anderson and
Pemberton’s (1985) grouped continuous model (GCM). Assuming their joint distribution is specified
by the Gaussian copula with correlation matrix R as in Proposition 1, we get the joint density of
(Zly Z27 Yla Yé)T as

Ae M2¢(ty)9)
AN AR AGHIR TN S A7 o(l1, 02,91, Y2), (15)

oy/1— ’FW1W2

[Table 1 about here.]

for y; € R and yo > 0, where (41,42, y1,y2) is evaluated at /1 = 0,1, and 3 = 0, 1,2, in Table 1, with
®q(+;r*) the standard bivariate normal distribution function with correlation r*, and t; = (y; — ) /o,

—1 - t — rwlwzh
to = LiiJ (1 — € y2)7 t1|2 = (16)
\/ 7RVV1VVQ
OS2 T Twrwa watig a1 = rwrwate
S1|21 = 3 ) Si)2 = T (17)
VT T s L= riyew,
©) ©)
() Sol2 — "Wy Wi Wat1)2 ) ay’ = Twiw,at2
Sol21 = v Sgp T ) (18)
1—12 1—r2
W§W1|W2 WQ*W2
w  TWEWEIWa T TWEWL W T W Wi [Wa o TWrw T TWWRT WA W, 19
ro= ) TWrwy Wy = . (19)

2 2 2 2
\/(1 - TWI*W1|W2)(1 - ””wgwﬂwz) \/(1 - TW;WQ)(l = T

for j =1,2; TWrwgw, 1S defined analogously to TW AW, |[We - The marginal densities of (Z;,Y1)" and



(Z3,Ys)T are similarly obtained via Proposition 2:

1 .
_ So(t1)P(—sq1) iff b1 =1
fZl,Yl (617 ?/1) - { %¢(t1)@(51|1) iff gl -0 ) (20)
A2 (—s) ifF £y = 2
sz,Y2 (£2a ?/2) = )‘e_AyQ{(I)(SéT%) - @(SéB)} it bo=1, (21)
)\e*)‘yQCD(s;B) iff 6o =0

[Figure 1 about here.]

for y; € Rand y2 > 0, where s; = (a3 —er«Wltl)/1 /1 — TIQ/Vl*Wf Note that density (20) is a bivariate

CGCM.
Figure 1 displays marginal densities (20) and (21) for Y7 ~ normal(0,1) and Y3 ~ exponential(2),

with aq = 0.6745 (e, ®(o) = 0.75), ol = —1.2816 (ie., d(al)) = 0.1), ol = 0.5244 (i,

@(Oég)) = 0.7), and with with TWWs = TWrW, = TWeW, = 0.5, for all j # j/,k # k'. Using
J

Kugiumtzis and Bora-Senta’s (2010) piece-wise linear method, these correspond to ry,y, = ry;y, =

Tyyy, = 0.4423, and TYry; = Tyyy; = rypyy = 0.4868. Note that these cutpoints correspond to skewed

margins for Z; and Zy. Figure 2(a) shows a scatterplot of data generated from the corresponding
joint density (15); horizontal and vertical lines indicate E(Y;) =0 and E(Y2) = 0.5.

The corresponding conditional density of (Za,Y2)" given Z; = £1 and Y; =y, is
Aei)\yz(z)(tl‘z) ﬁ@(0,£27 Y1, yQ) iff gl =0
Iz vo121 v, (U2, 2|1, y1) = X ! . ,
e \/ 1- r%VlWQd)(tl) W@(lafzaylayﬂ iff gl =1

for yo > 0 and ¢, = 0,1,2. This density is shown in Figure 2(b) with the same cutpoints and correla-
tions as those in Figure 1, and with ¢; = y; = 0; similar plots may be constructed for £ = 1 or y; # 0.

(22)

[Figure 2 about here.]

[Figure 3 about here.]

Example 2. (Robit-normal meta-Gaussian distribution) Let Y ~ normal(u, 0?), and assume a latent
variable Y* ~ t, such that Z = 1(Y* > «). This is the model described in (6) with C = @Q =1
and L = 1. We model the joint distribution of Z and Y using a meta-Gaussian distribution. From
Proposition 1, we get the joint density of Z and Y as

Loe (-2 i e =1

1 & (u)—rt . _ ?
Lo(t)® <7m ) iff 0 =0
where t = (y — p)/o, 1 —u = P(Z = 0) = P(Y* < a) = F,(«) is the distribution function of ¢,
evaluated at «, and r = ry»y is the biserial normal correlation coefficient between latent normal
score W* = @1 F,(Y*)} and Y. Use of t-distributions as latent distributions is discussed in Liu

(2004), who introduces the term “robit” model based on t-latent distributions as robust alternatives
to and approximations of logit (i.e., ¥ ~ 7, at which ¢, approximates standard logistic) and probit

fZ,Y(Ea y) (23)
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(i.e., t, approaches normal(0, 1) for large v) models. A recent application of this model in a regression
context is discussed in de Leon and Wu (2011).
An analytic expression for the regression function of Y given Z (Owen, 1970) is

L2 {® N (u)} iff£=1

BE¥iz=0 = “’+{ —196 {7 (w)} i L=0

(24)

thus demonstrating the non-linearity of the dependence between Z and Y, for » # 0. Figure 3
displays both joint density (23) and its regression function (24) for Y ~ normal(0,1), with v = 5
and a = 0.7267 (i.e., F,(a) = 0.75), and with r = 0.8. For comparison, plot (a) also shows the joint
density with standard logistic (i.e., logit model for Z) and standard normal (i.e., probit model for Z)
latent distributions for Y*. Plot (b) plots regression function (24) as a function of u = F,(«) (i.e., as
a function of cutpoint «); the value v = 0.75, indicated by the vertical line in the plot, corresponds
to the actual cutpoint a = 0.7267.

[Table 2 about here.]

3. Likelihood estimation

Let < ;’ , 4 =1,---,N, denote the observed data. Putting ¥ as the vector of parameters, the
1
loglikelihood function takes the following form:

1 1
Q .. l1+e€ 4 €
() = D tm=0logy - 30 (N0 (s G R )

L e1=0 eg=0

¢ « o(ti,c—kjc:C—kt1) N
+Z (Zlongk(yik)+Zlog{ 7 d)(t }) _*Zlog(l_T%Vch)
k=1 k=1 it) 23

i

N&E N
2 2
) Z log(1 — TW/CWC—IIWC) —m g log(1 — TW1W2|WC:W3)' (25)
k=1
Here, 9 contains marginal parameters (including cutpoints for Zy,-- - , Zg) as well as the (conditional

and marginal) correlations in (25). Note that the correlations in 9 are a one-to-one reparametrization
of the marginal correlations in R. To see this, consider Example 1. In addition to marginal parameters

i, o, and A\, and cutpoints «j, ozgl), and agz)’ the likelihood function based on (15) involves marginal

correlations rw,w,, rwyw,, and rwyw,, and conditional correlations rywsw, wy, rwyw,|w,, and r*.
Noting that

TWiWwi = TWrWaTWAWs T W W |Wa \/(1 = rewa) (1= T (26)
TWiwi = TWEWLTWAW, + TWrw | wa \/(1 - T%V;WQ)(l = Thw)s (27)
TWyWy = TWrWaTWi W T TWirwn (W TWis Wi [Wa \/(1 - T%/;wz)(l - TIQ/V;WQ)

+7«*\/(1 — o) (U= Twnma) (= ey (U= ), (28)

it is clear that R can be recovered from .

11



[Table 3 about here.]

The maximum likelihood estimate (MLE) ’QZ is obtained by maximizing (25) using an iterative
technique such as Newton-Raphson or quasi-Newton methods. One potential problem is that the

estimate R may be non-positive definite; a practical remedy is to work instead with Fisher’s z-

transformation (de Leon and Carriere, 2007). It can be easily verified that 9 is consistent and
asymptotically multivariate normal with mean % and covariance matrix given by the inverse of the

Fisher information matrix 1(¢p) = E{—h(¥)} = E{s(%)s' ()}, where s(b) = 0L(x)/0% is the score
function and h(1h) = 82£(1p)/Opdp " is the Hessian matrix. Standard errors (SEs) for 1 are calculated
from diagonals of {s(¢)s' (1)} ! or of —h~1(3), provided either matrix is invertible.

[Figure 4 about here.]

To evaluate the empirical performance of maximum likelihood estimates in the probit-normal-
exponential meta-Gaussian distribution in Example 1, a total of R = 1000 repeated samples of size

N = 100, 200, were generated with y = 0,02 =1, and A = 2, cutpoints a; = 0.6745,0(%1) = —1.2816,
(2)

and a22 = 0.5244, and with with TWiW, = TWIW = T, = 0.5, for all j # 7',k # k’. Estimation

was implemented in R using the optimization function optim, with correlations re-parameterized using
Fisher’s z-transformation. Expressions for the score function are obtained by direct differentiation (see
Appendix). Standard errors (SEs) are calculated from the inverse of the observed Fisher information,
and those for the marginal correlation estimates are obtained by delta method via (26)-(28). Details
are found in the Appendix.

Results are presented in Table 2. These simulations generally suggest that MLEs for the model
perform well in finite samples. Using the approximate margin of error 1.96x (SD/parameter) based
on R = 1000 simulation repeats, relative biases for N = 100, 200, clearly suggest that the maximum
likelihood method yields reasonably unbiased estimates. In addition, SEs of estimates are able to
capture their true variability, with relative efficiencies all uniformly close to 100%. We also find
generally slight improvement in bias and efficiency of estimates for sample size N = 200 over those
for N = 100. Overall, it appears that maximum likelihood estimation provides good point estimates
and standard errors for the model.

A drawback of maximum likelihood estimation in this case has to do with the computation of the
rectangle probabilities in (25), which involves repeated multidimensional integration. Consequently,
full likelihood inference might be difficult for high-dimensional settings; see Nikoloulopoulos and Karlis
(2009). A possible remedy which achieves important computational economies is the use of composite
likelihood methods; see, e.g., Varin (2008) and Zhao and Joe (2005). Computational and statistical
performance (i.e. bias and efficiency) of this method has been shown to range from acceptably good
to excellent. A study of this alternative will be the subject of future work.

4. Application in discrimination

In this section, we adopt the probit-normal-exponential meta-Gaussian distribution to develop clas-
sification procedures for mixed binary-continuous data. Consider two mixed binary-continuous pop-
ulations II; and Ilp, with respective densities fi(-;9;) and fo(-;%5) given by the probit-normal-
exponential meta-Gaussian density (15), where 1,11; = (uh,ah,)\h,ahl,ahg,r;), with rZ = (ThWw,Ws»
rh7W1*W2,rh,W2*W2,rh7W1*W1‘W2,rh7W2*W1|W2,7“}"L), for h = 1,2. With equal prior probabilities and unit
misclassification costs, the optimum classification rule assigns an individual with Z; = ¢1, Zy = {o,
Y1 = y1, and Y5 = g9, to II; if and only if

f1(€1,€2,y1,y2;¢1)} > 0;

R : lo
itz g{f2(€1,€2,y1,y2;¢2)
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otherwise, it is assigned to Il». Note that separate discriminant functions are specified for ¢1, o = 0, 1.
This is similar to Krzanowski’s (1975) location linear discriminant function for binary-continuous data

modelled by GLOM. The plug-in estimate ﬁgl ¢, of Ry, s, is obtained from the MLEs of 1,,; in practice,
we may assume homogeneity of IT; and Ily (i.e., 01 = 032). The actual error rate (AER) is given by
AER = {P(II;|IIy) + P(II3|I1;)} /2, where P(II;|I;) is the probability of misclassifying I, as Iy,
given by

1 1
P(II,[Iy) = P(Iy misclassified as II,) = Y / Fur (01, b2, 91,y g )y dyz,— (29)
@1:05220 72ele2

for b # h/. To obtain an estimate of its mean uppR, AER may be evaluated by using MLEs of

¥, and 1,, and then evaluating (29) by Monte Carlo methods. An alternative is Lachenbruch’s
hold-out procedure, which works well for moderate-sized samples and provides a nearly unbiased
estimate of ppER; although it is relatively easy to implement in R, for example, this approach is
more computationally intensive than the plug-in Monte Carlo method.

We illustrate the above classification method on advanced breast cancer data (Krzanowski, 1975)
involving 186 patients who underwent ablative surgery for advanced breast cancer between 1958 and
1965 at Guy’s Hospital, London. In N; = 99 cases, the treatment was deemed to be ‘successful’ or
‘intermediate’ (denoted as group II;), while in the remaining Ny = 87 cases, it was a ‘failure’ (denoted
as group Ily). Six continuous and five binary variables are included in the data, of which we are
primarily interested in the first two binary variables, and the first (rescaled by dividing by 50) and fifth
(rescaled by dividing by 1000) continuous variables. The purpose is to classify a patient into group Iy
or group Il based on the mixed variables by modelling their joint distribution via the probit-normal-
exponential meta-Gaussian distribution. Histograms for the two continuous variables, displayed in
Figure 4, suggest that assuming normal and exponential distributions for the variables is reasonable.
Maximum likelihood estimates of parameters for groups Iy and Il are shown in Table 3. While MLEs
of marginal parameters are reasonably close for both groups, those for marginal normal correlations
suggest differences in dependence structures between them. Using piece-wise linear approximations,

we get ?leQ = —0.382, ?yl*yl = —0.347, ?y;yl = —0.047, ?yl*y2 = 0.107, ?y2*y2 = 0.217, and
?yl*yz* = —0.406, for group II;; and 7y;y, = —0.195, ?Yl*yl = —0.379, ?Y;Yl = —0.013, ?YI*YQ =0.012,
Tyyy, = —0.05, and Tyry; = 0.368, for group Ils.

Out of Ny = 99 patients in group II;, 26 were misclassified by hold-out method, and out of
Ny = 87 in group Il, 38 were misclassified, thus yielding a hold-out error estimate jipgpR = 0.344.

With P(II|II;) = 0.263 and P(II; |IIz) = 0.437, we see that we are more likely to misclassify a group
I patient. While these results are comparable with Krzanowski’s (1975) analysis, our approach
based on copulas offer a more flexible method to model mixed data. Rather than having to transform
variables to make them fit into a mold such as GLOM (adopted by Krzanowski, 1975) or CGCM,
the practitioner can arbitrarily choose the margins and separately account for dependence via an
appropriate copula.

5. Conclusion

This article describes a general class of meta-Gaussian distributions that can simultaneously accom-
modate various types of data, particularly mixed discrete and continuous variables. The distributions
can be viewed as extensions of existing mixed-data models such as the GLOM and CGCM. An at-
tractive feature of the distributions is their use of copulas to separately model dependencies between
variables, thereby preserving the variables’ distinct marginal properties. They thus offer a flexible
alternative to conventional approaches that generally rely on the assumption that variables, or some
suitable transformations of them, follow a Gaussian distribution. The meta-Gaussian distributions

13



can serve as platforms for extending conventional multivariate methods to the case of mixed data, as
illustrated by the discriminant analysis in the paper.

Appendix. Score function for density (15).

To derive the score function s(v) for density (15), let £(¢) = Zf\;1 li(y), where £;(¢) = £i(v; bi1, ia, Vi,
yi2) is the loglikelihood contribution of individual i. It follows that s(3) = ZZ]\LI si(¥), where s;(¢) =
0l; () /0 is the score contribution of individual i. With ¥ = (u,0,\ al, aél),ag), TWyWas TWiWas
TW3Was TWr Wi [Was TWiW: [Wa, 7)) and for €1 = lip = 0, we have

1 1 *
() = logA— Ayia —logo +log ¢(t;1)2) — 3 log(1 = riy,w,) + log Da(85,1)215 3;2)|213 7). (30)

Using identities (11.5)-(11.7) of Balakrishnan and Lai (2009, Chapter 11), we get the elements of
si(®) from (30) as follows:

S( TS
. , @ [ Zi2l etz

0L (1) il 1 rw;wiwa@(siaiz) ( m
a >k
14 \/7 \/% \/—Wﬂ% S; 1|217 i 2‘217 )

(1) Si,1j21 =" 522\21
TW5W1\W2¢(51',2\21)¢ Vi_r=2

Tw*
n ] ’ (31)
V3 T w, ®2 (5%1|21’ 12|21’ )
Si2121 T Si,1]21
Twrw W P(8i1121) @ | = ——
0li(v) . zltlllz Yi1 — W2 L—r*2
Oo N 2 , C5 I~
1- TW1W2 1= 78w, L=y w, P2(Si01215 85 310057
(1) 5¢,1|21*7‘*S§2‘21
TW5W1\W2¢(3172‘21)(I) —
n ’ (32)
1—1r2 Dy (s s(l) ;7T%)
Wi Wi |Wa =+ 2\%4,1]215 9 91215
)
O(si1120)® ( 22
o1 -
o) bl 1—r+2 TWiWAWRTWAWs  TWEWh
o\ a 2 . (1) C ok 2 2
1 erWﬂWg(I)Z(SZ:”Ql’Si,2|21’r ) L= ws, 1 TWw,
1
(1) i,11217 7 5, 9191
o(sH) ) (T Sz
( z,2|21) V1—r*2 TWEW | Wa T Wi W TWi W,
2 } (G5 - 2 2
\/ 1 TWZ*W1|W2(I)2(S%1|21’8i72\217r ) L=, L - "Wy Wo
1 Ae ™ Y2ryiwntiqpe
+o A (33)

A P(tiz)y /1 — ?”‘Q;VIWQ
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ot;(v)
or*

P sz(',l2>|21fr*si,l\21
P(sia20)® | ==

34)
Q) Lo (
\/(1 - TIZ/VI*WQ)(l - TIZ/I/I"W1|W2)(I)2(Si71|21’ Siol213 " )
. (D)

(1) 84,1217 8, |

\/(1 —r2 )1 —73 VDo (s; s '7“*)’ (35)
W3 Wa WEWi|Wa/ = 289311215 %4 9]21>

0, (36)

) k(1) (1)
S4,11217 7 8; 9191

(1) Siyg‘gl_r*si,lml
rwswiwa®(8i00)® | =5 ) Twrwawad(Siae)® | =T s

q_ .2 ‘ (€5 - _ 2 , (€ -
1 TW;W1\W2@2(SZ’1|21’Si,2|21’r ) 1 TWfW1|qu)2(Slvl‘21’8i,2\21’r )

AL tin2(tiirwaw, — tig) (37)
_ 2
L " (1 B r‘%Vlwl) L= T12/V1W1
3(-1) —r*s; 1]21
(arwyw, — ti2)o(si1j21) @ (%) 58)
2 2 2 O R—
(1- rwl*wz)\/(l - TWI*WQ)(l - TWI*W1|W2)(I)2(S%}1|21’ S’ )
. (D)
1 1 Si,1217 T Sy
(aé )TW;WQ - ti,2)¢(3§72)|21)(p < W2|21> 20
(1—7r2 ) /(1 =72 (1 —73 VDo (s; s ;%) (39)
W3 Wa Wi W WiWq|We/ = 2894,11215 94 9)21
st =778 1|21
(si12rwrwa (W — ti112)9(Si1121) P <22\}ﬁ> w0)
2 2 ) R—
(1- ’"W;Wl\wg)\/ 1- TW;WI\WQ(I’Q(SZ’JI?l’ Si2l213 " )
« (1
1 8,121 77T 8,
(Si2rwyws W, — ti,l|2)¢(3§72)|21)(1) <W2l21> )
2 2 @O
(1- ’”W;Wl\wg)\/ 1- TW;WI\WQ(I’2(SZ',1|217 Si2l213 " )
) o«
¢2(5',1 2175( ;7%)
i,1] i,2[21 ’ (42)

.
<I)2(81’,1|217 8i72|21a ’l“*)

where ¢o(+;7*) is the standard bivariate normal density with correlation 7*. Expressions analogous
to (31)-(42) can be obtained for cases (¢;1, ¢i2) = (0,1),(0,2),(1,0),(1,1), and (1,2).
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Figure 1: (a) is marginal density (20) of Z; and Y; ~ normal(0,1), and (b) is marginal density

(21) of Z, and Ya ~ exponential(2), with a; = .6745, af” = —1.2816, ol = 5244, and with

TWEWS, = TWAW, = TW Wy = .5, for all 7 # 7,k # k’. Solid line corresponds to ¢; = 0 and dashed
; ,

line to ¢; = 1 in (a); dashed line corresponds to ¢ = 0, solid line to ¢ = 1, and dotted line to ¢y = 2
in (b).
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Figure 2: (a) is a scatterplot of Y7 ~ exponential(2) and Y2 ~ normal(0, 1) for (¢, ¢2) = (0,0) (red),
(0,1) (black), (0,2) (blue), (1,0) ( ), (1,1) ( ), and (1,2) (gray), from joint density (15)
with N = 300, and (b) is conditional density (22) of Z; and Y3, given ¢; = y; = 0; both plots have

ap = 6745, ol = —1.2816, a?) = 5244, and PWews, = Twew, = Tww,, = 5, for all j # 5k # K';
J

in (a), vertical line corresponds to F(Y1) = 0 and horizontal line to E(Y2) = .5. Solid line in (b)

corresponds to £ = 0, dashed line to /5 = 1, and dotted line to {5 = 2.
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Figure 3: (a) is joint density (23) of Z and Y ~ normal(0,1), and (b) is corresponding conditional
mean (24) as a function of u, with o = .7267, v = 5, and r = .8. Dashed line corresponds to £ = 0
and dotted line to £ = 1 in (a); dashed line to £ = 1 and dotted line to £ = 0 in (b); horizontal line in
(b) is u = 0, and vertical line is w = F,(«a) = .75. In plot (a), blue, red, and plots correspond
to standard logistic, standard normal, and ¢-latent distributions, respectively.
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Figure 4: Histograms of continuous variables for breast cancer data. Histograms (a) and (c) cor-
respond to the normal variable for groups II; and Ilg, respectively; (b) and (d) are those of the
exponential variable. Fitted normal and exponential densities are shown in red.
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Table 1: ¢(l1,02,y1,y2) evaluated at ¢ = 0,1, and ¢» =0, 1,2.

{1 =0 =1

2 [
lr=0 ¢2<31|2178531;7a*) ‘132(51‘21,Sé|;1;7’*) - @2(8”21,82'21,7'*)

1 2) . *
B(sypy,) — ®(s53,) — Pa(s1)21, Syp0,57)

(2) . 1) .«
Uy =1 | Pa(s11915 851513 7") — Pa(S1]215 S91975 1) 1 *
2 2(s1j21 222 ) 121 %2[21 +<I>2(51|21a55|%1§7“ )

1- ‘1’(3%1) - @(31\21)

(2) ., .«
by =2 P(s — Do(S1j215 891913 77) 2)
2 (5121) (120, 3721 +<I>2(81|2175é|%157“ )
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Table 2: Average estimate (Ave Est), relative bias (RB=Bias+Parameter), empirical standard devi-
ation (SD), and relative efficiency (RE=Ave SE+SD) of MLEs for probit-normal-exponential meta-
Gaussian distribution (15) for N = 100,200, and R = 1000. SEs of estimates were obtained from
the observed Fisher information matrix; those for (marginal) correlations were calculated by delta
method.

Parameter N  Ave Est RB Ave SE RE

0 100 004 - 069 966
r= 200 002 — 069 996
. 100 997 003 049 1.034

200 999 001 .05 972

s 100 2015 007 142 1.01
200 2009  .005 142 .992
w74 W00 GOL 025 0% 972
200 691  .024 096  .989
) _ _ggy W0 1312 023 119 L00I
2 : 200 -1.314  .025 119  1.036
@ 100 535 .02 093 1.023
ay =524 900 528 008 .092 985
v — 5 10050400805 973
W2 =0 900 502 004 .05 953

o _ 5 100 541 083 .09 1.144
WzWa =2 900 544 .088 089  1.052
rwen = 5 100 512 025 074 1.008
W2 200 514 .028 074 991
100 504 .008 061 1.006

TWiwe =5 900 511 021 061 971
. _ 100 514 027 075 1989
Wiwn = 200 51 02 075 974

, _ 5 100 .506 .013 .062 1.016
Wi = 200 .506 012 .062 .966
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Table 3: Estimates of parameters and fractions of hold-out misclassifications for breast cancer data.
Classification was done with equal prior probabilities for the two groups and unit costs of misclassi-
fication.

Estimate HlGroupH2
m .946 .959
- .188 176

h\ 1.009 1.6

ay -589 184

Qo .05 21
Wy W, -432  -.221
?Wl* Wy —.418 379
?Wf Wo 122 .013
?Wg W 245 —.056

?W{‘ e -357 -39
?Wg e -049 -.013

Misclassified 26 38

fraction 99 87
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