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Abstract

This paper is concerned with regression models for correlated mixed discrete and
continuous outcomes constructed using copulas. Our approach entails specifying
marginal regression models for the outcomes, and combining them via a copula
to form a joint model. Specifically, we propose marginal regression models ( e.g.,
generalized linear models) to link the outcomes’ marginal means to covariates.
To account for associations between outcomes, we adopt the Gaussian copula
to indirectly specify their joint distributions. Our approach has two advantages
over current methods: one, regression parameters in models for both outcomes
are marginally meaningful, and two, the association is “margin-free,” in the sense
that it is characterized by the copula alone. By assuming a latent variable frame-
work to describe discrete outcomes, the copula used still uniquely determines the
joint distribution. In addition, association measures between outcomes can be
interpreted in the usual way. We report results of simulations concerning the
bias and efficiency of two likelihood-based estimation methods for the model.
Finally, we illustrate the model using data on burn injuries.
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1. Introduction

Mixed (or non-commensurate) outcomes are ubiquitous in applications in health and
medicine, and joint analysis of such outcomes entails specification of models flexible
enough to accommodate them. Such joint models are potentially advantageous in
several statistical and practical respects. For example, a multivariate model enables
analysts to account for relationships between outcomes and assess at the same time the
joint influence of predictors/covariates on them. From a statistical standpoint, joint
analysis avoids multiple testing and naturally leads to global tests, thus resulting in
increased power and better control of Type I error rates [1]. Significant efficiency gains
over separate univariate analyses have also been reported, specially in settings where
there are missing data [see, e.g.,2].

A number of joint modelling strategies for mixed outcomes have been studied in
the literature; see Teixeira-Pinto and Normand [3] for a recent survey. The challenge
is that models for joint distributions of mixed outcomes are uncommon. One of the
earliest proposals directly specifies the joint distribution by factorizing it into a con-
ditional distribution of one set of outcomes and a marginal distribution of the other
set. This suggest two formulations of mixed-outcome joint distributions: a marginal
distribution for discrete outcomes and a conditional distribution for continuous out-
comes, given discrete outcomes, or a marginal distribution for continuous outcomes
and a conditional distribution for discrete outcomes, given continuous outcomes. The
first formulation has received much attention in mixed-data literature, beginning with
Olkin and Tate’s [4] so-called general location model, which assumes different multi-
variate normal distributions for continuous outcomes given discrete outcomes, and a
marginal multinomial distribution for the latter [see also 5,6]. Examples of the second
formulation include Cox and Wermuth [7], who suggest a logistic or probit conditional
distribution for binary given continuous outcomes and a marginal multivariate normal
distribution for the latter. Mixed-data models based on latent variables have likewise
been studied [8,9]; models based on the Plackett-Dale idea [10] can also be viewed
within this framework. Refinements and extensions of both formulations have since
been investigated by several authors. Recent references include de Leon and Carrière
[11], George et al. [12], and Yang et al. [13], among others.

Indirect approaches to specifying mixed-outcome joint distributions are also pos-
sible. One approach introduces shared or correlated random effects to incorporate
correlations between mixed outcomes in the resulting joint model. Munkin and Trivedi
[14] adopt the approach in a health care demand application. Timbie and Normand
[15] and Daniels and Normand [16] use this strategy, albeit in a Bayesian framework,
to profile health care units. Applications to high-dimensional mixed data analysis are
provided by Faes et al. [17].

A recent alternative strategy involves the use of copulas, as discussed in Kolev and
Paiva [18], Song et al. [19], and Zimmer and Trivedi [20], among others. In the bivariate
case, the approach relates an arbitrary joint distribution FX,Y to its corresponding
univariate marginal distributions FX and FY via a copula C as

FX,Y (x, y) = C (u, v; ρ) , (1)

where u and v are respective realizations of probability integral transforms U =
FX(X) ∼ uniform[0, 1] and V = FY (Y ) ∼ uniform[0, 1], and ρ is the dependence
parameter measuring dependence between marginals FX and FY . The distribution
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FX,Y is thus specified via its marginals and a copula that “glues” them together. In a
parametric context, note that the marginals need not come from the same parametric
families, allowing researchers great flexibility in modelling different outcomes. The pa-
rameter ρ accounts for “dependence” between variables in a way that is separate from
their marginal specifications.

Sklar’s Theorem [21, p. 126] states that copula (1) is unique if and only if X
and Y are continuous random variables. However, the same is not true for discrete
random variables, in which case the copula is only uniquely identified on the Cartesian
product of the ranges of the marginals; moreover, the uniformity of the probability
integral transforms does not hold in the discrete case [22,23]. Genest and Nešlehová
[24] caution against the dangers and limitations of careless applications of copula to
discrete settings. One consequence of this is that common association measures like
Kendall’s tau τ and Spearman’s rho ρS [21, pp. 129–132] may now depend on the
margins; another is that interpretations of parameter ρ in terms of dependence become
problematic in some cases.

In this paper, we introduce a new joint regression model constructed from copulas
that overcomes many difficulties of earlier approaches [25] to analysis of mixed data.
The model adopts a latent variable formulation of the discrete outcome and is related
to an earlier regression model studied by Song et al. [19]; in fact, it can be viewed as
an extension of their model to mixed polychotomous and continuous outcomes. We
take a fully parametric specification of the marginal models, and a parametric copula is
adopted to model between-outcome associations. This approach is quite flexible since it
does not resort to conditioning, resulting in a symmetrical treatment of outcomes while
preserving the marginal interpretations of regression parameters, an attractive feature
in practice. Likelihood-based methods are used for estimation, affording us a whole
battery of available procedures for model inference, model checking, and validation.
To illustrate our approach, we re-analyze Song et al.’s [19] burn injury data via a
version of our model with a normal continuous outcome and a robit model [26] for
the binary response. The latter provides a rich class of models, including logistic and
probit regression models as special cases, for analysis of binary data.

The paper is organized as follows. We introduce a class of copula-based regres-
sion models for bivariate mixed outcomes in section 2. Section 3 next discusses two
likelihood-based methods for model estimation: one based on the full likelihood and
another on the method of inference functions for margins [27]. Section 4 reports simu-
lation results concerning two special cases of our model, namely the robit-normal and
probit-exponential models. In section 6, data from burn injuries are used to illustrate
our methodology. Section 7 concludes the paper.

2. Regression model for mixed bivariate outcome

Consider correlated mixed outcomes Xi and Yi obtained from each of N subjects, where
Yi is continuous and Xi is discrete. These outcomes may arise in a study involving pa-
tients suffering from burn injuries, for example, where the discrete outcome represents
death or survival from burn injury and the continuous outcome corresponds to total
burn area [19]. Assume Xi ∼ FXi

and Yi ∼ FYi
, i = 1, · · · , N . In addition, let Xi

have C + 1 distinct values, say, s0, s1, · · · , sC , possibly representing ordinal scores or
nominal states. To model the joint distribution FXi,Yi

of Xi and Yi, let Y ∗
i ∼ FY ∗i be
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the unobserved continuous latent variable underlying Xi, such that

Xi =





s0 , if Y ∗
i ∈ (−∞, γ1)

...
...

sk , if Y ∗
i ∈ [γk, γk+1)

...
...

sC , if Y ∗
i ∈ [γC ,∞)

, (2)

where γ1 < · · · < γC are unknown thresholds, with γ0 = −∞ and γC+1 = ∞. In
what follows, we use the Gaussian copula, an important copula family which has been
used in a variety of applications [e.g.,19,28] for its flexibility and analytical tractability.
While the choice of the copula is completely arbitrary, adopting a Gaussian copula, is
convenient because of its nice marginal and conditional properties.

Assuming the joint distribution FY ∗i ,Yi
of Y ∗

i and Yi is determined by a Gaussian
copula, we get

FY ∗i ,Yi
(y∗, y) = Φ2

(
Φ−1

{
FY ∗i (y∗)

}
, Φ−1 {FYi

(y)} ; ρ
)
, (3)

where Φ is the standard normal distribution, Φ2 is the standard bivariate normal
distribution (i.e., zero means and unit variances) with correlation ρ, and

E(Y ∗
i ) = µ1i(z1i,ααα), E(Yi) = µ2i(z2i,βββ). (4)

Here, the margins FY ∗i and FYi
are arbitrary absolutely continuous distributions, ααα and

βββ are vectors of regression coefficients, z1i and z2i are outcome-specific covariate vectors,
and µ1i and µ2i are link functions specifying how the covariates are incorporated in
the marginal means, as for example, in the linear models µ1i = z>1iααα and µ2i = z>2iβββ.
For identifiability reasons, we assume that Y ∗

i has unit variance (or scale parameter)
and ααα has no intercept term; in the binary case, we may arbitrarily assume the single
cutpoint in (2) to be zero, and ααα will need to include an intercept term [e.g.,9].

The joint distribution of Xi and Yi is then given by

P (Xi = x, Yi ≤ y) =





FY ∗i ,Yi
(γ1, y) , if x = s0
...

...
FY ∗i ,Yi

(γk+1, y)− FY ∗i ,Yi
(γk, y) , if x = sk

...
...

FYi
(y)− FY ∗i ,Yi

(γC , y) , if x = sC

, (5)

where FY ∗i ,Yi
is defined in (3).

The joint density fXi,Yi
(x, y) = ∂P (Xi = x, Y ≤ y)/∂y of Xi and Yi follows in a
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straightforward way:

fXi,Yi
(x, y) =





Φ

(
q1
1−ρq2√
1−ρ2

)
fYi

(y) , if x = s0

...
...{

Φ

(
qk+1
1 −ρq2√

1−ρ2

)
− Φ

(
qk
1−ρq2√
1−ρ2

)}
fYi

(y) , if x = sk

...
...

Φ

(
− qC

1 −ρq2√
1−ρ2

)
fYi

(y) , if x = sC

, (6)

where fYi
is the marginal density of Yi, qk

1 = Φ−1(uk
1) = Φ−1{FY ∗i (γk)}, q2 = Φ−1(u2) =

Φ−1{FYi
(y)}, and φ is the standard normal density. Observe that (6) is a proper joint

density.
Our model, being completely determined by the marginal distributions and the

copula, yields marginally interpretable regression parameters ααα and βββ. It is also pos-
sible to obtain the conditional distribution of outcomes, an important requirement in
situations where conditional behaviour of outcomes is of interest.

Song et al. [19] [see also 21, Chapter 6] recently adapted copula-based regression
analysis to mixed-outcome settings using the family of Gaussian copula-generated ex-
ponential dispersion models. While our model can be viewed as an extension of their
model to mixed polychotomous discrete and continuous settings, our use of a latent
variable formulation of discrete outcome Xi leads to a completely unique copula model
[29]. In addition, the dependence parameter represents the Pearson correlation coeffi-
cient between the normal scores based on Yi and Y ∗

i , and can thus be interpreted as a
proxy for the polyserial correlation between Yi and Xi, a common association measure
between continuous and discrete outcomes [30].

Taking both FYi
and FY ∗i as normal results in a model akin to those studied by

Gueorguieva and Agresti [31] and Catalano and Ryan [9]. Alternatively, a logistic
latent distribution for the latent variable results in a binary-outcome model similar to
Nikoloulopoulos and Karlis’ [32] logit copula model. It is also possible to model FY ∗i
using a (generalized) t-distribution [33] to yield a robit regression model [26] for binary
outcomes, a robust and general alternative to probit and logit regression. However,
our approach may not be suitable to mixed continuous and count data; in addition,
the notion of continuous latent variables underlying nominal outcomes may not be
appropriate.

3. Estimation

Let {xi, yi, z1i, z2i}, i = 1, · · · , N , denote the observed data, with outcome-specific
covariate vectors z1i and z2i. From (6) with θθθ as the parameter vector containing the
regression parameters ααα and βββ, the association parameter ρ, and respective marginal
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parameters θθθ1 and θθθ2 of FY ∗i and FYi
, the log-likelihood function is given by

`(θθθ) =
N∑

i=1

log fYi
(yi; z2i,βββ,θθθ2) +

∑
k=0,··· ,C
∀xi=sk

log

{
Φ

(
qk+1
1i (z1i,ααα,θθθ1)− ρq2i(z2i,βββ,θθθ2)√

1− ρ2

)

−Φ

(
qk
1i(z1i,ααα,θθθ1)− ρq2i(z2i,βββ,θθθ2)√

1− ρ2

)}
. (7)

with q0
1i(z1i,ααα,θθθ1) = −∞ and qC+1

1i (z1i,ααα,θθθ1) = ∞, and where we include ααα,βββ, z1i, z2i, θθθ1,
and θθθ2, in notations to emphasize that the margins depend on them through (4).
Note that qk

1i(z1i,ααα,θθθ1) = Φ−1
{
FY ∗i (γk; z1i,ααα,θθθ1)

}
, k = 1, · · · , C, and q2i(z2i,βββ,θθθ2) =

Φ−1 {FYi
(yi; z2i,βββ,θθθ2)}, for i = 1, · · · , N .

3.1. Joint estimation

Putting s(θθθ) = ∂`(θθθ)/∂θθθ as the score function and h(θθθ) = ∂2`(θθθ)/∂θθθ∂θθθ> as the Hessian

matrix, the maximum likelihood estimate (MLE) θ̂θθ is obtained by solving the likelihood
equations s(θθθ) = 0 iteratively via a Newton-Raphson updating scheme. It can be

easily verified that θ̂θθ is consistent and asymptotically multivariate normal with mean
θθθ and covariance matrix given by the inverse of the Fisher information matrix I(θθθ) =

E{−h(θθθ)} = E{s(θθθ)s>(θθθ)}. Standard errors (SEs) for θ̂θθ are calculated from diagonals

of {s(θ̂θθ)s>(θ̂θθ)}−1; we may also use −h−1(θ̂θθ), provided the Hessian matrix is invertible.

3.2. Marginal estimation

Direct maximization of (7) may be computationally prohibitive in practice. To cir-
cumvent this, (7) may be replaced by a more computationally tractable function, a
so-called pseudo-likelihood function. One such alternative which achieves important
computational economies is Joe and Xu’s [27] method of inference functions for mar-
gins (IFM), which estimates marginal parameters solely from margins and only uses
the copula as basis for estimating association parameters. The method is particularly
suited to our setting, where the marginal models and the dependence between out-
comes are specified separately. Using the theory of inference functions [27], it can be

shown that the IFM estimate θ̃θθ is asymptotically multivariate normal with mean θθθ and
covariance matrix V = J−1KJ−1 [21, Chapter 3], where J is a block-diagonal matrix
with symmetric diagonal blocks and K is a symmetric block matrix; explicit forms of
J and K for the robit-normal model below are detailed in the appendix. Standard

errors of θ̃θθ are obtained from the diagonals of Ṽ = J̃−1K̃J̃−1, where J̃ and K̃ are

the respective estimates of J and K obtained from θ̃θθ. Computational and statistical
performance (i.e., bias and efficiency) of this method has been shown to range from
acceptably good to excellent.
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4. Simulation study

In this section, the performance of joint and marginal estimates are evaluated in two
settings: the first consider a joint model assembled from a marginal normal specifica-
tion for the continuous outcome and a marginal t-distribution for the latent variable
underlying the binary outcome; the second is based on a marginally exponentially dis-
tributed outcome and a marginal probit model for a trichotomous discrete outcome.
In both cases, we adopt the Gaussian copula to construct the joint model. Results
indicate that joint estimation should be preferred to the marginal approach in set-
tings comprising mixtures of continuous and so-called “high-information” non-binary
discrete outcomes; however, the two methods perform generally similarly for mixed bi-
nary and continuous data. It also appears that both sets of estimates of scale/variance
and correlation parameters exhibit slight bias, which decreases with increasing sample
size.

4.1. Robit-normal model

Let continuous Yi ∼ normal(µ2i = β1 + β2z2i, σ
2), i = 1, · · · , N , and assume, under-

lying binary Xi, a continuous latent variable Y ∗
i ∼ t1(µ1i = α1 + α2z1i, 1, ν) (i.e., the

univariate t-distribution with mean µ1i, unit scale, and degrees of freedom ν; see [33])
with density

fY ∗i (y∗) =
Γ

(
ν+1
2

)
√

πνΓ
(

ν
2

)
(

1 +
(y∗ − µ1i)

2

ν

)− ν+1
2

, (8)

such that Xi = I{Y ∗
i > 0} (i.e., threshold model (2) with C = 1, s0 = 0, and sC = 1).

The t-latent distribution is assumed to have unit scale for identifiability reasons; in
addition, we arbitrarily take the threshold as zero, which then requires that ααα contain
an intercept term. The t-distribution has attracted the attention of researchers as a
robust alternative to a normal latent distribution [see, e.g.,26,34]. Liu [26] introduced
the term “robit regression” based on a t-latent distribution as a robust alternative to
and extension of logit and probit regression models.

A total of R = 3000 repeated samples of sizes N = 100 and 200, were generated
with α1 = 3, α2 = 4, β1 = 1, β2 = 2, ν = 5, and σ = 1, and with varying correlation
ρ = 0, 0.25, 0.5, 0.75, 0.9. To avoid problems associated with estimating ν [33, pp. 235–
236], we employ the method of profile likelihood [35]. The method entails maximizing
the log-likelihood at fixed grid points ν ∈ (2, B], for some suitably large constant B;

in the simulations, we fixed B = 8. Our estimates α̂1, α̂2, β̂1, β̂2, σ̂, and ρ̂, correspond
to ν̂ at which the profile likelihood is maximum on (2, B]. This method is easy to
implement using dense grid points on (2, B], and is more computationally efficient
than full maximum likelihood estimation. Asymptotic properties analogous to those
for MLEs can be similarly established.

Alternatively, we adopt the IFM method to estimate marginal parameters α1, α2, β1, β2, σ,
and ν, from the respective marginal log-likelihoods, and use the joint log-likelihood only
to estimate the correlation ρ. For the binary part, we use the method of (marginal)
profile likelihood by maximizing the (marginal) profile log-likelihood based on (8) at
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fixed grid points ν ∈ (2, B]; estimates of the continuous data parameters are easily
obtained by least squares. To estimate ρ, we maximize the (joint) log-likelihood evalu-
ated at the marginal estimates. Asymptotic results similar to those for joint estimates
apply as well to these estimates.

Both methods were implemented in R using the optimization function optim, with
ρ ∈ (−1, 1) re-parameterized as Fisher’s z-transformation η = log{(1 + ρ)/(1− ρ)}/2.

Figure 1 presents results on the relative bias of joint and marginal estimates for
ρ = 0, 0.25, 0.5, 0.75, 0.9. Note that relative bias is undefined for ρ̂ at ρ = 0, hence,
we only considered ρ = 0.25, 0.5, 0.75, 0.9. Using the approximate margin of error
1.96 × (SD/parameter) based on R = 3000 simulation repeats, relative biases clearly
suggest that both full and marginal likelihood approaches yield reasonably unbiased
estimates of the regression parameters; however, there is clear bias in both marginal
and joint estimates of σ and ρ which improves from moderate to slight with increasing
sample size.

Figure 2 displays relative efficiencies of both sets of estimates. From the plots,
we can see that the efficiencies of estimates of regression parameters are all relatively
close to unity, indicating that our methods of precision estimation yield SEs which
reflect true sampling variability; almost all their efficiency values, except for a few
corresponding to N = 100, fall within the approximate margins of error based on the
normal approximation. Marginal and joint estimates of σ and ρ show slight inefficiency
which slowly deteriorated with increasing ρ.

Literature on mixed-data analysis suggests that joint estimation can result in signif-
icant efficiency gains for discrete outcomes but little to no improvement for continuous
outcomes, specially in missing data contexts [2]. However, joint and marginal methods
showed similar results in our simulations, notwithstanding slight differences. This lack
of efficiency gain from joint estimation appears to be due to the binary (or so-called
“low-information”) nature of the discrete outcome. We investigate this further in the
next simulation.

4.2. Probit-exponential model

We next consider the case of an exponential-distributed continuous outcome and a
probit model for a trichotomous discrete response. Let continuous outcome Yi ∼
exponential(µ2i = exp{β1 + β2z2i}) and take the continuous latent variable Y ∗

i ∼
normal(µ1i = αz1i, 1), such that discrete outcome Xi is linked to Y ∗

i by threshold
model (2) with C = 2, s0 = 0, s1 = 1, and sC = 2. Note that no intercept is included
in latent mean µ1i as it is not identifiable from the cutpoints γ1 and γ2; R = 5000
simulated data of size N = 200 were generated from the joint model constructed from
a Gaussian copula with ρ = 0.8 and the specified probit and exponential margins.
Estimation for the model is done jointly and marginally as outlined in section 3.

Results displayed in Table I suggest that joint estimates perform better than marginal
estimates. Relative bias of the latter are noticeably larger than that of the former, spe-
cially for correlation ρ. The marginal method tended to severely underestimate ρ and
also yielded the lowest relative efficiency of 49%. This contrasts with uniformly high
relative efficiencies (i.e., very close to unity) for joint estimates, indicating that SEs
are able to capture true sampling variability of joint estimates. We note that although
relative efficiencies of marginal estimates (except for ρ) were also generally relatively
close to unity, their empirical SDs were consistently higher than corresponding SDs for
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Table 1: Relative bias (RB, in %), empirical standard deviation (SD), and relative
efficiency (RE=mean SE÷SD) of joint and marginal estimates for probit-exponential
model with N = 200 and R = 5000.

Parameter
Marginal Joint

Est RB SD RE Est RB SD RE
α = 2 1.998 –.082 .279 1.359 2.001 .051 .185 1.001

γ1 = −.43 –.435 .942 .169 1.089 –.429 –.48 .125 .996
γ2 = .43 .432 .37 .168 1.109 .434 .852 .132 .976
β1 = 3 3.048 1.605 .551 .979 3.025 .846 .414 .994
β2 = 4 4.001 .034 1.196 .983 4.002 .062 .869 1.006
ρ = .8 .544 –31.977 .098 .489 .804 .459 .029 .999

joint estimates, unlike in the robit-normal case. This indicates efficiency gains from
joint estimation which were absent in the robit-normal case, a possible explanation for
which is our use of a non-binary “high-information” trichotomous discrete outcome in
this case.

5. Application to burn injury data

In this section, we revisit the burn injury data analyzed by Song et al. [19]. The
data involve N = 981 patients of different ages suffering from burn injuries. The
interest lies in linking two outcomes, namely, severity of burn injury Yi (continuous,
measured by total burn area) and disposition Xi (binary, with 1 for death and 0
for survival), to the common covariate zi, the patient’s age. Following [19], we let
Yi = log (burn area+1) ∼ normal(µ2i, σ

2) as our continuous outcome. We assume a
latent variable Y ∗

i ∼ t1(µ1i, 1, ν) such that Xi = I{Y ∗
i > 0}, and consider the following

marginal linear models relating means µ1i and µ2i to patient’s age zi:

µ1i = α1 + α2zi, µ2i = β1 + β2zi. (9)

A joint model to glue the marginal models in (9) is specified by a bivariate Gaussian
copula with correlation ρ. The choice of a marginal robit regression of Xi on zi—using
a t-latent distribution for Y ∗

i —results in inferences that are robust to the presence of
outliers. Liu [26] also shows that robit models approximate both logit (with ν ≈ 7)
and probit (with large ν) regressions, and thus provide a general approach to binary
regression modelling.

Both full and marginal estimation methods outlined in section 4 are implemented
for the data. Resulting estimates are reported in Table II. In both cases, degrees
of freedom ν was estimated using profile likelihood over the range ν ∈ (2, 8] with
respective grid lengths 0.5 and 0.1 for joint and marginal approaches; profile plots
indicated the profile likelihood to be concave over this interval. From Table II, we
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Table 2: Joint and marginal estimates (Est), standard errors (SE), and z-values for
burn injury data.

Parameter
Marginal Joint

Est SE z-value Est SE z-value
Death disposition

α1 –6.5548 .586 –11.19 –3.9095 .3829 –10.22
α2 .0849 .0097 8.75 .0554 .0063 8.79
ν 2.8 2.5

Burn severity
β1 6.7413 .0635 106.16 6.6721 .067 99.58
β2 .0029 .0017 1.71 .004 .0017 2.35
σ 1.2683 .0382 33.2 1.2048 .0269 44.79

Association
ρ .8654 .0176 49.17 .8197 .0261 31.41
τ .6659 .0224 29.73 .6117 .029 21.09
ρS .8546 .0186 45.95 .8065 .0273 29.54

can see that the joint and marginal estimates are comparable, specially for outcome
burn severity. Joint and marginal estimates of the regression coefficient α2 for age in
the robit regression of death disposition on age indicate that the probability of death
increases with age. Similarly, estimates of regression coefficient β2 for age indicate
that mean log(burn area+1) slowly increases with age. Note that SEs for both sets of
estimates are relatively close; z-values suggest both age coefficients for burn severity
and death disposition are significantly positive. Estimates of correlation ρ suggest
a high positive association between burn severity and the latent variable underlying
death disposition, indicating that burn severity and death disposition are strongly
positively associated; estimates of non-parametric rank correlations τ = 2 sin−1(ρ)/π
and ρS = 6 sin−1(ρ/2)/π are also displayed along with their SEs obtained by the delta
method.

We also looked at the conditional behaviours of the outcomes. From (6), we get

P (Xi = 1|Yi = y) = 1− Φ

(
Φ−1(ui)− ρ

(
y−β1−β2zi

σ

)
√

1− ρ2

)
; (10)

similarly, we get

E(Yi|Xi = x) = E(Yi) +

{ ρσ
1−ui

φ {Φ−1(ui)} , x = 1

−ρσ
ui

φ {Φ−1(ui)} , x = 0
, (11)

where ui = FY ∗i (0). Figure 3 plots the following: conditional probability of death
in (10), as a function of age with log (burn area+1) fixed at its quartiles, estimated
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(a) marginally and (d) jointly; conditional probability of death in (10), as a function
of log (burn area+1) with age fixed at its quartiles, estimated (b) marginally and (e)
jointly; and marginal and conditional (on death or survival) regression functions in
(11), of log (burn area+1) on age, estimated (c) marginally and (f) jointly.

We see that our estimates, specially those jointly obtained, are generally comparable
in magnitude to those reported in [19]. Recall that [19] used a logistic-normal model to
analyze the data; as a check, we applied our model with ν = 7 (at which t approximates
logistic, [26]), and obtained estimates very close to those in [19]. Note that our approach
generalizes the logistic-normal and probit-normal models, since the t-latent distribution
provides excellent approximations to both logistic and probit models for binary data at
certain values of degrees of freedom ν. Our approach thus provides a means to select
among these models.

6. Discussion

In this paper, we develop copula-based regression models for mixed outcomes by adopt-
ing a latent-variable formulation of the discrete outcomes and using Gaussian copulas to
“glue” mixed-outcome marginal regression models. Two likelihood estimation strate-
gies are proposed, one method uses the full likelihood function to estimate parameters
simultaneously, the other applies the IFM method to estimate marginal parameters
marginally and shared parameters (e.g., association parameters) jointly.

We study in detail two specific versions of our model: one for binary and nor-
mal continuous outcomes, where a t-latent distribution is used to define the marginal
distribution of the binary outcome, and another for trichotomous discrete and gamma
continuous outcomes, where a normal model is adopted for the latent distribution. The
choice of a t-latent distribution corresponds to so-called robit regression, a robust al-
ternative to and extension of logit and probit models. Simulation results indicate both
estimation methods are able to recover parameters reasonably well and their standard
errors reflect true sampling variability. Both methods performed relatively similarly in
the binary-continuous case; however, joint estimation clearly outperformed marginal
estimation in the case of trichotomous and continuous outcomes. We attribute this
efficiency gain to the non-binary “high-information” nature of the discrete variable, in
which case joint estimation should be preferred to marginal estimation. To illustrate
our approach, we apply our model to data on patients with burn injuries. Results
obtained from our analysis are generally comparable to previous results by Song et al.
[19].

We assumed throughout the paper that observations are independent; however,
many applications in practice have correlated observations in the sense that the basic
sampling unit is a cluster, as is the case in studies on developmental toxicology, where
the sampling unit is a dam or a litter, and hence, observations belonging to the same
dam must be correlated. Work on extending our methodology to allow for clustering
in the data is on-going. We are also exploring generalizations of the model to the
multivariate case of more than one discrete and more than one continuous outcome,
including the incorporation of random effects. The challenge here lies in defining models
that allow for different levels of association among outcomes, as in longitudinal studies,
and always guarantee proper joint distributions.
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Appendix

We present in this section explicit forms of the score functions for joint and marginal
estimation methods as well as the latter’s asymptotic variances, for the robit-normal
model based on Gaussian copula.

Score function for joint estimation.

Given data {xi, yi, z1i, z2i}, i = 1, · · · , N , the log-likelihood function is given by (7) as

`(θθθ, ν) = −N log σ +
N∑

i=1

log φ

(
yi − µ2i

σ

)
+

∑

∀xi=0

log Φ

(
−Φ−1(ui)− ρ

(
yi−µ2i

σ

)
√

1− ρ2

)

+
∑

∀xi=1

log Φ

(
Φ−1(ui)− ρ

(
yi−µ2i

σ

)
√

1− ρ2

)
, (12)

where θθθ> = (ααα>,βββ>, σ, ρ) and ui = P (Y ∗
i ≤ 0) = Tν(−µ1i), the distribution function

evaluated at −µ1i, of the Student’s t-distribution tν (i.e., t1(0, 1, ν)) with ν degrees of

freedom. Writing `(θθθ, ν) with ν fixed as `ν(θθθ), we get `ν(θθθ) =
∑N

i=1 `νi(θθθ) =
∑N

i=1 `νi.
Elements of sν(θθθ) = ∂`ν(θθθ)/∂θθθ are easily derived as follows:

∂`νi

∂α1

=





−
(

( ν+1
ν )Γ( ν+1

2 )√
πν(1−ρ2)Γ( ν

2 )

) ∫ 0
−∞ (y∗−z>i ααα)

(
1+

(y∗−z>i ααα)2

ν

)− ν+3
2

dy∗

Φ


−

Φ−1(ui)−ρ

(
yi−z>

i
βββ

σ

)

√
1−ρ2




, if xi = 0

× exp


−

(
Φ−1(ui)−ρ

{
yi−z>i βββ

σ

})2

2(1−ρ2)
+ 1

2
(Φ−1{ui})2




(
( ν+1

ν )Γ( ν+1
2 )√

πν(1−ρ2)Γ( ν
2 )

) ∫ 0
−∞ (y∗−z>i ααα)

(
1+

(y∗+z>i ααα)2

ν

)− ν+3
2

dy∗

Φ




Φ−1(ui)−ρ

(
yi−z>

i
βββ

σ

)

√
1−ρ2




, if xi = 1

× exp


−

(
Φ−1(ui)−ρ

{
yi−z>i βββ

σ

})2

2(1−ρ2)
+ 1

2
(Φ−1{ui})2




(13)
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∂`νi

∂β1

=





(
yi−z>i βββ

σ2

)
−

ρ

σ
√

1−ρ2
φ




Φ−1(ui)−ρ

(
yi−z>i βββ

σ

)

√
1−ρ2




Φ


−

Φ−1(ui)−ρ

(
yi−z>

i
βββ

σ

)

√
1−ρ2




, if xi = 0

(
yi−z>i βββ

σ2

)
+

ρ

σ
√

1−ρ2
φ




Φ−1(ui)−ρ

(
yi−z>i βββ

σ

)

√
1−ρ2




Φ




Φ−1(ui)−ρ

(
yi−z>

i
βββ

σ

)

√
1−ρ2




, if xi = 1

(14)

∂`νi

∂σ
=





−ρ(yi−z>i βββ)

σ2
√

1−ρ2



Φ


−

Φ−1(ui)−ρ

(
yi−z>i βββ

σ

)

√
1−ρ2








−1

, if xi = 0

×φ


Φ−1(ui)−ρ

(
yi−z>i βββ

σ

)

√
1−ρ2


− 1

σ
+

(yi−z>i βββ)2

σ3

ρ(yi−z>i βββ)

σ2
√

1−ρ2



Φ


Φ−1(ui)−ρ

(
yi−z>i βββ

σ

)

√
1−ρ2








−1

, if xi = 1

×φ


Φ−1(ui)−ρ

(
yi−z>i βββ

σ

)

√
1−ρ2


− 1

σ
+

(yi−z>i βββ)2

σ3

(15)

∂`νi

∂η
=





− 1
2eη

{
(e2η − 1)Φ−1(ui)− (e2η + 1)

(
yi−z>i βββ

σ

)}

, if xi = 0

×


1− Φ


 (e2η+1)Φ−1(ui)−(e2η−1)

(
yi−z>i βββ

σ

)

2eη








−1

×φ


 (e2η+1)Φ−1(ui)−(e2η−1)

(
yi−z>i βββ

σ

)

2eη




1
2eη

{
(e2η − 1)Φ−1(ui)− (e2η + 1)

(
yi−z>i βββ

σ

)}

, if xi = 1

×


Φ


 (e2η+1)Φ−1(ui)−(e2η−1)

(
yi−z>i βββ

σ

)

2eη








−1

×φ


 (e2η+1)Φ−1(ui)−(e2η−1)

(
yi−z>i βββ

σ

)

2eη




, (16)
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and ∂`νi/∂α2 = zi∂`νi/∂α1 and ∂`νi/∂β2 = zi∂`νi/∂β1.

Score functions and asymptotic variances for marginal estima-
tion.

The respective marginal log-likelihood functions for the binary and continuous data
are given by

`1(ααα, ν) =
∑

∀xi=1

log Tν(−µ1i) +
∑

∀xi=0

log Tν(µ1i) (17)

`2(βββ, σ) = −N

2
log(2π)−N log σ − 1

2σ2
(y − µµµ2)

> (y − µµµ2) , (18)

where µµµ>2 = (µ21, · · · , µ2N), and y = (y1, · · · , yN)>. With ν fixed, write marginal log-

likelihood functions (7)–(8) as `1(ααα, ν) = `1ν(ααα) =
∑N

i=1 `1νi and `2(βββ, σ) =
∑N

i=1 `2i.
We have Jν a block-diagonal matrix with symmetric diagonal blocks

J1 = −
N∑

i=1

E

(
∂2`1νi

∂ααα∂ααα>

)
(19)

J2 = −
N∑

i=1

E

(
∂2`2i

∂(βββ>, σ)>∂(βββ, σ)>

)
(20)

J3 = −
N∑

i=1

E

(
∂2`νi

∂ρ

)
, (21)

and K a symmetric block matrix with blocks

K11 =
N∑

i=1

E

{(
∂`1νi

∂ααα

)(
∂`1νi

∂ααα

)>}
(22)

K12 =
N∑

i=1

E

{(
∂`1νi

∂ααα

)(
∂2`2i

∂(βββ>, σ)>

)>}
(23)

K13 =
N∑

i=1

E

{(
∂`1νi

∂ααα

)(
∂`νi

∂ρ

)}
(24)

K22 =
N∑

i=1

E

{(
∂`2i

∂(βββ>, σ)>

)(
∂`2i

∂(βββ>, σ)>

)>}
(25)
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K23 =
N∑

i=1

E

{(
∂`2i

∂(βββ>, σ)>

) (
∂`νi

∂ρ

)}
(26)

K33 =
N∑

i=1

E

{(
∂`νi

∂ρ

)2
}

. (27)

The score function from (17) is easily obtained as follows:

∂`1νi

∂α1

=





(ν+1)Γ( ν+1
2 )

ν
√

πνΓ( ν
2 )

{
Tν(z

>
i ααα)

}−1

, if xi = 1

× ∫ 0

−∞(y∗ − z>i ααα)
(
1 +

(y∗−z>i ααα)2

ν

)− ν+3
2

dy∗

− (ν+1)Γ( ν+1
2 )

ν
√

πνΓ( ν
2 )

{
Tν(−z>i ααα)

}−1

, if xi = 0

× ∫ 0

−∞(y∗ − z>i ααα)
(
1 +

(y∗−z>i ααα)2

ν

)− ν+3
2

dy∗

(28)

∂`1νi

∂α2

= zi
∂`1νi

∂α1

. (29)

The score function ∂`νi/∂η is given in expression (16). The score function from (18) is
the usual score function in normal theory linear regression models.
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Figure 1: Relative bias=(estimate–parameter)/parameter×100% of joint and marginal
estimates of α1, α2, β1, β2, σ, and ρ, using outcome-specific covariates. Solid and dashed
plots correspond to relative biases of joint estimates for N = 100 and 200, respectively;
dotted and dashed-dotted plots correspond to those of marginal estimates for N = 100
and 200, respectively.
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Figure 2: Relative efficiency=mean SE÷standard deviation of joint and marginal es-
timates of α1, α2, β1, β2, σ, and ρ, using outcome-specific covariates and score function
to calculate SEs. Solid and dashed plots correspond to relative efficiencies of joint es-
timates for N = 100 and 200, respectively; dotted and dashed-dotted plots correspond
to those of marginal estimates for N = 100 and 200, respectively.
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Figure 3: Top panel plots (a)-(c) correspond respectively to joint estimates of condi-
tional probability of death as a function of age at fixed log (burn area+1)=6.1, 6.9, 7.7;
conditional probability of death as a function of log (burn area+1) at fixed age=14, 28,
and 48 weeks; and regression functions of log (burn area+1) (marginal and conditional
on death/survival); bottom panel plots (d)-(f) correspond to marginal estimates of the
same quantities.
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