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Diagnostic studies in ophthalmology frequently involve binocular data where pairs of eyes are
evaluated, through some diagnostic procedure, for the presence of certain diseases or pathologies.
The simplest approach of estimating measures of diagnostic accuracy, such as sensitivity and spe-
cificity, treats eyes as independent, consequently yielding incorrect estimates, especially of the stan-
dard errors. Approaches that account for the inter-eye correlation include regression methods using
generalized estimating equations and likelihood techniques based on various correlated binomial
models. The paper proposes a simple alternative statistical methodology of jointly estimating mea-
sures of diagnostic accuracy for binocular tests based on a flexible model for correlated binary data.
Moments’ estimation of model parameters is outlined and asymptotic inference is discussed. The
resulting estimates are straightforward and easy to obtain, requiring no special statistical software
but only elementary calculations. Results of simulations indicate that large-sample and bootstrap
confidence intervals based on the estimates have relatively good coverage properties when the model
is correctly specified. The computation of the estimates and their standard errors are illustrated with
data from a study on diabetic retinopathy.
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1 Introduction

The motivation for this paper is a study conducted in Alberta, Canada, on the use of high-
resolution stereoscopic digital photography for evaluating diabetic patients at a distance for
treatable diabetic retinopathy (Rudnisky et al., 2002). A teleophthalmology system allowing for
distance evaluation of retinopathy-related pathologies based on digital images of diabetic patients’
eyes is a potentially cost-effective alternative to clinical examination in countries like Canada, where
distances are great and the cost of travel is high. The diagnostic procedure involves digital images of
patients’ eyes that are evaluated by a trained reader for certain retinopathy-related pathologies.
The purpose of the study was to determine whether diabetic retinopathy can be identified with
high-resolution stereoscopic digital photography and whether this identification correlates well with
the accepted gold standard of clinical examination.
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The accuracy of a medical test for diagnosing the presence or absence of a disease can be
described by several measures, the most common of which are given by the test’s sensitivity and
specificity with respect to the true disease status as determined by a traditionally used and accepted
test regarded as a ‘‘gold standard.’’ Sensitivity is the probability that the new test indicates presence
of the disease when the gold standard indicates that it is present while specificity is the probability
that the new test indicates absence of the disease when the gold standard indicates that it is absent.
Other frequently used measures of diagnostic accuracy are the so-called post-test probabilities given
by the test’s positive predictive and negative predictive values. The former is defined as the prob-
ability of presence of disease given a positive test result while the latter is the probability of absence
of disease given a negative test result (see, e.g. Zhou, Obuchowski, and McClish, 2002, pp. 44–45).
Positive and negative predictive values describe how well a test predicts a patient’s disease status,
while sensitivity and specificity describe how well the test discriminates between positive disease
status and negative disease status.

Because digital images of both left and right eyes of patients are evaluated, the binocular structure
of the data impacts on the analysis, as an eye tends to have a greater correspondence with the fellow
eye than with other eyes. While it is possible to estimate a test’s diagnostic accuracy on an eye-
specific basis, thereby effectively ignoring the inter-eye correlation, incorrect inferences are likely to
result from underestimated standard errors (Glynn and Rosner, 1992). Methods that account for
this correlation are thus needed. Approaches to handling this problem include the generalized
estimating equations (GEE) approach of Smith and Hadgu (1992) (see also Sternberg and Hadgu,
2001; Leisenring, Pepe, and Longton, 1997) and those based on likelihood methods studied by
Hujoel, Moulton, and Loesche (1990); Rosner (1989), among others (see also Sutradhar and Das,
1997; Lefkopoulou, Moore, and Ryan, 1989). Recent references on correlated ophthalmologic data
include de Leon et al. (2007); Leite and Nicolosi (1998). While these approaches are able to
accommodate covariates and a variety of dependence structures, they are regression-based and
computationally much more demanding.

In this paper, we propose simple easy-to-calculate estimates of measures of diagnostic accuracy
and their standard errors using binocular binary data. The method arises from a generalization
introduced by Shoukri and Donner (2007) of the common correlation model (CCM) for correlated
binary data (Mak, 1988). This general formulation includes the well-known beta-binomial model as
well as the correlated binomial models of Haseman and Kupper (1978). We discuss the model in
Section 2.

The rest of the paper is organized as follows. Estimation for the model via the method of
moments as well as of various measures of diagnostic accuracy is discussed in Section 2. Section 3
presents simulation results on the coverage probabilities of large-sample and bootstrap confidence
intervals (CIs) for the various measures of diagnostic accuracy considered. The methodology is
illustrated in Section 4 on data from the diabetic retinopathy study described earlier. We conclude
with a brief discussion in Section 5.

2 Binocular Model

Define Yi1L and Yi1R as 1 if the reader indicates the presence of the disease in the left and right eyes,
respectively, of patient i ¼ 1; . . . ;N, and 0, otherwise. Furthermore, let Yi2L and Yi2R denote the
true disease status (1 if positive, 0 if negative) of the left and right eyes, respectively, of patient i as
determined by the gold standard. In what follows, we use random effects to flexibly model the joint
distribution of Yi1L, Yi1R, Yi2L, and Yi2R and to capture the key features of the correlations between
them.

For j ¼ 1; 2, let the random effects Pj ¼ PðYijL ¼ 1jPjÞ ¼ PðYijR ¼ 1jPjÞ be the common condi-
tional probability of a positive result, and let the conditional distribution of ðYijL;YijRÞ

> given
random effect Pj, be a CCM with intra-pair correlation kj. Assuming ðYi1L;Yi1RÞ

> and ðYi2L;Yi2RÞ
>
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are conditionally independent given the random effects, the (unconditional) joint probability
P‘1r1‘2r2 ¼ PðYi1L ¼ ‘1;Yi1R ¼ r1;Yi2L ¼ ‘2;Yi2R ¼ r2Þ is then obtained as

P‘1r1‘2r2 ¼

Z 1

0

Z 1

0

PðYi1L ¼ ‘1;Yi1R ¼ r1jp1ÞPðYi2L ¼ ‘2;Yi2R ¼ r2jp2Þf ðp1; p2Þdp1dp2;

¼

Z 1

0

Z 1

0

PðYi1L ¼ ‘1;Yi1R ¼ r1jp1ÞPðYi2L ¼ ‘2;Yi2R ¼ r2jp2Þ

� f1ðp1Þf2ðp2Þ 1þ
ðp1 � p1Þðp2 � p2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

varðP1ÞvarðP2Þ
p( )

dp1dp2;

ð1Þ

where we used a canonical representation for the joint density f ð�; �Þ of P1 and P2 (Mardia, 1970).
Here, fjð�Þ is the density of Pj, p1 ¼ PðYi1L ¼ 1Þ ¼ PðYi1R ¼ 1Þ is the probability of a positive
diagnosis by the reader, and p2 ¼ PðYi2L ¼ 1Þ ¼ PðYi2R ¼ 1Þ is the prevalence of the disease. Taking
Pj � betaðaj ¼ ð1� rÞpj=r;bj ¼ ð1� rÞð1� pjÞ=rÞ, with r as a ‘correlation’ parameter (see dis-
cussion below), Shoukri and Donner (2007) showed that (1) reduces to nine distinct probabilities,
which can be written in terms of k1, k2, and the non-central product moments

cðm1;m2Þ ¼ EðPm1

1 Pm2

2 Þ ¼ EðPm1

1 ÞEðP
m2

2 Þ 1þ
ðgðm1Þ

1 � p1Þðg
ðm2Þ

2 � p2Þ
rt

( )
;

where t2 ¼ p1p2ð1� p1Þð1� p2Þ,

EðP
mj

j Þ ¼
Gðaj þmjÞGðaj þ bjÞ

GðajÞGðaj þ bj þmjÞ
and gðmjÞ

j ¼
ð1� rÞpj þ rmj

ð1� rÞpj þ ð1� rÞð1� pjÞ þ rmj
;

and Gð�Þ is the g function.
The unconditional distribution of ðYijL;YijRÞ

> is a CCM with intra-pair correlation
rj ¼ rþ kjð1� rÞ and common probability pj of a positive result. Observe that
k1 ¼ ðr1 � rÞ=ð1� rÞ has a k-like form (Fleiss, Levin, and Paik, 2003, p. 598), so that k1 can be
interpreted as a measure of agreement between the reader’s left- and right-eye diagnoses; similarly,
k2 can be viewed as representing the agreement between the disease status of fellow eyes. Note that
r1 ¼ r if and only if k1 ¼ 0, which indicates that the reader’s diagnoses are conditionally in-
dependent given P1, and the correlation r1 between the diagnoses can be mainly attributed to the
overall correlation r. Similarly, k2 ¼ 0 implies conditional independence of disease status of fellow
eyes given P2, and suggests that the main source of association is r.

It is easy to see that r is the correlation between the number Yi1� ¼ Yi1L þ Yi1R of diagnosis-
positive eyes and the number Yi2� ¼ Yi2L þ Yi2R of status-positive eyes. Thus, the correlation r
provides a global measure of association between the diagnoses and the disease status of the eyes,
albeit aggregated over disease status and diagnoses of fellow eyes. Shoukri and Donner (2009)
recently showed that the overall correlation r must satisfy

1

k1k2
max �

1

p1p2
;�

1

ð1� p1Þð1� p2Þ

� �
� r �

1

k1k2
min �

1

p1ð1� p2Þ
;�

1

ð1� p1Þp2

� �
to ensure that the joint probabilities P‘1r1‘2r2 determined by (1) define a proper probability dis-
tribution.

A strength of model (1) is that the joint distribution of the binocular data ðYi1L;Yi1RÞ
> and

ðYi2L;Yi2RÞ
> is completely determined by the marginal densities of P1 and P2. By choosing

beta densities as marginal distributions for P1 and P2, we are able to flexibly model a variety of
uncertainties regarding the distributions of P1 and P2 (Johnson and Kotz, 1970, Chapter 25), and
hence of the binocular diagnostic data. In addition, model (1) yields convenient marginal dis-
tributions in that ðYi1L;Yi1RÞ

> and ðYi2L;Yi2RÞ
> are both modeled by CCMs. In this sense, model (1)

can be viewed as an extension of CCM to paired binocular binary data. As shown in Section 2.1,
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model (1) lends itself to straightforward non-iterative estimation of its parameters by the method of
moments.

A potential shortcoming of the model involves the assumption P1010 ¼ P0101 ¼ P1001 ¼ P0110,
which suggests that perfect agreement between diagnosis and status for exactly one eye is equally
likely as perfect disagreement. As pointed out by a referee, this may not hold in cases concerning
chronic diseases. We note that this equivalence arose from the assumption of exchangeability of
fellow eyes, and as such, can possibly be remedied by adopting a richer family of densities for
P1 and P2 in model (1); generalized versions of the beta distribution (Nadarajah and Kotz, 2007)
involving additional parameters for added flexibility are possible choices. In any case, a goodness-
of-fit test can be used to validate this assumption in practice. We investigate how violation of this
assumption impacts the analysis in Section 3.

Model (1) is most appropriate for analyzing binocular binary data in ophthalmology like those
described earlier, as it is able to meaningfully delineate the intra-pair correlations in the binocular
data into r1, the correlation between the reader’s left- and right-eye diagnoses, and r2, the corre-
lation between the disease status of fellow eyes. It provides a useful computationally simple non-
iterative alternative to commonly used regression-based methods.

2.1 Moments estimation

Suppose nxy patients having y ¼ 0; 1; 2 eyes with positive disease status have x ¼ 0; 1; 2 eyes
diagnosed as positive by the reader, with

P2
x¼0

P2
y¼0 nxy ¼ N. Let h ¼ ðp1;p2;r1;r2; rÞ

> and de-
noting the probabilities pxy ¼ PðYi1� ¼ x;Yi2� ¼ yÞ, we have p00 ¼ P0000, p10 ¼ P1000 þ P0100,
p20 ¼ P1100, p01 ¼ P0010 þ P0001, p11 ¼ P1010 þ P1001 þ P0110 þ P0101, p21 ¼ P1110 þ P1101,
p02 ¼ P0011, p12 ¼ P0111 þ P1011, and p22 ¼ P1111. We thus get the moments estimatesbp00 ¼ n00=N; . . . ; bp22 ¼ n22=N. Noting that

p1 ¼ y1 ¼ 1
2
fp01 þ p11 þ p21 þ 2ðp02 þ p12 þ p22Þg;

p2 ¼ y2 ¼ 1
2
fp10 þ p11 þ p12 þ 2ðp20 þ p21 þ p22Þg;

r1 ¼ y3 ¼ 1�
p01 þ p11 þ p21

2y1ð1� y1Þ
;

r2 ¼ y4 ¼ 1�
p10 þ p11 þ p12

2y2ð1� y2Þ
;

r ¼ y5 ¼
p11 þ 2p21 þ 2p12 þ 4p22

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y1y2ð1� y1Þð1� y2Þ

p �
y1y2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y1y2ð1� y1Þð1� y2Þ
p ;

i.e. h is a function of p ¼ ðp00; . . . ; p22Þ
>, the moments estimate bh is then obtained by plug-in method

using bp ¼ ðbp00; . . . ; bp22Þ>. With nx� ¼ nx0 þ nx1 þ nx2 and n�y ¼ n0y þ n1y þ n2y, we get

bp1 ¼ by1 ¼ 1

2N
ðn1� þ 2n2�Þ;

bp2 ¼ by2 ¼ 1

2N
ðn�1 þ 2n�2Þ;

br1 ¼ by3 ¼ 1�
n1�

2N by1ð1� by1Þ ;br2 ¼ by4 ¼ 1�
n�1

2N by2ð1� by2Þ ;br ¼ by5 ¼ 1

4Nbt ðn11 þ 2n12 þ 2n21 þ 4n22 � 4N by1 by2Þ;
where bt2 ¼ by1 by2ð1� by1Þð1� by2Þ. Note that bk1 ¼ ðby3�by5Þ=ð1� by5Þ and bk2 ¼ ðby4�by5Þ=ð1� by5Þ.
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From standard asymptotic theory, it follows that bh has an asymptotic multivariate normal
distribution with mean h and covariance matrix Rbh ¼ ð1=NÞðqh=qpÞðD� pp>Þðqh=qpÞ>, where
D ¼ diagðpÞ (see online Supporting Information for details). Corresponding estimates bP‘1r1‘2r2 of the
joint probabilities P‘1r1‘2r2 are obtained by plug-in method.

The fit of the model against the general alternative given by the saturated model may be assessed
using either the original 16� 16 table of eye-level counts or the 3� 3 table of aggregated patient-
level counts. In either case, the deviance statistic

G2 ¼ 2
X

cell count� log
cell count

N � cell probability estimate

� �
;

may be used. This statistic has an asymptotic chi-square null distribution with N � 5 degrees of
freedom, and p-value � PðX2

N�54G2Þ, where X2
N�5 has a chi-square distribution with N � 5 degrees

of freedom (Zelterman, 1999, pp. 108–109). As pointed out by a referee, the test based on the
aggregated counts may not be sensitive to violation of the assumption P1010 ¼ P0101 ¼ P1001 ¼ P0110

due to possibly good fits for the other probabilities. This may be avoided by carrying out the
goodness-of-fit test at the eye-level; however, this may require a fairly large sample size to prevent
having cells with small counts.

2.2 Measures of diagnostic accuracy

We consider in this section joint estimation of the test’s sensitivity and specificity as well as its
positive predictive and negative predictive values. Note that a diagnostic test’s sensitivity and
specificity are measures of the test’s intrinsic accuracy and as such, unlike the predictive values, do
not provide information on the accuracy of the diagnoses. Because of exchangeability, these
measures do not depend on the particular eye under consideration.

The sensitivity se ¼ PðYi1L ¼ 1jYi2L ¼ 1Þ ¼ PðYi1R ¼ 1jYi2R ¼ 1Þ and specificity sp ¼ PðYi1L ¼

0jYi2L ¼ 0Þ ¼ PðYi1R ¼ 0jYi2R ¼ 0Þ of the test are given by

se ¼

P1
r1¼0

P1
r2¼0

P1r11r2P1
‘1¼0

P1
r1¼0

P1
r2¼0

P‘1r11r2
¼

P1
‘1¼0

P1
‘2¼0

P‘11‘21P1
‘1¼0

P1
r1¼0

P1
‘2¼0

P‘1r1‘21
¼

P1�1�

P��1�
¼

P�1�1

P���1
; ð2Þ

sp ¼

P1
r1¼0

P1
r2¼0

P0r10r2P1
‘1¼0

P1
r1¼0

P1
r2¼1

P‘1r10r2
¼

P1
‘1¼0

P1
‘2¼0

P‘10‘20P1
‘1¼0

P1
r1¼0

P1
‘2¼0

P‘1r1‘20
¼

P0�0�

P��0�
¼

P�0�0

P���0
: ð3Þ

The positive predictive value ppv ¼ PðYi2L ¼ 1jYi1L ¼ 1Þ ¼ PðYi2R ¼ 1jYi1R ¼ 1Þ and negative
predictive value npv ¼ PðYi2L ¼ 0jYi1L ¼ 0Þ ¼ PðYi2R ¼ 0jYi1R ¼ 0Þ are given by

ppv ¼
sep2

sep2 þ ð1� spÞð1� p2Þ
; ð4Þ

npv ¼
spð1� p2Þ

spð1� p2Þ þ ð1� seÞp2
: ð5Þ

Corresponding estimates are obtained directly by plugging estimates in Section 2 into (2), (3), (4),
and (5). The estimate bg ¼ ðbZ1; bZ2; bZ3; bZ4Þ

>
¼ ðbse; bsp;dppv;dnpvÞ> of g ¼ ðZ1;Z2;Z3;Z4Þ

>
¼

ðse; sp;ppv;npvÞ> is straightforward to obtain and, unlike those from regression-based methods, it
does not require iterative methods to compute. In addition, standard large-sample theory applies for
constructing CIs and tests of hypotheses, as bg has an asymptotic multivariate normal distribution

with mean g and covariance matrix Rbg ¼ ðqg=qhÞRbhðqg=qhÞ>. In particular, if Zk is the measure of

interest, then a large sample ð1� eÞ100% CI for Zk isbZk	ze=2SEðbZkÞ; k ¼ 1; . . . ; 4; ð6Þ
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where ze=2 the ð1� e=2Þ100th percentile of the standard normal distribution and SEðbZkÞ ¼ bsbZk
, the

large-sample standard error of bZk, with bs2bhk the kth diagonal element of the plug-in estimate bRbg of

�bZ. Note that the calculations involved require no statistical program and can be done in a
spreadsheet or by a hand-held calculator. See online Supporting Information for details.

Mercaldo, Lau, and Zhou (2007) note that coverage properties of CIs for proportions, such as the
diagnostic accuracy measures considered in this paper, may not be satisfactory due to skewness and
non-normality. As a remedy, Mercaldo et al. (2007) employed the logit back-transformation
method to improve the normal approximation and incorporated the so-called Wilson’s continuity
correction (Brown, Cai, and DasGupta, 2001) in the estimates of proportions. Adapting their
recommendations to the present setting, we can modify the moments estimate bp1, for example, by
using Wilson’s continuity correction, as bpw1 ¼ ðn1� þ 2n2� þ z2e=2=2Þ=ð2N þ z2e=2Þ; bp2 can be similarly
corrected. These modified estimates are then used to obtain the corrected correlation estimatesbrw1 ;brw2 , and brw to calculate the Wilson-corrected estimate bgw ¼ ðbZw

1 ; bZw
2 ; bZw

3 ; bZw
4 Þ
> of g. This estimate

can be used in lieu of bg, to construct the standard CI in (6); alternatively, the logit back-trans-
formation method yields the following large-sample ð1� eÞ100% CI for Zk:

exp½logitðbZw
k Þ 	 ze=2SEflogitðbZw

k Þg


1þ exp½logitðbZw
k Þ 	 ze=2SEflogitðbZw

k Þg

; k ¼ 1; . . . ; 4; ð7Þ

where logitðbZw
k Þ ¼ logfbZw

k =ð1� bZw
k Þg and SEflogitðbZw

k Þg ¼ bsbZw

k

=fbZw
k ð1� bZw

k Þg, with bs2bZw

k

the kth di-
agonal element of Rbg evaluated at bgw.

Another useful alternative approach to CI construction, which does not rely on large-sample
approximations is the bootstrap method (Efron and Tibshirani, 1993). Given B bootstrap samples
from the original data, a percentile method ð1� eÞ100% bootstrap CI for Zk is ½bZB

k;e=2; bZB
k;1�e=2
,

where bZB
k;e=2 and bZB

k;1�e=2 are the respective ðe=2Þ100th and ð1� e=2Þ100th empirical percentiles of
the bootstrap distribution of estimates from model (1). We study the empirical performance of CIs
(6) and (7) as well as that of the percentile bootstrap CI in the next section.

3 Simulation Study

We investigate in this section the performance of the large-sample and percentile bootstrap Wilson-
corrected CIs for Zk, k ¼ 1; . . . ; 4, in terms of empirical coverage rates and compare them against
similar intervals based on GEE. To do this, we carried out a Monte Carlo simulation study. The
parameters in the simulations are ðp1;p2Þ ¼ ð0:5; 0:5Þ; ð0:4; 0:4Þ, ð0:1; 0:1Þ, r1 ¼ r2 ¼ 0:8; 0:6; 0:5,
r ¼ 0:5; 0:3, e ¼ 0:05, and the number of patients N ¼ 100; 250. These parameter configurations are
relatively common in diagnostic studies in ophthalmology such as the diabetic retinopathy study
described earlier. They also define proper joint probability distributions for the binocular data. The
number of replications used in the simulations is 2000, which allows for an error margin of about
2:5% for a nominal coverage of 95%, as in Shoukri and Donner (2007). Note that the empirical
coverage rates, by jointly incorporating estimates and their associated standard errors as well as the
normal approximation, can be used to assess the overall performance of the proposed methodology.

The GEE method (Sternberg and Hadgu, 2001; Smith and Hadgu, 1992) is a non-likelihood-
based approach that does not rely on any distributional assumptions regarding the binocular data.
In it, reader’s diagnoses are marginally regressed on the corresponding disease status as
PðYi1k ¼ 1Þ ¼ g�1ðb0 þ b1Yi2kÞ, k ¼ L;R, i ¼ 1; . . . ;N, where gðtÞ ¼ logitðtÞ is the logit link func-
tion. Assuming constant intra-pair correlation r1 across patients, the GEE approach relies on a
working correlation for Yi1L and Yi2R to account for r1. Standard errors are obtained using the so-
called sandwich variance estimate (Smith and Hadgu, 1992). Note that se ¼ g�1ðb0 þ b1Þ ¼
eb0þb1=ð1þ eb0þb1 Þ and sp ¼ 1� g�1ðb0Þ ¼ 1=ð1þ eb0 Þ. Estimates of ppv and npv are obtained from
(4) and (5), with p2 estimated by using Wilson’s correction. Standard errors are obtained via the
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delta method, where, for simplicity, it was assumed that the disease-prevalence estimate bpw2 is

uncorrelated with GEE estimates bb0 and bb1. This implies that the covariance matrix of bpw2 and
ðbb0; bb1Þ> is block-diagonal.

For comparison, we considered standard and logit back-transformation CIs studied by Mercaldo
et al. (2007) and Sternberg and Hadgu (2001). Percentile bootstrap CIs were also constructed based
on B ¼ 1000 bootstrap samples using the R package boot. Empirical coverage rates were com-
puted as the proportion of simulation repeats a particular CI contained the true parameter values.

Table 1 displays the empirical coverage rates for the 95% model-based Wilson-corrected logit
back-transformation CI, the 95% GEE-based Wilson-corrected logit back-transformation CI, and
the 95% percentile bootstrap CI; results for the standard CIs are not reported as they show them to
be clearly inferior to the logit back-transformation CIs. From Table 1, it appears that logit back-
transformation CIs for se and sp based on moments estimates from model (1) and those based on
GEE estimates along with percentile bootstrap CIs have generally similar coverage properties. All
three CIs were able to attain the nominal 95% coverage rate (i.e. all the empirical levels are within
the approximate 95% confidence limits based on the binomial distribution). Table 1 also shows that

Table 1 Empirical coverage rates of 95% confidence intervals for se/sp based on 2000 simulation
repeats.a)

r1 ¼ r2 ¼ 0:8 r1 ¼ r2 ¼ 0:6 r1 ¼ r2 ¼ 0:5

p1 ¼ p2 N CI r ¼ 0:5 r ¼ 0:3 r ¼ 0:5 r ¼ 0:3 r ¼ 0:5 r ¼ 0:3

0.6 100 A 0.958/0.962 0.959/0.960 0.962/0.956 0.951/0.958 0.938/0.966 0.960/0.962
B 0.950/0.931 0.953/0.964 0.953/0.936 0.946/0.966 0.946/0.940 0.948/0.966
C 0.934/0.934 0.939/0.943 0.934/0.941 0.942/0.949 0.946/0.941 0.951/0.952

250 A 0.952/0.956 0.951/0.956 0.953/0.958 0.949/0.959 0.958/0.960 0.945/0.957
B 0.952/0.932 0.952/0.960 0.956/0.938 0.952/0.961 0.950/0.941 0.941/0.962
C 0.945/0.947 0.950/0.951 0.949/0.946 0.947/0.949 0.944/0.946 0.942/0.950

0.5 100 A 0.948/0.951 0.948/0.946 0.949/0.953 0.942/0.952 0.944/0.955 0.947/0.948
B 0.946/0.968 0.946/0.968 0.956/0.964 0.954/0.965 0.958/0.960 0.952/0.960
C 0.945/0.946 0.947/0.947 0.943/0.947 0.946/0.947 0.941/0.942 0.940/0.949

250 A 0.950/0.949 0.944/0.947 0.944/0.957 0.944/0.952 0.942/0.958 0.946/0.951
B 0.946/0.961 0.946/0.961 0.948/0.966 0.952/0.970 0.950/0.957 0.953/0.961
C 0.947/0.939 0.953/0.942 0.950/0.943 0.949/0.946 0.946/0.948 0.951/0.952

0.4 100 A 0.960/0.937 0.954/0.940 0.960/0.941 0.958/0.941 0.966/0.937 0.959/0.947
B 0.948/0.967 0.951/0.950 0.956/0.966 0.951/0.961 0.954/0.968 0.952/0.959
C 0.936/0.943 0.949/0.949 0.946/0.949 0.944/0.944 0.948/0.956 0.946/0.957

250 A 0.955/0.941 0.954/0.947 0.958/0.952 0.956/0.947 0.959/0.942 0.955/0.951
B 0.956/0.961 0.948/0.960 0.951/0.958 0.950/0.960 0.952/0.964 0.950/0.959
C 0.939/0.956 0.950/0.952 0.951/0.960 0.949/0.953 0.956/0.951 0.951/0.955

a) Confidence intervals (CIs) considered are A: model-based Wilson-corrected logit back-trans-
formation CI, B: GEE-based Wilson-corrected logit back-transformation CI, and C: percentile
bootstrap CI. With p1 ¼ p2 ¼ 0:6 and r1 ¼ r2 ¼ 0:8; 0:6; 0:5, ðse; spÞ ¼ ð0:8; 0:7Þ for r ¼ 0:5, and
ðse; spÞ ¼ ð0:72; 0:58Þ for r ¼ 0:3; with p1 ¼ p2 ¼ 0:5 and r1 ¼ r2 ¼ 0:8; 0:6; 0:5, ðse; spÞ ¼
ð0:75; 0:75Þ for r ¼ 0:5, and ðse; spÞ ¼ ð0:65; 0:65Þ for r ¼ 0:3; with p1 ¼ p2 ¼ 0:4 and
r1 ¼ r2 ¼ 0:8; 0:6; 0:5, ðse; spÞ ¼ ð0:7; 0:8Þ for r ¼ 0:5, and ðse; spÞ ¼ ð0:58; 0:72Þ for r ¼ 0:3.
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increasing the sample size results in only slight change in the performance of the intervals. These
findings confirm earlier results reported by Sternberg and Hadgu (2001).

Results on estimation of ppv and npv via logit back-transformation and percentile bootstrap CIs
are displayed in Table 2; again, results for standard CIs are not reported anymore. They indicate
that those CIs based on model (1) performed better than those based on GEE, and percentile
bootstrap CIs yielded the best performance. While the logit back-transformation CI based on model
(1) yielded coverage rates that generally attained, except for a few cases, the desired nominal 95%
threshold, the percentile bootstrap CIs achieved the 95% level in all cases considered. Using either
moments estimates from model (1) or GEE estimates, the logit back-transformation method re-
sulted in slight improvement in the coverage rates when the sample size is N ¼ 250. Overall, CIs
based on GEE estimates yielded mostly inflated coverage rates, especially for ppv in the case
p1 ¼ p2 ¼ 0:4, i.e. low prevalence and low positive diagnosis rate. A possible explanation for this
lies in the manner the standard errors were calculated: assuming GEE estimates to be uncorrelated
with the prevalence estimate led to overestimation of standard errors resulting in wide CIs. This is

Table 2 Empirical coverage rates of 95% confidence intervals for ppv/npv based on 2000 simulation
repeats.a)

r1 ¼ r2 ¼ 0:8 r1 ¼ r2 ¼ 0:6 r1 ¼ r2 ¼ 0:5

p1 ¼ p2 N CI r ¼ 0:5 r ¼ 0:3 r ¼ 0:5 r ¼ 0:3 r ¼ 0:5 r ¼ 0:3

0.6 100 A 0.939/0.959 0.943/0.955 0.941/0.972 0.944/0.951 0.951/0.966 0.940/0.958
B 0.974/0.959 0.954/0.946 0.973/0.960 0.967/0.954 0.978/0.960 0.976/0.964
C 0.934/0.947 0.931/0.944 0.936/0.947 0.940/0.946 0.931/0.948 0.946/0.950

250 A 0.946/0.959 0.938/0.955 0.944/0.963 0.942/0.958 0.942/0.968 0.944/0.953
B 0.972/0.968 0.933/0.946 0.976/0.973 0.947/0.958 0.982/0.978 0.958/0.966
C 0.948/0.955 0.949/0.955 0.944/0.948 0.954/0.949 0.944/0.948 0.951/0.949

0.5 100 A 0.945/0.939 0.951/0.946 0.946/0.941 0.949/0.943 0.949/0.951 0.947/0.942
B 0.976/0.973 0.976/0.973 0.984/0.970 0.975/0.970 0.986/0.982 0.978/0.963
C 0.942/0.955 0.937/0.952 0.940/0.943 0.939/0.943 0.947/0.940 0.944/0.948

250 A 0.947/0.947 0.949/0.943 0.950/0.944 0.955/0.944 0.956/0.942 0.953/0.949
B 0.974/0.973 0.974/0.973 0.979/0.969 0.976/0.974 0.976/0.978 0.977/0.966
C 0.940/0.956 0.948/0.960 0.944/0.954 0.944/0.952 0.956/0.944 0.950/0.951

0.4 100 A 0.977/0.923 0.963/0.930 0.975/0.924 0.966/0.925 0.979/0.976 0.959/0.926
B 0.986/0.980 0.984/0.962 0.978/0.980 0.988/0.969 0.989/0.978 0.988/0.984
C 0.938/0.940 0.941/0.951 0.956/0.942 0.942/0.946 0.941/0.956 0.950/0.951

250 A 0.969/0.930 0.958/0.943 0.974/0.925 0.955/0.936 0.976/0.968 0.958/0.929
B 0.985/0.981 0.978/0.963 0.979/0.976 0.979/0.964 0.982/0.979 0.979/0.975
C 0.955/0.944 0.953/0.944 0.949/0.945 0.953/0.947 0.953/0.954 0.950/0.952

a) Confidence intervals (CIs) considered are A: model-based Wilson-corrected logit back-trans-
formation CI, B: GEE-based Wilson-corrected logit back-transformation CI, and C: percentile
bootstrap CI. With p1 ¼ p2 ¼ 0:6 and r1 ¼ r2 ¼ 0:8; 0:6; 0:5, ðppv; npvÞ ¼ ð0:8; 0:7Þ for r ¼ 0:5,
and ðppv;npvÞ ¼ ð0:72; 0:58Þ for r ¼ 0:3; with p1 ¼ p2 ¼ 0:5 and r1 ¼ r2 ¼ 0:8; 0:6; 0:5,
ðppv;npvÞ ¼ ð0:75; 0:75Þ for r ¼ 0:5, and ðppv;npvÞ ¼ ð0:65; 0:65Þ for r ¼ 0:3; with p1 ¼ p2 ¼ 0:4
and r1 ¼ r2 ¼ 0:8; 0:6; 0:5, ðppv; npvÞ ¼ ð0:7; 0:8Þ for r ¼ 0:5, and ðppv;npvÞ ¼ ð0:58; 0:72Þ for
r ¼ 0:3. Underscored items are those coverage rates that are significantly different from nominal
95% coverage.
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clearly remedied by the more computationally intensive percentile bootstrap approach, which
yielded excellent coverage rates.

The results in Tables 1 and 2 clearly show the superiority of the percentile bootstrap approach to
CI construction, yielding uniformly excellent coverage rates. While admittedly computationally
more intensive than the other two methods, the bootstrap method does not require large samples
unlike the other two. GEE-based CIs performed comparably well with those based on model (1) for
estimating se and sp; however, their performance in estimating ppv and npv was generally inferior,
failing to attain the nominal level in many cases. This is because GEE does not allow for
simultaneous joint estimation of the four diagnostic accuracy measures. To estimate ppv and npv,
GEE requires an extraneous quantity in the form of the prevalence estimate. In case-control studies
like those considered by Mercaldo et al. (2007), the prevalence rate is assumed known. However,
this may not be the case in many cohort or population-based studies. In such situations, a better
approach like the percentile bootstrap method, which can account for the correlations between
prevalence estimate and GEE estimates, may be used.

3.1 Impact of violation of assumption P1010 ¼ P0101 ¼ P1001 ¼ P0110

We investigate in this section the impact of violation of the assumption, implicit in model (1), of
equal probabilities of perfect agreement and perfect disagreement between diagnosis and disease
status for exactly one eye. Specifically, we look into how coverage rates for the CIs are affected
whenever P1010 ¼ P0101 6¼ P1001 ¼ P0110.

Let a be the common value of the probabilities P1010, P0101, P1001, and P0110 from model (1). To
see how violation of this impacts the CIs, we perturb a by a small quantity d40 such that P1010 ¼

P0101 ¼ a� d and P1001 ¼ P0110 ¼ aþ d. Simulations were carried out with data generated from
model (1) with h ¼ ð0:5; 0:5; 0:5; 0:5; 0:5Þ>. The probabilities P‘1r1‘2r2 were as specified by the model,
except that the probabilities of perfect agreement P1010 ¼ P0101 and those of perfect disagreement
P1001 ¼ P0110 were modified as described above. Since a ¼ 0:015625 is small as it is, we chose the
following values for the perturbation d : 0:005 (small difference), 0.0075 (moderate difference), and
0.01 (large difference). We used a sample size of N ¼ 250 and 2000 replications in the simulations.
Based on the earlier results on coverage rates of various CIs, we decided to compare percentile
bootstrap CIs for se, sp, ppv, and npv, based on moments estimates from model (1) and based on
GEE estimates. Table 3 displays the coverage rates of the CIs.

Results from Table 3 indicate that violation of the assumption P1010 ¼ P0101 ¼ P1001 ¼ P0110 can
greatly affect the coverage rates of CIs based on estimates from model (1). Coverage rates for these
CIs were generally lower than the nominal 95% level, and worsened with increasing perturbation d.

Table 3 Coverage rates for percentile bootstrap CIs for data with P1010 ¼ P0101 ¼ 0:015625� d
and P1001 ¼ P0110 ¼ 0:015625þ d.a)

d ¼ 0:005 d ¼ 0:0075 d ¼ 0:01

Model GEE Model GEE Model GEE

se 0.931 0.944 0.914 0.935 0.886 0.942
sp 0.941 0.942 0.918 0.943 0.893 0.942
ppv 0.939 0.938 0.926 0.934 0.896 0.940
npv 0.936 0.944 0.914 0.940 0.889 0.942

a) Underscored items are those coverage rates that are significantly different from nominal 95%
coverage.
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This is mainly due to the fact that the moments estimates from model (1) are biased and no longer
consistent if P1010 ¼ P0101 6¼ P1001 ¼ P0110, and this bias worsens with d. Percentile bootstrap CIs
based on GEE estimates provided excellent coverage rates, however, and attained the 95%
threshold in all cases considered. This is not surprising at all since the GEE method, not being
likelihood-based, is relatively robust to misspecification of the joint distribution.

The implication of incorrectly assuming equal probabilities P1010 ¼ P0101 ¼ P1001 ¼ P0110 of
perfect agreement and perfect disagreement for exactly one eye is clear: failure to account for
differences between these probabilities may lead to potentially incorrect inferences. In practice, we
suggest that a goodness-of-fit test, like the one described in Section 2, be applied to the 16� 16
eye-level counts to validate this assumption.

4 Application to Diabetic Retinopathy Data

We now illustrate the proposed methodology on data from a diabetic retinopathy study (de Leon et
al., 2007; Rudnisky et al., 2002) involving about a hundred diabetic patients in Alberta, Canada,
who were referred to a comprehensive retina practice in Edmonton. The study protocol required
that patients be clinically examined on the same day they underwent digital photography by a
trained ophthalmic photographer using a high-resolution digital camera. The digital images were
stored uncompressed and then graded by an experienced reader at least two months after they were
taken. They were assessed in random order, with a minimum of two months in between review of
the left eye images and those of the right eyes to minimize reader recall. In order to evaluate
treatable diabetic retinopathy among the patients, a number of pathologies that are indicative of
retinal thickening were identified as either present (positive) or absent (negative). Contact lens
biomicroscopy, the clinical examination considered to be the ‘gold standard,’ was performed on all
patients by retinal specialists to determine disease status. Digital images of the patients’ eyes were
graded by the reader and patients were diagnosed as either positive or negative for the pathologies.

In what follows, we consider the pathologies macular edema and hard exudate. The former
pertains to the thickening and swelling of the eye’s macula due to fluid and protein deposits while
the latter involves the leakage of fluid and lipoprotein into the retina of the eye. Table 4 shows data
concerning the numbers nxy of patients with y ¼ 0; 1; 2 eyes with positive status for a pathology and
x ¼ 0; 1; 2 eyes diagnosed positive for the pathology by the reader from a total of N ¼ 94 diabetic
patients.

Table 5 displays the moments estimates of parameters of model (1) and their large-sample
standard errors along with their corresponding percentile bootstrap 95% CIs for macular edema
and hard exudate. We note that the inter-eye status correlation estimates of br2 ¼ 0:685 and br2 ¼
0:623 for macular edema and hard exudate, respectively, suggest a moderately strong association

Table 4 Number nxy of patients with y status-positive eyes and x diagnosis-positive eyes.

Macular edema Hard exudate

y y

x 0 1 2 nx� x 0 1 2 nx�

0 42 2 3 47 0 42 4 1 47
1 6 10 2 18 1 5 8 3 16
2 3 2 24 29 2 1 5 25 31
n�y 51 14 29 94 n�y 48 17 29 94
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between the left- and right-eye disease status. Reader diagnoses for left and right eyes are also
moderately strongly correlated, as indicated by the correlation estimates br1 ¼ 0:602 for macular
edema and br1 ¼ 0:649 for hard exudate. Note, however, that br ¼ 0:622 for macular edema andbr ¼ 0:681 for hard exudate, indicating that the associations can be mainly attributed to the ag-
gregated association between left and right eyes.

Estimates of measures of diagnostic accuracy are also shown in Table 5. The sensitivity and
specificity estimates for both pathologies range between 79 and 86%. Large-sample standard errors
and percentile bootstrap 95% CIs are also shown. These values agree with those previously reported
by Rudnisky et al. (2002). Goodness-of-fit deviance statistics based on both eye- and patient-level
counts yielded non-significant results, indicating that the model provides a reasonably good fit to
the data. We also note that there are, respectively, 8=94 and 9=94 observed cases from Table 4 with
perfect agreement/disagreement between diagnosis and disease status for exactly one eye, for ma-
cular edema and hard exudate, so that the ‘‘observed a’’ (in the notation of Section 3.1) is only
about 2.5% for both diseases.

A referee correctly pointed out that in practice, it is sufficient that at least one eye is positively
diagnosed for the patient to be sent for further and more extensive eye examination. More relevant
diagnostic accuracy measures in these cases are the probability of at least one correct positive
diagnosis in patients with one or both eyes truly diseased and the probability of two correct negative
diagnosis for patients with both eyes truly undiseased. The former is analogous to sensitivity and the
latter to specificity. Predictive values may be similarly re-defined. We shall examine these alternative
diagnostic measures in a future work.

5 Discussion

This paper focused on two main issues arising in reader-based binocular diagnostic studies: how to
account for correlation between reader’s diagnoses while at the same time incorporating the cor-
relation between the disease status of fellow eyes. The general approach taken in the paper was a
model-based one that relies on specifying a model for the joint distribution of the outcomes. Large-
sample inferences based on standard asymptotic theory are then developed for the model. The
model is flexible enough to delineate the different associations in the binocular data; in addition, the
model yields convenient marginalization properties, and thus can be viewed as a generalization of
other simpler commonly used binary data models. The methodology outlined in the paper is illu-
strated with data from a study concerning retinopathy-related pathologies among diabetic patients.
This methodology can be applied not only in ophthalmologic studies but in other contexts as well
where paired or binocular data can arise. One such area is twin studies in medical genetics (Shoukri
and Donner, 2007).

Methods for constructing CIs for various diagnostic accuracy measures were also investigated and
compared in terms of coverage properties. The methods considered incorporated Wilson’s corrections
and adopted the logit back-transformation and the percentile bootstrap method to minimize the
effects of skewness and nonnormality. The CIs thus obtained were constructed using moments esti-
mates from the proposed model and using GEE estimates. Based on the results of the simulation
study, percentile bootstrap CIs gave the most satisfactory performance, with CIs based on the model
yielding relatively better coverage properties than those constructed from GEE estimates when the
model is correctly specified. This is especially evident in the estimation of ppv and npv, as these require
the prevalence rate, a quantity that needs to be estimated extraneously from GEE. In cases where the
assumption of equal probabilities of perfect agreement and perfect disagreement P1010 ¼ P0101 ¼

P1001 ¼ P0110 is violated, percentile bootstrap CIs based on GEE estimates provided superior per-
formance over those based on estimates from the model. It is suggested that goodness-of-fit testing be
carried out on the eye-level data to check the validity of this assumption.
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The approach provides a simple straightforward non-iterative alternative to GEE and other
regression-based methods for reader-based binocular diagnostic studies, where diagnostic accuracy
measures need to be estimated based on left- and right-eye diagnoses as determined by the same
reader. A possible drawback of the model is that the ranges of the correlations may depend on the
probabilities, a problem commonly encountered with other binary models (e.g. Bahadur, 1961) as
well. Because of this, even if it is possible to theoretically extend the methodology to the multi-
reader multi-diseases setting, the joint distribution can become intractable. GEE methods will be a
better alternative in these cases.
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1. Asymptotic Normality of θ̂θθ

Using the fact that the nxy’s are jointly multinomial with probability vector p, by standard
asymptotic theory,

√
N(p̂ − p) has an asymptotic multivariate normal distribution with

mean 0 and covariance matrix D−pp>. By the delta method,
√

N(θ̂θθ−θθθ) has an asymptotic
multivariate normal distribution with mean 0 and covariance matrix NΣΣΣθ̂θθ = (∂θθθ/∂p) (D −
pp>) (∂θθθ/∂p)>. The elements of ∂θθθ/∂p are as follows:

∂θ1

∂pxy

=





0 , xy = 00, 10, 20
1
2

, xy = 01, 11, 21
1 , xy = 02, 12, 22

,

∂θ2

∂pxy

=





0 , xy = 00, 01, 02
1
2

, xy = 10, 11, 12
1 , xy = 20, 21, 22

,

∂θ3

∂pxy

=





0 , xy = 00, 10, 20
− 2−θ3

2θ1(1−θ1)
, xy = 01, 11, 21

− 1−θ3

θ1(1−θ1)
, xy = 02, 12, 22

,

∂θ4

∂pxy

=





0 , xy = 00, 01, 02
− 2−θ4

2θ2(1−θ2)
, xy = 10, 11, 12

− 1−θ4

θ2(1−θ2)
, xy = 20, 21, 22

,

1



∂θ5

∂pxy

=





0 , xy = 00
1
2τ

(
θ5

√
θ1(1−θ1)
θ2(1−θ2)

− θ1

)
, xy = 10

1
2τ

(
θ5

√
θ1(1−θ1)
θ2(1−θ2)

− 2θ1

)
, xy = 20

1
4τ

(
θ5

√
θ2(1−θ2)
θ1(1−θ1)

− 2θ2

)
, xy = 01

1
2τ

{
θ5

(√
θ1(1−θ1)
θ2(1−θ2)

+
√

θ2(1−θ2)
θ1(1−θ1)

)
, xy = 11

+(1− 2θ1 − 2θ2)}
1
2τ

{
θ5

(√
θ1(1−θ1)
θ2(1−θ2)

+ 1
2

√
θ2(1−θ2)
θ1(1−θ1)

)
, xy = 21

+(1− 2θ1 − θ2)}
1
2τ

(
θ5

√
θ2(1−θ2)
θ1(1−θ1)

− 2θ2

)
, xy = 02

1
2τ

{
θ5

(
1
2

√
θ1(1−θ1)
θ2(1−θ2)

+
√

θ2(1−θ2)
θ1(1−θ1)

)
, xy = 12

+(1− θ1 − 2θ2)}
1
2τ

{
θ5

(√
θ1(1−θ1)
θ2(1−θ2)

+
√

θ2(1−θ2)
θ1(1−θ1)

)
.

, xy = 22
+2(1− θ1 − θ2)}

.

2. Partial Derivatives of P`1r1`2r2

Define the following:

φj = E(Pm1
j ) =

Γ(αj + mj)Γ(αj + βj)

Γ(αj)Γ(αj + βj + mj)
=

Γj1Γj2

Γj3Γj4

, j = 1, 2

φ3 = 1 +
(γ

(m1)
1 − π1)(γ

(m2)
2 − π2)

ρτ
= 1 +

µ1µ2

µ3

,

φ4 = φ2φ3, φ5 = φ1φ3, and φ6 = φ1φ2. Also, let f(h) = ∂f
∂θh

. Then,

ψ(h)(m1,m2) =





φ1(h)φ4 + φ2(h)φ5 + φ3(h)φ6 ,m1 ≥ 1, m2 ≥ 1
φ2(h)φ5 + φ3(h)φ6 ,m1 = 0,m2 ≥ 1
φ1(h)φ4 + φ3(h)φ6 ,m1 ≥ 1, m2 = 0

φ3(h)φ6 ,m1 = m2 = 0

,

where

φj(h) =
Γj1(h)Γj2 + Γj1Γj2(h)

Γj3Γj4

− Γj1Γj2(Γj3(h)Γj4 + Γj3Γj4(h))

(Γj3Γj4)2
, j = 1, 2

φ3(h) =
µ1(h)µ2 + µ1µ2(h)

µ3

− µ1µ2µ3(h)

µ2
3

.
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We also have for j = 1, 2,

Γj1(h) = Γ(αj + mj)4(αj + mj)αj(h)

Γj2(h) = Γ(αj + βj)4(αj + βj)(αj(h) + βj(h))

Γj3(h) = Γ(αj)4(αj)αj(h)

Γj4(h) = Γ(αj + βj + mj)4(αj + βj + mj)(αj(h) + βj(h)),

where 4(·) is the digamma function. We also have the following:

µj(h) =





− ρmj

1+ρ(mj−1)
, j = h = 1 or j = h = 2

0 , j = 1, h = 2, 3, 4 or j = 2, h = 1, 3, 4
(mj−πj)(1−πj)(1−ρ)

{1+ρ(mj−1)}2 , j = 1, h = 5 or j = 2, h = 5

µ3(h) =





ρ(1−2π1)
2

√
π2(1−π2)
π1(1−π1)

, h = 1

ρ(1−2π2)
2

√
π1(1−π1)
π2(1−π2)

, h = 2

0 , h = 3, 4√
π1π2(1− π1)(1− π2) , h = 5

.

Also, we get

αj(h) =





1−ρ
ρ

, j = h = 1 or j = h = 2

0 , j = 1, h = 2, 3, 4 or j = 2, h = 1, 3, 4
−πj

ρ2 , j = 1, h = 5 or j = 2, h = 5

βj(h) =





−1−ρ
ρ

, j = h = 1 or j = h = 2

0 , j = 1, h = 2, 3, 4 or j = 2, h = 1, 3, 4

−1−πj

ρ2 , j = 1, h = 5 or j = 2, h = 5

.

The above expressions can then be used to evaluate partial derivatives for P`1r1`2r2 . For
example, we get

P1111(h) =





1
(1−ρ)2

{
ψ(h)(2, 2)(1− ρ1)(1− ρ2) + ψ(h)(1, 2)(ρ1 − ρ)(1− ρ2) , h = 1, 2

+ψ(h)(2, 1)(ρ2 − ρ)(1− ρ1) + ψ(h)(1, 1)(ρ1 − ρ)(ρ2 − ρ)
}

1
(1−ρ)2

{
ψ(h)(2, 2)(1− ρ1)(1− ρ2) + ψ(h)(1, 2)(ρ1 − ρ)(1− ρ2) , h = 3−ψ(2, 2)(1− ρ2) + ψ(1, 2)(1− ρ2) + ψ(h)(2, 1)(ρ2 − ρ)(1− ρ1)

−ψ(2, 1)(ρ2 − ρ) + ψ(h)(1, 1)(ρ1 − ρ)(ρ2 − ρ) + ψ(1, 1)(ρ2 − ρ)
}

1
(1−ρ)2

{
ψ(h)(2, 2)(1− ρ1)(1− ρ2) + ψ(h)(1, 2)(ρ1 − ρ)(1− ρ2)

, h = 4−ψ(2, 2)(1− ρ1)− ψ(1, 2)(ρ1 − ρ) + ψ(h)(2, 1)(ρ2 − ρ)(1− ρ1)
+ψ(2, 1)(1− ρ1) + ψ(h)(1, 1)(ρ1 − ρ)(ρ2 − ρ) + ψ(1, 1)(ρ1 − ρ)

}
− 2

(1−ρ)3
{ψ(2, 2)(1− ρ1)(1− ρ2) + ψ(1, 2)(ρ1 − ρ)(1− ρ2)

, h = 5
+ψ(2, 1)(ρ2 − ρ)(1− ρ1) + ψ(1, 1)(ρ1 − ρ)(ρ2 − ρ)}

+ 1
(1−ρ)2

{
ψ(h)(2, 2)(1− ρ1)(1− ρ2) + ψ(h)(1, 2)(ρ1 − ρ)(1− ρ2)

−ψ(1, 2)(1− ρ2) + ψ(h)(2, 1)(ρ2 − ρ)(1− ρ1)− ψ(2, 1)(1− ρ1)
+ψ(h)(1, 1)(ρ1 − ρ)(ρ2 − ρ)− ψ(1, 1)(ρ2 − ρ)− ψ(1, 1)(ρ1 − ρ)

}

.
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