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Abstract

We consider random vectors X1 and Y yx1 having a multivariate elliptical joint distribution,
and derive the exact joint distribution of X and L-statistics from Y, as a mixture of multivariate
unified skew-elliptical distributions. This mixture representation enables us to predict X based
on L-statistics from Y, and vice versa, when K = 1 and with normal and ¢-distributions. Our
results extend and generalize previous ones in two ways: first, we consider a general multivariate
set-up for which K > 1 and N > 2, and second, we adopt the multivariate elliptical distribution
to include previous multivariate normal and ¢-formulations as special cases. We illustrate our
results using data on student test scores.

Key words: Multivariate unified skew-elliptical distribution; order statistics; mizture distribu-
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1. Introduction

A motivation for the paper is the following problem: in the calculation of a student’s overall course
grade, only the ‘best—n’ scores among N > n quizzes are considered along with his final test mark.
It is usual practice to use the quiz scores to predict a student’s final test mark. More formally, if
X is the final test mark and Y = (Y7, --- ,YN)T are the quiz scores, we wish to study X in terms

of some linear combination E]\il a;Y(;), where Y(q) < --- <Yy are the ordered quiz scores. In our
scenario, note that we have a1 = =ap

The above problem is akin to the followmg that arises in electrical engineering and discussed by
Wiens et al. (2006). In processing cellular phone signals from several antennae, receivers normally
select only the strongest signals to reduce signal fading. Specifically, if a receiver receives N signals,
only the n < N strongest signals will be processed, which are then combined and used to analyze
and predict the transmission system’s performance, as measured by X = (X1,---, X ) ', say.

Various incarnations of the above problem, simplified in some way, have been studied previously
by several authors. Viana (1998) and Olkin and Viana (1995) obtained the best linear predictors in
the trivariate normal distribution case with N = 2 and K = 1, where Y; and Y5 are exchangeable
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such that (X,Y7)" and (X,Y;)" share a common correlation. Loperfido (2008b) considered the
same set-up and derived the exact joint distribution of X and Y9y = maz(Y1, Y2). Jamalizadeh and

Balakrishnan (2009a) similarly derived the exact joint distribution of X and Z?Zl a;Y(; in the case
of a trivariate normal distribution for X, Y7, Ys, with arbitrary covariance structure. They showed
that this joint distribution is a mixture of bivariate unified skew-normal distributions and obtained
a predictor for X using linear combinations of order statistics from Y7, Ys; see also Balakrishnan et
al. (2011) for the case of elliptical distributions.

Order statistics, their linear combinations (i.e., L-statistics), and their corresponding distri-
butions have also been similarly widely studied. Early results are provided by Gupta and Pillai
(1965), Basu and Ghosh (1978), Nagaraja (1982), and Balakrishnan (1993). More recent work
include Genc (2006), who derived the exact distribution of L-statistics from the bivariate normal
distribution; Arellano-Valle and Genton (2007,2008), who considered multivariate elliptical distri-
butions; and Jamalizadeh and Balakrishnan (2008), who worked with bivariate skew-normal and
skew-t distributions. Additional results are given by Jamalizadeh et al. (2009a,2009b), Jamalizadeh
and Balakrishnan (2009b,2010), and Loperfido (2008a).

In this paper, we consider the general case of N > 2 and K > 1, and assume an elliptical joint
distribution for X and Y, i.e., let

X
(Y) - (le"' 7XK’Y17"' 7YN)T ~ ECK+N(“727h(K+N))7 (1)

the (K + N)-dimensional elliptical distribution with location parameter p, dispersion-shape matrix
¥, and density generator function h5tY). Note that this specification includes the multivariate
normal and ¢-distributions, among others, and generalizes previous cases studied in the literature.
With Y () = (Y(l), ‘e ,Y(N))T as the vector of order statistics from Y, we derive the exact joint
distribution of X and LY (y), where L is a P x N matrix of rank(L) = P. We show that this
joint distribution is a mixture of multivariate unified skew-elliptical distributions, and obtain in
the process, in the special case when K = 1 and L = a' = (a1,---,ay), the best (nonlinear)
predictors of X based on aTY( ~), and of aTY( ~) based on X, under square loss function in the

case of normal and t-distributions. We also present a mixture representation for the joint cumulative
distribution function (CDF) of X and Yy, r=1,---, N, in terms of bivariate unified skew-elliptical

distributions.

We organize the paper as follows. Section 2 presents a brief review of skew-elliptical distribution
theory and presents specialized results for normal and ¢-distributions in the univariate and bivariate
cases. The main results of the paper are then obtained in section 3. An illustration of the paper’s
results is then given in section 4. Section 5 then concludes the paper.

2. Skew-elliptical distributions: preliminaries

Consider the random vectors X g1 and Y yx1 in (1) and suppose we partition g and X as follows:
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= @ d &= ye 2
# < © ) o < Yoy @)

Y

where p, and p, are respective K x 1 and N x 1 location vectors, ¥, and X, are respective
K x K and N x N dispersion matrices, and ¥, is a N x K shape matrix. A random vector Uy
is defined to have a multivariate unified skew-elliptical (SUE) distribution if and only if
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where “2” denotes equality in distribution, and it is understood that the inequality “X > 0”
must hold for each of the components of X; we write U ~ SUEN (1), Bys By, Bzas Byars h(K“V)).

A closed-form expression for the corresponding probability density function (PDF) is given by
Arellano-Valle and Azzalini (2006) and Arellano-Valle and Genton (2005, 2010).

Taking hE+HN) (4) = ¢(K+N) () = (27) = (K+N)/2 exp(—u/2), u > 0, we obtain the multivariate
unified skew-normal distribution (SUN). Given U ~ SUNN k (ft,, s By, Bz, By ), its respective
PDF fy(-) and moment-generating function (MGF) My (-) are given by

¢N(U;ﬂ'y72yy)q)l((l‘a: + ET 2_1(11 - )u'y); Yow — ET E_IEyﬂﬁ)
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v a (I)K(/l‘x; E:m:) ’

where ¢q(;2) and ®g(;X) are the PDF and CDF of the centered @-dimensional normal distri-
bution with dispersion matrix ¥, respectively.
In the case of the t,-kernel distribution with generator

WEEN) () = KN (u) =
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for u > 0, v > 0, where I'(-) is the gamma function, we generate the multivariate unified skew-¢
(SUT) distribution, with PDF

; (6)
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where tg(+; X, v) and Tg(+; X, v) are the respective PDF and CDF of the centered )-dimensional ¢-
distribution with scale matrix ¥ and degrees of freedom v; we write U ~ SUT y s (Ky), By » Zyys Lizcars
Yy, v).

These distributions were developed recently in Jamalizadeh and Balakrishnan (2011), who ob-
tained marginal and conditional distributions, linear transformations, moments, etc. In what fol-
lows, we study univariate and bivariate SUN and SUT distributions and derive moment expressions,
among others, for later use in section 3.

2.1. Univariate case

We now consider the univariate class of SUE distributions that arises from (1) with K > 1 and
N = 1. In this case, (2) becomes

Ky Efl" Oy
uw= and X = < ) . 8
< Hy > Oyy ®)

For U ~ SUNy g (fty, By Oy Bz, Oay), We get

K
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where, for some i,

T
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with Xo0 _iji = Baw,—ii —Um,—z‘z‘(f;;,_ii/ﬂxmz‘, and with ¢(-) the standard normal PDF. Expression
(9) is easily obtained by differentiating (5) and using the following;:
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Next, if U ~ SUT1 g (tby, s, Oyys Bza, Ozy, V), We similarly obtain
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This follows from (9) and from the result that for a x2 random variable vV with v degrees of
freedom,

XTr_1 o'x:c,—iz) ;Ea:x,fih'? v—11. (10)
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for any real number a, any @ X 1 real vector b, and any positive definite Q x () matrix X.

b;E,V—l),

2.2. Bivariate case
Next, we consider the case N =2 and K > 1. Let

-
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For U = (U, Us)" ~ SUNg k(15 gy By Bz, Byz), it follows from Arellano-Valle and Genton
(2010) that Uy ~ SUNy g (py,1, By, Oyy,11, Baz, Oyat)- In addition, we get

UQ‘Ul =ur SUNl,K(Mz'l(ul)aﬂil(u1)70512/.1a230.11’0221:1)7 (12)
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be shown that
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and where 0y.1, Oyz2, B, and X, are similarly partitioned as in section 2.1. Analogous results
may be similarly obtained for U = (Uy,Us) " ~ SUTg,K(py,p,x, Yy Boa, Bya, V):
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Note that the above show that the class of SUN and SUT distributions are conveniently closed
under marginalization and conditionalization.

3. Main results

Assume (1) holds, where ¥ is positive definite. In this section, we show that X and LYy are
jointly distributed according to a mixture of SUE distributions, where Y () = (Y(l), LY N))T
is the vector of order statistics from Y, and L is a P x N matrix of rank(L) = P. To this end,
let Yy € P(Y), where P(Y) = {Y; : Y; = P;Y,i = 1,--- N} is the collection of vectors
Y, corresponding to the N! different permutations of the components of Y, with P; a N x N
permutation matrix such that P; # Py, for all i # /. Further, let D be an (N — 1) x N difference
matrix such that DY = (Y2 — Y7,Y3 — Y5,--- , Yy — Yy_1), i.e., row i of D is given by e ; — e/,
i =1,---,N, where e1,---,ey are N-dimensional unit basis vectors. We give below our main
result on the joint, marginal and conditional distributions of X and LY ().



Proposition 1 Assume (1) holds. Then the following are true:
(i)  the joint CDF FX’LY(N)(-) and joint PDF fX,LYW)(') of X and LY () is then given by

(K+N+P-1)

Fx Ly ) (%, W) Zﬁz Fylikip  (%w;6)), (18)
(K+N+P—1)

SXLY () (%, W) ZM fh-ikrp (%6 w;65), (19)

where F]@(K;ZJ:; 1)(-, 0,) and fh(KflAé:_I; 1>(-;6i) are the CDF and PDF of SUEN_1 g+ p(©,
h(K+N+P 1))’ and

o= GV (T, (20)
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with GV (4 Ty) the CDF of ECy_1(0,T;, hV=1), ©; = {€;,m;, T, A},
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(it)  the marginal CDF of LY yy is given by

(N+P 1)
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where O] = {Lp,;,Dp, s, Lzyy,iLTszyy,iDT’LEyy,iDT}f
(iii) the conditional CDF of X given LY (5 =W is given by

(K+N 1)
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(iv)  the conditional CDF of LY () given X = X is given by

(N+P—1)

N
h
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i=1

(N+P—1)
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generator function h((]]l\ii)P_l), and 6?'1 = {{?'1(x),n?'l(x),Q?Q'I,I‘?'l,A?'l}, with f?'l(x) =

ﬂ'y,i + Lzyw,zE;xl (X - :u'x); n?l(x) = Dy’y,i + Dzyx,lzggvl (X - Il':c); 9122.1 = Lzyy,iLT -
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and Q1(X) = (X - #x)TE;xl(X - ll’x)
Proof: For (i), note first that

) with conditional density
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where the inequalities hold componentwise. Next, note that
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fori=1,---, Nl For the ith term of (24), we have P(DY; > 0) = m; and by (3), we get

(K+N+P—1)

PX<x,LY; <wDY;>0) = Fy_ g, p (x,w;6;),

which proves (7). Parts (ii) — (iv) follow in a straightforward manner from the mixture repre-
sentation (18) and results in Jamalizadeh and Balakrishnan (2011) on marginal and conditional
distributions of SUE distributions. [

Proposition 1 is a generalization of Jamalizadeh and Balakrishnan (2009b) and Balakrishnan
et al. (2011), and gives the relevant joint, marginal, and conditional distributions as mixtures of
SUE distributions. It can also be specialized to the case of normal and t-distributions; hence, it

can be viewed as extensions of Viana (1998) and Olkin and Viana (1995). In either case, we need

only replace F ]}\L,(ff I’Ej’;’”(-;ei), the CDF of a SUE distribution with parameter ©; and density

generator function h(KTN+P=1) with the CDF Fﬁ(f;;i};l)(-;ei) of a SUN distribution (with

. . ((E+N+P-1)
in the normal case, or with the CDF Fy_, . p (:;6;)

(K+N+P-1)
ty

density generator function ¢(K+N+P=1))

of a SUT distribution (with density generator function ) in the case of t. It is also
important to mention that the density generator function should be replaced by the characteristic
generator function when X is singular.

3.1. Special case: results for X and aTY(N)

In this section, we consider the special case K = P = 1 with L = a! = (a1, ,an). Pro-
vided Zf\il a; # 0, the joint distribution of X and aTY(N) is given by (18) in Proposition 1. If
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Ef\i L @i = 0, then the bivariate SUE distributions in (18) are singular, in which case the density

generator function AV Y is replaced by the characteristic generator function ¢ N+1 . Correspond-
ing marginal and conditional distributions likewise follow from Proposition 1. For example, consider
the exchangeable case

X I o? Stol), >
~ EC = T ), E= N JANED ) (25
(Y) A (" (m) ( 72{(1 - p)Iy + pIn13} (25)

where 7 > 0, |p| < 1, V'NI§| < \/1+p(N —1), 1y = (1,---,1)" is the N x 1 summing vector,
and Iy = diag(1l,---,1) is the N x N identity matrix. This equicorrelation structure for Y is
found most frequently in familial studies in genetics, for example, and in animal teratology, where

data arise in clusters from litters. Then, it follows from Proposition 1 that X \aTY(N) = w ~

SUEN_11(8'% (")), where ©'2 = {¢2(w),n"2(w), w12, T2, A2}, with

N
¢ w) = e+ G0 i 6 (w— a)
' T{(l—p)Zl 1 1+p(2ﬁ1az‘)2} M;

. (1 - p)Da N
Pw) - (- 3a)
(1-p) Zf\; a“zz +p (Zf\;l (Ii)Q i=1

§%0* <Z’f\;1 ai>2
1-pYiia z+p(2ﬁ1ai)27
72(1 — p)’Daa’' DT
1-p >y, z+p(Zz 1@1)27
B dro(1l — )Dazi]\ilai
(1-p) i, zer(Z az)w
AL
o(w) = (w e} ) -
T{(l—p)Zz 1 z+p(2ﬁ1ai> }

These results may be specialized as well to the normal and ¢-cases as generalizations of previous
results by Jamalizadeh and Balakrishnan (2009b), Balakrishnan et al. (2011), Viana (1998), and
Olkin and Viana (1995), among others.

We now give the best (non-linear) predictors E(X|aTY(N) = w) and E(aTY(N)|X =uzx) of X
and aTY( N), Tespectively, in the normal and ¢-cases under squared error loss. Let

d’ el . —el
— J — j+1 J
b ( D_; ) ( D_; > ’ (26)

where D_; is the matrix obtained from D by deleting row j, where ey, --- ,ey are N-dimensional
unit basis vectors.

r'2 = 72(1-pbDD'" —




Proposition 2 Suppose X and Y have a (N + 1)-dimensional normal distribution with mean p
and covariance matrix 5. Then, under squared error loss, the best (non-linear) predictor of X based

on aTY(N) =w 18

N—-1 )\_1.2
E(X TY i i,
( |a Zﬂ'f +Z CI)N ( ) I-\l 2) ; /%17]2]

1.2 1.2
-2 (w) , ni;(w)
X 1 DN o (ﬂz{zj(w) SR ot ¢ —JJ’FZ S )s (20)

1-2 i
A/ Vijj Vigj

if, on the other hand, X and Y have a (N + 1)-dimensional t,-distribution with mean p and scale
matriz 8, then the best (non-linear) predictor of X based on aTY(N) = w becomes

1 (V+1)/2F vy N! ] 1/2
(X\aTY Zﬂ'zf V_;\/)»F(l,+1)(2) Z Tl (w’(y) )F1.2
7l (4L ; (w, V)2,
2 i=1 Ty (ﬂ%’z(UJ); e )
N 1.2 niw) 1.0 Y.
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-1 \/’y1>2 R 1.2
J 013 q2i (w V)Fz j|ja

—v/2
X(HHW) . (29)

Q2z(w7 V)'Y@'Jj

All relevant quantities in (27)-(28) are as defined in Proposition 1 and in section 2.2; for example,

T
T T 12 (412
D_jzyyﬂ;aa Eyy,iD_j ’Yz,—j] (’71,—‘]‘]

rj?, = D_%,D' -
bl e alZyya Vi,jj
12 12 )
i, %jj (’Yz' '—jj>
12 El k)
N 12 ’ (29)
Viyjj
1.2 771'1']'2(70) T Ty-1
n;, “(w) = ,,71.’2.(10) = Dl‘y,z‘"‘Dzyy,iL (LEyy, L ) (W—Lﬂy,z‘)a (30)
,=]

with D given by (26). The best (non-linear) predictor E(a TY(N)|X =) ofaTY(N) based on X = x
in both the normal and t-cases is obtained by replaczng “w” with “x”, changing the superscript “1-2”
to “2-17, and replacing “qa;i(w,v)” in (28) with “q(x, 1/) .

Proof: Expressions (27) and (28) are straightforward from (13) and (16). ]

Proposition 2 extends results in Loperfido (2008b), Jamalizadeh and Balakrishnan (2009a), and
Balakrishnan et al. (2011), to the case N > 2.



3.2. Special case: results for X and Y{,

The joint CDF of X and Y/{;) can be obtained from Proposition 1 or from section 3.1, as a mixture
containing N! terms, by taking a = e, r = 1,--- , N. In this section, we present an alternative
approach for deriving this joint CDF with only N(N 11) < N! terms. To do this, let Sj,...;, =
diag(s1,- -+ ,Sm) be such that
. — { 1 fori=j i, ,jm
v —1 otherwise ’

for integer m € [0, N — 1] and ordered integers 1 < j; < --- < jp, < N. In particular, S;,...;5 , =
Iny_1 and Sj, = —Iy_1. Further, let Xj,..j,, = (Xj,-++,X;,)", and for i = 1,--- N, let the

vector X_;_j —..—j.. (jk # i,k = 1,---,m) be obtained from X by deleting X;, X, -, X;
Consider also the partitions

Y. . L Y g
Y = ( ¢ >’ p, = < Y~ >’ 2 = < yy,—r—t yy,—u >, (31)
Y; Hy,i v Oyy,ii

m*

so that
X Mz Ozx ag—/raz—i Oyx,i
Y, ~ ECu,yn By i |, Syy—ivi Oyy—ii | ATV (32)
Y; My i Oyy,i

The following proposition gives the joint CDF of X and Y(,) as a mixture of SUE distributions

with only N (]T\,f __11) < N! terms. The result is technically elegant and computationally simpler than
what we get from Proposition 1.

Proposition 3 Forr=1,---,N, and ji # i, the joint CDF of X and Y|, is given by

h(N+1) .
Fx Y(r) z,y) Z Z Tijrjr—1 FN_1 ,2 (x7y767:,j1"'jr71)7 (33)
=1 j1<-<jr—1
1<) <N, ji #i
o h(N+1) .
where ei,j1“~jr—1 = {€’i7j1“'jr—17ni7j1"'jr—17Qiajl“‘jr—l7I‘i7j1"'jr—17A7]1 Jr— 1} 12( ei7j1"'jr—l) 15
the CDF of SUEN_12(0;j,...j,_,, AN TV), and
h(N 1) .
Tigigrs = GN-1 (Sjiey (ByiIn—1 =ty )i Tijjo1), (34)

v
with Gh ( L J1gr— 1) the CDF OfECN (O’Fi:jl"'jr—1’h(N+1)); 61',.71"']%—1 = (Mx,,uy,i)T7 i1 jr—1
- SJI"'Jv-fl(:Uy,le—l M%_z),

. Oxx Oyx,i
Qijyjp oy = ( E
Oyy,ii
S

_ o » T L T _ 17T o
Lijivger = Sjjea(OyyislN—11y_1 + Byy i In_10y, i Oy —iiln_1)Sji g1
17T NTQ. . 17T _ NTQ. .
Ao _ (Oyaily 1 — Oyz—i) Sjijos _ (Oyaily 1 — Oyz—i) Sjijo s
Jiedr—1 T (o I ..)TS. . - A ’
Yy, it N—1 yy,—ii J1dr—1 g1 i1
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The marginal CDF of Y, is readily obtained from (33) as

N
h(N+1)
Fro, ) = > Y e, FR @6l ), (35)
=1 J1<<Jp_1
1<, <N, jr#i

(r) _
where ei,jl---jr,l = {ll"l'yvi7ni7j1"'Jlrfl’O—?Jyvihriajl:'”7jr717Ai’j1:"':jr71}'

Proof: We have

N
Fxy,,(z,y) = Y P(X <Y<y Y;=Y). (36)

i=1

The ith term of the RHS of (34) is
X <,V <y, >
PX <Y<y Yi=Y,) = P :
( = i Y, X (7“)) j1<§ ) ( mal‘(le...ijl) <Y< mm(Y_i_jl_..._ijl)
1< SN, i

= Y P(X <Y <ylSjj_ {In1Yi - Y _;} > 0)
J1<-<Jp—1
1<jp <N, #i
XP(Sjl---jT.,l{lN—l}/i — Yfl'} > 0).

Now, we have fori=1,--- , N,

Sjl"'j'fl{]‘N—ln - Yfi} ) <( Ni g1 Lijig_ AT' N+1
T ~ ECN+1 4,J1 " Jr—1 , 5J1 Jr—1 2,71 Jr—1 ,h( + ) ,
( (X, )T R Qi

so that
R(N+1)
P(X <a,Yi <ylSjij  {In1Yi =Y i} > 0) = FN_ 19 (2,405, 1);
and since P(Sj,...;,_, {In-1Y; — Y_;} > 0) = m; j,...j,_,, the proof is complete. ]
Proposition 3 extends Loperfido’s (2008b) result to the general contralateral data set-up and for

an arbitrary multivariate skew-elliptical distribution with an arbitrary correlation structure. Best
nonlinear predictors of X and of Y{,) based on X and on Y/, respectively, are also conveniently

obtained from Proposition 3. To do this for the case r = N, consider the following partitions for

J#
. - T
o Hy.j o Owwidi Oyy—ijj
Ky —; ) Hyy,—ii n N A
By —i—j yy;—i—J,—1i—J

Gors i o .
_ yy,j _ yx,)
o-yy,fii - ) o'yx,fi - .
Oyy;—i—j,i Oyz,—i—j
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Assuming joint normality for X and Y, we get

A2 0.7 (y)
e ! PV
E(X‘YN :y) = T iA (y)—|— . . ’
" ; ®y-1 (0] (y);T57) ; \@

1.2
. 5.5 (y) . .
CI)N—2 (7711,2j(y) - /}/]1.2' 7%,2jj;rzl7zjj> } ’ (37)

4,37
(N-1) . .
No1 miTa), €2(y) = pra + 0y i(y — tyi) [ Oyy.iis NiF = Oyai — Oyaj — Oyai(Oyy i —

.. oA Ll2 .. L L L .\2 oAl2 17T T _
Oyy,ji) | Oyy,iis Yisi = Oyy,ii T Oyy.ji —20yy,ji (Oyy,ii — Oyy.ji)*/ Oyy,iis YiZlj; = Oyyiilny o0y i i

where m;, = G

T 171 _ L g y _ N T g
Uyy;—i—j,i_ayymqu (Oyyii — Oyy,ji) (OyyiilN—2 — Oyy—i—ji) [ Tyy,iis

1-2
12 _ ;7 () _ OyyiilN—1 — Oyy, —ii
n;, “(y) = ( 1 (v) = pyilN-1 —py _; + (Y — ty,i)s
n:i,=;\Y Oyy,ii
.
2 — T (OyyiilN—1 — Oyy,—ii) (Oyy i LN -1 — Oy —ii)
7 - v )
Oyy,ii
12 T T
L2 = oyaln-oly o+XByyij—ij — IN-20yy—i—ji — Oyy—i—jily_o
)]

B (oyyiilN—2 — Oyy—i—j;i) (OyyiilN—2 — Uyy;—i—j,i)T

Y

Oyy,ii

with Fl{'ﬁﬂ ; given in (29). Similarly, the predictor E(Y(x)|X = ) can be analogously obtained

from (37) by replacing “y” with “z” and changing the superscript “1-2” to “2-1”, where £2'1(z)
Hy,i + ny,i(l‘ - Nm)/ng, )\zjl = Oyy,ii — Oyy,ji — ny,i(ayx,i - ny,j)/axwa 'Yzjlj = Oyy,ii + Oyy,jj —
20yyji = (Oyei — Oyej)?/Ouas ’Y?,Ejj = oyyiil o + ag—;ry;fifj,j - o-g—/ry;fifj,i — Oyyjily_g — (Oyai —
ny,j)(o'yx,ileQ - o'ycp,fifj)—r/o'mc,

2.1
21 _ ;i (z) _ OyzilN—1 — Oyz —i
N (:c) - < 21 (z) = HyilN—1 Kyt (T — pe),
ni,—j Z Ozzx
T
rzl — r.— (Oya,ilN—1 — Oyz,—i) (OyzilN—1 — Oyz —i)
7 - 1 9
Oxx
2-1 _ . T 1T
52 = oyiillN—2ly o+ Byyij—i—j — IN—20yy,—i—ji — Oyy;—i—jil N2

(0yeiln—2 — Oye—ij)(Oyil N2 — Opya i)'
Oxx

Note that these predictors are computationally simpler than the corresponding ones given in Propo-
sition 2.

In the exchangeable case, it is easy to see that X and Y{,y are jointly SUEy_12(8, h(N‘H)),
where

2 T
_ e o° 0TO 201 T 0
0 = {( h > ,0, ( 2 > ;7 (1= p)In-1+ pIn-11n_y), < 21— 1], )}

12
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Figure 1: Histograms of examination scores in (a) “Vectors”, (b) “Algebra”, (¢) “Analysis”, and
(d) “Statistics”.

That is, X and Y(,) have an exact bivariate SUE joint distribution under exchangeability. In this
case with 7 = NV, the best predictors above reduce to

- (N = 1)/ (\/1rtw—m)
> N o < (1—p)m2(y — p)In—2; >
N (@ - p)r? {In_o+ply ol o}

E(X|Yny=Yy) = patdo (

XD s e : (38)
p(1 = p)r2 {dvo + 21N 1], )
v—pa)  (N=1)ryI=p
E(Yp|X =2) = u+5r< U”)Jr( 2)\/% 2 (39)

Note that (38) and (39) reproduce earlier results for N = 2 given, for example, by Viana (1998)
and Olkin and Viana (1995). Proposition 3 may also be used to obtain the best predictors of X
and of Y(y) based on Yy and on X, respectively, in the case of a joint ¢-distribution for X and Y.

4. Illustration: test scores data

We now use the examination scores (in %) data in Mardia et al. (1979, p. 3) to illustrate the
results in previous sections. The data were collected from 87 students who wrote examinations on
5 subjects, namely, “Statistics”, “Vectors”, “Algebra”, “Analysis”, and “Mechanics”. We consider
only the first four subjects in what follows, and treat “Statistics” score as the variable of primary
interest (X) and scores in “Vectors” (Y1), “Algebra” (Y2), and “Analysis” (Y3), as auxiliary vari-
ables; thus, we have N = 3 and K = 1. Our interest lies in predicting X using an L-statistic
aTY(g), where a = (a1, a2,a3)" is a real vector and Y3 = (Y1), Y(2), Y(g))T is the vector of order
statistics.
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Profile Plot

Degrees of Freedom

Figure 2: Profile plot of degrees of freedom v over B = [2.5,100].

Univariate histograms of the examination scores in the four subjects are shown in Figure 1.
The plots appear to suggest that normality is a reasonable assumption, albeit slight skewness is
noticeable in those for “Vectors” and “Statistics”. In addition, potential outliers may be present, as
evidenced by the histograms’ long tails. Taking all this into account, we model the joint distribution
of X and Y = (Y7, Yo, Yg)T as a multivariate t-distribution with mean y, scale matrix ¥, and degrees
of freedom v, with PDF given by

(i

Al mn it () -0) = ((£) -0

Note that the above multivariate t-distribution belongs to the family of multivariate elliptically-
contoured distributions. It provides a robust alternative to multivariate normality while approxi-
mating the latter for large degrees of freedom.

To estimate g and ¥, we adopt Liu and Rubin’s (1995) EM algorithm and use profile likelihood
estimation for v. Specifically, we fix v in some gridded interval B C (2,00), and use the EM

—(v+4)/2
fX,Y(‘/Ea y) =

algorithm to estimate g and X, assuming v is known. The MLEs g and ¥ are those estimates
corresponding to v, obtained as the point where the maximum of the profile plot occurs. A profile
plot of v is shown in Figure 2; it is clear that the plot is increasing, an indication that normality
is a tenable assumption (since the multivariate t-distribution approaches the multivariate normal
distribution for large v). We take v = 100, the largest possible value of v in B = [2.5,100]; in fact,
we can take v to be a value larger than 100, but the effect on the estimates will be negligible. At

v =100, the MLEs g and 5 are

42.26 299.14 | 99.33 121.78 156.06

N 50.72 ~ 172.16 _84.97 95.16

B= 5067 | 2d 2= 112.34 111.89 |- (40)
46.78 9291.1

Not surprisingly, these estimates are comparatively numerically quite close to the following corre-
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sponding usual MLEs g and ) assuming a multivariate normal joint distribution for X and Y:

42.31 297.76 | 99.01 121.87 155.54

R 50.59 - 172.84  85.16  94.67

P =1 506 and % = 112.89 11211 |- (41)
16.68 920.38

We thus proceed assuming joint normality of X and Y in the sequel. Proposition 3 gives the joint
CDF of X and Y(3) = max(Y1,Y2,Y3) as

FXY3) x y Zﬂ_z 22 .’IJ 3/7 )7 (42)

where ™, = ¢2(nzarl) and el = {givnianiariaAi}) with &z = (Mxvﬂyai)T’ "71 = ,uy,i12 _)u’y,fi)
Ti = oyyiilaly + 3y i — 120, ;i —0yy ils,

Qi _ < Ozx O'y:c7"£' > : AZ _ ( Uyg;,@]_% %}, i )
Oyy,ii Uyy,nl2 yy,
Using MLEs i and £ in (41), we get the plug-in MLE ﬁX71/(3)(~) as

(4)
FXY(J) €T y ZWZFd) IE y» )7 (43)

where m = 0.43, T3 = 0.32, w3 = 0.25, and
o — 42.31 —0.01 297.76  99.01 115.41 105.12 —22.86 56.53
L= 50.59 J’ 3.91 ’ 172.84 )’ 203.88 87.68 78.17 ’

6, — 42.31 0.01 297.76 121.87 115.41 10.29 22.86 —33.67
2= 50.6 )\ 3.92 )’ 172.84 )~ 109.05 /' \ 27.73  0.78 ’
6. — 42.31 -3.91 297.76 155.54 203.88 98.76 56.53  33.67

B 46.68 )\ —3.92 )’ 220.38 )’ 109.05 / 7\ 127.71 108.27 '
X

Plug-in MLEs of the best predictors of X and of ¥(3) in section 3 based on Y(3) and on
respectively, are as follows:

— 1

E(X|Yg =y) = {1.91¢(0.06y — 3.05)

o, [ 051y —25.68, (7093 6547
2\ 0.45y—18.98 ’ 168.53

—0.02y + 4.72 0.33y — 18.31
x O (104) +1.11¢(0.03y — 1.47)® <m)}

1

+
o, ( 0-08y—324, (11365 1288
2\ —011y—8.7 7 105.24

{0.554(0.01y — 0.3)
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—0.12y +9.07 0.09y — 4.3
® <y + > +0.45¢(—0.01y + 0.85)® <y ) }

10.19 10.59
|
+ 1.736(0.01y — 0.86
o, ( 019 — 1194, (19315 92.37 {1.736(0.01y )
2\ 011y—87 105.24
0.02y — 2.3 0.09y — 4.3
o (Y 20 4 9216(0.01y — 0.8)@ [t 22
8 < 781 > +2219(0.01y — 08) ( 10.59 >}
+16.5y + 22.52, (44)
— 1
EY@lX =) = e —os6s, [ 7093 osar Y 00006 = 3.05)
%2 ( 0.45z — 18.98 ( 168.53 >>
—0.022 + 4.72 0.33z — 18.31
o ( P TRIR) L 3356(0.03x — 1.47)® | — 22 T 000
x < — > 3.35¢(0.03z — 1.47) < — )}
1
3.386(0.01z — 0.3
+q) 0080 324, [ 113.65 1288 \ oo00(001r—=0.3)
2\ 011z —8.7 ’ 105.24
~0.122 +9.07 0.09z — 4.3
o (2 IU0) L 5 .82¢(—0.01a + 0.85)® =0
( 12.39 > +5.82¢(=0.01z +0.85) < 10.59 >}
|
+ 1.736(0.01z — 0.86
o, (0192 — 1194, (19315 92.37 {1780(0.01z )
*\ 011z —87 105.24
0.022 — 2.1 0.09z — 4.3
o (2220 1 9916(0.01 — 0.85)®  —n 2
X ( 10.23 > +2.219(0.012 ) ( 10.59 )}
0.5z + 22,52, (45)

where ®(-) is the CDF of the standard normal distribution. Note the computational simplicity of
(44) and (45); this is due to the simpler form for the joint CDF of X and Y{3) outlined in Proposition

3 containing only N (];7__11) = 3(3) = 3 terms, as opposed to that obtained from Proposition 1 which
contains N! = 3! = 6 terms.

5. Conclusion

In this paper, we derived general results on distributions of L-statistics and on prediction involv-
ing multivariate skew-elliptical distributions, after assuming multivariate elliptical distributions
for the data. The results are general enough to include several previous results as special cases
(e.g., Jamalizadeh and Balakrishnan, 2009b; Balakrishnan et al., 2011). By considering elliptical
distributions, which include normal as well as t-distributions, we provide a robust alternative to
conventional formulations based on normality. We used data on student test scores to illustrate
the calculation of best predictors based on normality and on the more robust ¢-distribution. Other
elliptical distributions such as the Laplace and slash distributions will be considered in a future
work.
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