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1. Introduction

The estimation of a statistical distance between populations arises in many
multivariate analysis techniques. In discriminant analysis, for example, the classifica-
tion rule based on the classical Fisherian linear discriminant function for classifying an
observation into one of two or more distinct multivariate normal populations reduces
to a comparison of so-called Mahalanobis distances (e.g., [16, p. 31]). This approach is
a common one in pattern recognition (e.g., [9]). Whereas distance measures for
continuous data are well developed [21], those for mixed discrete and continuous data
are less so because of the lack of a standard model for such data.

Krzanowski [10,11] was the first to consider the development of mixed-data
distances based on Matusita’s distance [17]. Another distance was obtained by Bar-
Hen and Daudin [3], who applied the Kullback—Leibler divergence [12, pp. 6-7] to
the general location model [19] and derived a distance that specializes to the
Mahalanobis distance in the absence of nominal variables. Krusinska [9] proposed a
weighted Mahalanobis distance for mixed data as the weighted sum of the
Mahalanobis distance for continuous variables and a Mahalanobis-type distance for
discrete variables introduced by Kurczynski [13]. More recently, Bedrick et al. [4]
derived a Mahalanobis distance for the mixed ordinal and continuous data using the
grouped continuous model [2]. However, no distance measure has yet been
developed for data with mixed nominal, ordinal and continuous variables. Such a
distance must account for not only the different levels of measurement in the
variables but also the various types of associations among the variables. The aim of
this paper is to develop a statistical distance that can be used for data consisting of a
mixture of variable types. Specifically, the problem of generalizing the Mahalanobis
distance to data with mixed nominal, ordinal and continuous variables is considered.
The approach adopted in the paper unifies previous work on the problem by Bedrick
et al. [4] and Bar-Hen and Daudin [3].

To develop the distance, a model for the joint distribution of the mixed variables,
called the general mixed-data model and first proposed by de Leon and Carriére [5], is
described in Section 2. A general distance measure for mixed nominal, ordinal and
continuous data is then developed in Section 3 by applying the Kullback—Leibler
divergence to the general mixed-data model, and the asymptotic distribution of its
maximum likelihood estimate (MLE) is obtained. In addition, a large-sample test of
hypothesis concerning two mixed-variate populations is derived in Section 4. The
finite-sample performance of the test is investigated via simulations in Section 5.
Finally, a real-data example is presented in Section 6 to illustrate the distance
measure.

2. General mixed-data model

Let x = (X, ...,XS)T be the binary representation of u = (U, ..., UD)T, a vector
of nominal variables with U, having s; possible states (d = 1, ..., D), so that there
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are a total of S =[]}, s, states for u. Each X; in x is defined as either 0 or 1

depending on whether u falls in state s or not (ZSSZI X; = 1). By the general location

model, the distribution of x is modelled by a product multinomial distribution
T

[x;7] = Hle nf“)x, where n = (m|,...,ms)" is the vector of state probabilities

(X5 ny=1), and X(y) is the vector x with Xy = 1.

Let y=(Yy,...,Ye)" and y* = (Y7, ..., Yé)T be vectors of continuous and
unobservable latent variables, respectively. By the general location model, the
conditional distribution [y, y* | x(y)] is modelled as multivariate normal with mean
and common covariance matrix I', given x = X(,), where 5, and I' are partitioned
accordingly as

K L Ly
N, = < *> and T'= ( T * ) (1)
' s Ly L

The CS x 1 stacked vector of state means of y is denoted as u. The latent

relationship between y* and the vector of ordinal variables z = (Z;, ...,ZQ)T is
defined by the threshold model by which Z, = ag' if and only if oy ' <Y, <uy’,
where {ocg = —oo,oc}], ...,ocf,‘",aff’“ = +o0} are the unknown cutpoints or thresh-

L+
olds, and @) <a; < --- <a,"

the set of thresholds as well as the scores vary for each ordinal variable in z but is

are the ordinal scores for Z;, ¢ =1, ..., Q. Note that

constant across states. Without loss of generality, it is assumed that a;" ={g g =
1o L+ 1.
Then, under the general location model, the conditional distribution [y* | x(y),y] is

*
s

X/.Z7'E,. = DRD, where D = diag(d, ..., dp) is the diagonal matrix of condi-
tional standard deviations and R = (r,y) is the symmetric matrix of conditional
polychoric correlations [6] of z, given X(,) and y. Similar to the usual development of
latent variable models, it may be assumed without loss of generality that X* = R™,
the correlation matrix of y*. To avoid over-parameterizing the model, state S is fixed
as a reference state and p, and p® (s#S) are defined as p, = E+ & and p¥ = & + &},
where & = pg and & = pf, the means of y and y*, respectively, and & and &; are the
effects of state s =1, ..., S — 1, relative to that of state S.

multivariate normal with mean u} + EyTy*E"(y — u,) and covariance matrix X* —

Letl = (¢4, ..., /Q)T be a possible value of z. By a suitable transformation, it can
be shown that
p=t1x=xg = [ dolvIR)ay, o)
S isy)

where ¢ (- | R) is the Q-dimensional normal density with mean 0 and covariance matrix

ly—1 3 . ‘4 ‘
R, and iy = {(v1,...,00) 1 vsg <v,<Vig,q=1,...,0}, with vij =7, — 15 —

ﬂqu. Here, yi" = ai"/dq - (f;/dq - ﬂqré), T4 18 the gth element of 7, = D '¢ — BE,,
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and ﬁqT is the gth row of B = D’lz‘.yTy*E’l, /q=1,..., L, Note that g, = 0 Vg, and the

extreme cutpoints are taken as y2 = —o0 and ygﬁl =4 0.
The joint density [x,y,z] of x, y and z can thus be written as

X = X ¥z = 1] = 1, X bely - u\m/ dolv|R) dv (3)
I(s)y)

This joint density is called the general mixed-data model with parameter 07 =
(07,07, 07), where 07 = (n1, ...,m5_1),07 = (u”, {vech(T)}"), 0] =

(y7. {vech(R)}", B7.<7), with p" = (B]. ..., BG), 7 = (z,...,7L_,), and vech(E)
and vech(R) are the vectors containing the upper diagonal elements of X and R,
respectively.

The general location model is obtained from the general mixed-data model by
setting O = 0, and hence, the former may be viewed as a special case of the latter.
Similarly, the general mixed-data model reduces to the conditional grouped
continuous model [2] when S = 1. Therefore, the general mixed-data model unifies
these two mixed-data models into a single model.

2.1. Maximum likelihood estimation

Given a mixed-variable random sample (x”,y7,z7)" i=1,..., N, define the sets
A (s) = {i]|X; = X(5) } and  B(‘1,....00) ={i|Ziy="1ty,lg=1,..., L+ 1;q =
, 0}. Using (3), the likelihood function can be written as

g e

5-1
L=|(1-m—- —ﬁsfl)nSH g ¢Z(Y1a Yy [02)
S L+l LQ+1 )
XH H . H HZ Z ‘118q+Q(pQ(...;Vf(‘;TI§27-..|R)a
s=1 /=1 lo=1 i(s])e= £0=0
where ¢ (yy, ...,¥y | 02) is the usual multivariate normal likelihood, @¢(- | R) is the

O-dimensional normal distribution function with mean 0 and covariance matrix R,
and vj(‘;’l)q = y;" — Tsg — ﬂqui(S’,). The index “i(s,)”” comes from 7/ (s) "% (71, ..., o),

and refers to the ith unit in state s such that Z; = /1, ..., Zp = /. Note that v?(s‘,)q =

—ooandvl">—+oo g=1,...,0.
The usual MLE for a multinomial model given by 7, = n,/N is obtained as 91
while 65 is the usual MLE for a multivariate normal sample which consists of ji; =

Y5 = 2_i(s) Yi(s)/ s and the unique elements of F=Ss=" >its) Vits) — ¥o) i) —

y,)'/N, Where ¥, is the sth state mean, s = 1, ..., S. The MLE 65 can be obtained via
iterative techniques such as the Fletcher—Powell algorithm. Details for implementing
this are found in de Leon and Carriére [5].
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Using standard large-sample results on MLE, it can be easily shown that 0 is
consistent for 0 and satisfies § — 0 % A p(0,1.95(0)) as N — oo, where 7 p(0) is the

usual expected Fisher information matrix based on all the observations. Large-

sample standard errors for the MLEs are obtained from the diagonals of .# ;1 (é) /N
(see de Leon and Carriére [5] for more details).

3. A generalized Mahalanobis distance

In this section, a distance is derived for mixed nominal, ordinal and continuous
data as modelled by the general mixed-data model described in Section 2. The
distance includes as special cases previous generalizations of the Mahalanobis
distance to mixed data proposed by Bedrick et al. [4] and Bar-Hen and Daudin [3].

Suppose (x/,y,, ng)T is a random vector from the mixed-variate population 21
defined by the general mixed-data model with parameter 6, containing m,, p, and t,,
for g=1,...,G, and y, B, vech(X), and vech(R). Note that this implies that the
populations differ only in their locations. As well, it is assumed that the reference
states in each of the populations are the same with & =& and ¢, = £ Vg. This
approach is similar to that adopted earlier by Poon and Lee [20] and Lee et al. [15].

The following formal definition of the Kullback—Leibler divergence given by
Kullback [12, p. 6] is presented for later use.

Definition 3.1. Let i/, , and 4 be three probability measures absolutely continuous
with respect to each other, and assume there exist generalized probability densities f;
and f, the respective Radon-Nikodym derivatives of ¢, and v, with respect to 4.
The divergence measure between f; and f; defined as

g = [0ty ] tog 3

is called the Kullback—Leibler divergence.

Here, 4,4 possesses all the properties of a distance except for the triangle
inequality, and is therefore not considered a distance [12, Chapter 2].

When f; is A (pn,, X) and fy is A" (p,, X), then Agy = (p, — yg,)TE’l(yg — ), the
Mahalanobis distance between two multivariate normal populations. In this respect,
Ayg can be considered as a generalization of the Mahalanobis distance. Bar-Hen and
Daudin [3] used 4,4, to generalize the Mahalanobis distance to mixed binary and
continuous data modelled by the general location model, and derived the asymptotic
distribution of its MLE.

Theorem 3.1 below is obtained by applying Definition 3.1 to the general mixed-
data models for 2 and 2.
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Theorem 3.1. The Kullback—Leibler divergence between 29 and 29 is given by

_ gl 2 3
Agg = Aygg + Ay + A5y (4)
where
s
m
1 _ gs
Agy = § , (g5 — ”g’s)IOgn -
s=1 gs

s
Tys + Ty Te—1
Aég’ = Z = 2 = (Byy = Hg) E7 (g — my),

e .
Afig’ - Z % (Tgs — Tg's) R (Tgs — Tgss)-

s=1

Proof. Suppose yj is the latent variable underlying z,, and that (ng, ygT, ygT) follows
the general location model with parameters m,, (ygT,u;T)T, and T, where u)" =

(pZIT, ey yzg) is the OS x 1 stacked vector of state means of y; and I' is as defined in

(1). Using results in Kullback [12, Chapter 6] and Proposition 2.1 in Bar-Hen and
Daudin [3], it follows that

s
T
Agg = Z (g — mys) log .

s=1 Ty's
s T
by Rt e i) pr (B TR,
s=1 2 Hys — Hys Hygs — Ry
By the decomposition of the Mahalanobis distance [16, pp. 78-79],
T
Hys — By -1 Hys — By ( T 1
R I I =ﬂ—ur)2(ﬂ—ﬂf-)
<”gs - ﬂg'5> Hos = Bys oo »o
T
-1
+ (ygs,y - [lg/s,y) (DRD)
X (”gw o ”g’s'y)’
where p,., = p; — DBp,, with D and B as defined in Section 2, g = ¢',¢". Since

My, =& +& and p =&+ &, for s#S, it follows that p, ., —p., =& —
DB, — (&, — DB, ). Expression (4) is now immediate by noting from Section 2

g's

that 7, = D’lfé’;& —-B¢,forg=y¢,¢". O

Remark 3.1. With 0 =0, 4,y = A;g, + A% is the distance proposed by Bar-Hen and

99
Daudin [3] while with S =1, 4,y = Ajg, + Agg, corresponds to that by Bedrick et al.
[4]. Thus, Theorem 3.1 generalizes these two previous Mahalanobis-type distances
for mixed data.
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Remark 3.2. 4,, can be considered an extension of the Mahalanobis distance since it
reduces to it for Q = 0,5 = 1. Note also that 4,, = 4, for any g,¢'.

Remark 3.3. Note that when the nominal variables are independent of the
continuous and ordinal variables, A4, is simply the sum of the distances

corresponding to each variable type.

Given random samples (x;,y;,z;)T, i=1,...,n5,9g=1,...,G, the MLE of 4,,

. | 12 13
is given by 4gy = 4y, + 4y, + 4, ,, where
S A
- Tys
Ay = E (s — gs) log ——,
s=1 Ty's
S A A
2 Tgs + Tg's , A NTS—1/n N
Agg, = E 5 (Bgs — Bgs) X7 (fgs — ﬂg’3)7
s=1
S—1 A
i3 Tgs + Ty A NTH—1/a A
Agg’ = 3 (Tgs - Tg’s) R (Tgs - Tg’s);

with the unknown parameters simply replaced by their MLEs. The asymptotic
distribution of A,, under the hypothesis that 0, = 0, is derived in the following
section.

4. Asymptotic results

Consider the problem of constructing a statistical test of
H:0,=0, against K:0,#0,. (5

The following theorem derives a large-sample test of (5). Note that H is equivalent to
H' : 4,y =0.

Theorem 4.1. Suppose 29 and 2Y9) are mixed-variate populations defined by the
general mixed-data models with respective parameters 0, and 0. Under H : 0, = 0,
then

ng.n!}r. ~ K% 2

Agy = Aps 6
Ny +ng. % — Ip (6)

when ;’%—ns as ng.— 0, ny.— 0, where 6 < oo and P is the total number of unknown
g N

parameters.

Proof. The proof is similar to that of Proposition 3.1 of Bar-Hen and Daudin [3].
Let 6 be the common value of 6, and 6, under H. Similar to Bar-Hen and

Daudin [3], a first-order Taylor series expansion of ﬁggr at a neighborhood
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of (8,,0,) yields

8A 1 A 82A/ A
,_A,+§: )" gg+ > (0, —0,)" (0, 0,)
Agq g9 g g T \Yg q
9.9’ 2g7g’ 800809
N TaAgg 0
+ 0y =00)" g B =00 53 0(118, =0, 1)

9.9’

= (09 - 09’)TJP(0)(99 - 0.4’)?

under H, where o( || 0, — 0, )% 0 as @g—>0 forg=yg,9g.

From Section 2, it follows that /~2"(§, — @)% 4 p(0

n+n/

71+ofP (0)) and

W) — 0) D A (0,12

ng.+ngy. ) 140
and the result follows immediately. [I

2_7;1(0)). Hence, /2 720, —by) 5 A p(0,1p),

ng.+n -

Remark 4.1. Theorem 4.1 generalizes Proposition 3.1 of Bar-Hen and Daudin [3] to
the general mixed-data model. In fact, Proposition 3.1 is obtained by taking Q = 0 in
Theorem 4.1.

Remark 4.2. A two-sample test for mixed data distributed according to the
conditional grouped continuous model is obtained from Theorem 4.1 by taking
S = 1. Similar tests based on likelihood ratio and generalized Wald statistics are
discussed by Lapidus [14, Chapter 4] and by Afifi and Elashoft [1].

The level and power of the test described in Theorem 4.1 are evaluated through
simulations in the next section.

5. Simulation study

In the simulations, general mixed-data models with C =L = Q =1and S = 2 are
considered. The parameter is then OgT = (ng,ul, 07,7, B,7,), where pl = (g1, 1,2)
with g, the sth state mean of Y, y is the standardized cutpoint « for the latent
variable Y underlying Z,, and 7, is the effect of state 1 on Z, relative to that of state

2. Note that y =oa/\/1 —p> — (5/\/1 —p> = Bw,), p=p/(c\/1 —p?), and 7, =
&,/ 1 —p? = BE,, where & = pyy — po, & = iy — 5, With i = pgo, 15 = o, and
Ly = E(Yy | X4 =X(y), forg = 1,2, ands— 1,2. Note also that Z, = 2 if Y; >« and
Z,=11f Y /<o. Slmllar to Bar-Hen and Daudin [3], the following five cases are
considered:

(0) no differences between populations with respect to all three variable types;
(a) there is difference between populations only with respect to nominal vector x;
(b) there is difference between populations only with respect to continuous variable Y;
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(c) there is difference between populations only with respect to ordinal variable Z;
(d) populations are different with respect to all three variable types.

To assess the size and power of the 7> test in Theorem 4.1, random samples of
various sizes (nj,ny) = (50,25), (50, 100), (100, 100), and (100, 150) were generated
from the general mixed-data models with (o2, p,a) =(1,0.5,1)" and
(Pgs #glaﬂgzy,u;l,u;z)T? g = 1,2, given by (0) (0.5,0,0.5,0,0.5)" for both populations,
(a) (0.5,0,0.5,0, O.S)T for population 1 and (0.75,0,0.5,0, O.S)T for population 2, (b)
(O.S,O,O.S,O,O.S)T for population 1 and (0.5,0.5,0.5,0,0.5)T for population 2, (c)
(O.S,O,O.S,O,O.S)T for population 1 and (O.S,O,O.S,O.S,O.S)T for population 2, and
(d) (0.5,0,0.5,0,0.5)" for population 1 and (0.75,0.5,0.5,0.5,0.5)" for population 2.

Observe that case (0) is taken as having the true parameter configurations for both
populations under the null hypothesis H : 4, = 0. For each combination of case
and (n,n;) above, 1000 replications were generated in S-PLUS. Hypothesis H is
then rejected if and only if n1ny 415/ (n + n2) > 3 o5 = 14.1, the 95th percentile of the
%> distribution with seven degrees of freedom. Results of the simulated levels and
powers of the test are displayed in Table 1.

Three observations are apparent from the table. First, the power of the test
increases with the total sample size n; + n,. Second, the test tends to be liberal when
the total sample size is small, confirming an earlier finding reported by Bar-Hen and
Daudin [3]. However, given large enough samples, the test is able to attain the
nominal level. Finally, as was similarly reported by Bar-Hen and Daudin [3], the
power of the test is higher when differences exist with respect to all three variables
than when the difference is only with respect to just one variable.

6. Example

In this section, real data are used to illustrate the distance developed in this paper.
The data come from Koepsel et al. [8] (also in [7, pp. 680—683]) and concern the
occurrence and non-occurrence of perforation of the appendix. Data from a total of
181 surgery patients are included in the analysis, and four variables are considered.
The same data were analyzed by Nakanishi [18] in the context of variable selection in
mixed-data discriminant analysis.

For the purpose of this example, variable X3 as defined in Fisher and Van Bell [7, p.
680] is transformed into an ordinal variable Z with 2 levels (long or short duration). The
states of x” = (X7, X;) correspond with the patient’s perforation status, with x = X() if
perforation is present and x = x(;) otherwise. The following variables are included:

Y :=time in hours from physician contact to surgery,
Z =duration in hours of symptoms prior to physician contact

_{2 no. of hours >24,
|1 otherwise.
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Table 1
Empirical size and power of x> test in Theorem 4.1 for C =L = Q =1 and S = 2 based on 1000 Monte
Carlo samples

Source of difference Sample size

X Y Z n ny Power

0) 4 =421 =0

No No No 50 25 0.112
No No No 50 100 0.109
No No No 100 100 0.054
No No No 100 150 0.048
(a) p1 =0.5,p, =0.75

Yes No No 50 25 0.201
Yes No No 50 100 0.3
Yes No No 100 100 0.481
Yes No No 100 150 0.579
(®) uyp =0,y =05

No Yes No 50 25 0.146
No Yes No 50 100 0.193
No Yes No 100 100 0.275
No Yes No 100 150 0.371
(© uiy = 0,15, =05

No No Yes 50 25 0.126
No No Yes 50 100 0.217
No No Yes 100 100 0.324
No No Yes 100 150 0.365
(d) Differences in all three variables

Yes Yes Yes 50 25 0.287
Yes Yes Yes 50 100 0.483
Yes Yes Yes 100 100 0.733
Yes Yes Yes 100 150 0.849

Note: The parameters under H : Ay = 45; = 0 (i.e., under case (0)) are p; = p> = 0.5, 4] = ppp = U, =
15 =0,y = iy = iy = i3 = 0.5 With 6 = 1,p = 0.5.

Patients were grouped according to sex (i.e., male or female), and the interest is to see
whether there is a difference between these two groups. Only those subjects with waiting
times to surgery exceeding 0 but not exceeding 60 h were included in the analysis. In
addition, the waiting times to surgery were transformed using their natural logarithms.
Normal probability plots of the transformed waiting times indicate that the assumption
of normality is satisfied.

The data set is summarized with respect to the discrete variables x and Z in
Table 2. The values of the continuous variable Y are not shown in the table but
can be obtained from Fisher and Van Bell [7, p. 680]. The general mixed-data
model was fit to this data set and MLEs of the parameters were calculated. These
estimates are presented in Table 3 with their corresponding large-sample standard
errors.

From Table 3, 4}, is found to be equal to 0.0396, and upon comparison with the
5% level critical value 14.1 obtained from the %> distribution with seven degrees of
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Table 2
Three-dimensional array for the appendicitis data [8]

Males Females

Perforation Perforation
Duration Yes No Yes No Total
>24 h 20 26 8 14 68
<24 h 5 61 5 42 113
Total 25 87 13 56 181

Note: Shown are the numbers of surgery patients classified according to population (male or female),
perforation state (s = 1 if perforation is present and s = 2 otherwise), and duration (Z = 2 if duration
exceeds 24 h and Z = | otherwise). The actual values of the time Y from diagnosis to surgery are found in
[7, p. 680].

Table 3

Maximum likelihood estimates of parameters of general mixed-data model for the appendicitis data
Parameter Male population Female population
P 0.2232 (0.039) 0.1884 (0.047)

i 1.2154 (0.21) 1.1908 (0.266)

o 1.5513 (0.112) 1.5972 (0.143)

7 0.9022 (0.174) 1.0555 (0.276)

B 0.2448 (0.099) 0.2379 (0.144)

t 1.4365 (0.271) 1.0512 (0.237)

¢ =1.0535 (0.116)

Ay = Az =0.0396

Note: Shown are the maximum likelihood estimates of the general mixed-data model parameters for the
male and female populations. The numbers in parentheses are the standard errors of the estimates. Also
shown is the estimated generalized Mahalanobis distance between the two groups.

freedom, the test fails to reject the null hypothesis H that there is no difference due to
sex. This conclusion agrees with those of Nakanishi [18].
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