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We study the problem of classifying an individual into one of several populations based on mixed nom-
inal, continuous, and ordinal data. Specifically, we obtain a classification procedure as an extension to
the so-called location linear discriminant function, by specifying a general mixed-data model for the joint
distribution of the mixed discrete and continuous variables. We outline methods for estimating misclassi-
fication error rates. Results of simulations of the performance of proposed classification rules in various
settings vis-a-vis a robust mixed-data discrimination method are reported as well. We give an example
utilizing data on croup in children.
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1. Introduction

Many diagnostic studies in medicine entail the collection of data consisting of a mixture of discrete
and continuous variables that are then used to classify patients into diagnostic or prognostic groups
(e.g. healthy and sick, malignant and benign, bad and good prognosis). Consider, for example,
a study involving child patients suffering from symptoms of croup (laryngotracheobronchitis),
a common cause of upper airway obstruction in children and has an annual incidence of 6% in
children under the age of 6 years in Alberta, Canada. Clinical practice guidelines for managing
such patients presented at hospital emergency departments instruct health practitioners to treat
them in the manner suggested by Bjornson et al. [1] and inform attending physicians’ decisions on
whether to admit them for hospitalization or treat them as outpatients. Such decisions are based
on common characteristics used in the evaluation of croup severity which include continuous (e.g.
temperature, respiratory rate) as well as nominal (e.g. presence/absence of certain symptoms) and
ordinal measurements (e.g. croup score). Primary focus of the study is to evaluate the effectiveness
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of the guidelines in separating those croup patients in need of hospitalization from those who can
be sent home.

An inefficient approach to handling such data is to convert one type of variable to another. If,
for example, nominal variables can be subjected to some scoring scheme, then all the discrete
variables can be treated as ordinal; alternatively, the ordinal scale may be treated as an interval,
and the ordinal variables can then be considered continuous. Another option treats all discrete
variables as nominal by categorizing ordinal variables through some grouping criteria. The general
location model (GLOM) [18,21] and conditional grouped continuous model (CGCM) [20] have
been used in practice, with the former treating ordinal variables as nominal (or continuous) and the
latter treating nominal variables as ordinal. GLOMSs have received much attention in the literature
in the context of classification and discrimination [13]. Bar-Hen and Daudin [1] provide a survey
of its adaptations in mixed-data discrimination via distances, and outline various approaches to
variable selection. Mahat et al. [15] propose nonparametric smoothing of GLOM as a basis for
discriminant analysis. Lee et al. [14] recently applied CGCM in discriminant analysis involving
mixed continuous and ordered categorical data.

These options involve some element of subjectivity, with possible loss of information, and do
not appear very satisfactory in general. CGCMs introduce considerable subjectivity in the adopted
numerical scoring scheme and GLOMs either result in information loss when ordinal variables
are categorized [2] or give rise to ‘robustness’ concerns when ordinal variables are treated as
continuous [19]. Both models fail to make full and correct use of the information contained in the
data, which may lead to potentially incorrect inferences. More importantly, they do not provide
a mechanism for explicitly incorporating correlations between nominal and ordinal variables,
and are thus unable to distinguish correlations between nominal and continuous variables from
correlations between ordinal and continuous ones.

Another alternative is to use distance-based methods [6]. Unlike other model-based methods,
this approach is able to handle different types of data including those with mixtures of discrete and
continuous variables. Methods based on this approach rely on various distance functions between
individual observations, and thus the choice of distance function is a crucial consideration. Recent
references on this approach include Nufiez et al. [17] and Villaroya et al. [23]; see also Cuadras
etal. [7].

The purpose of this paper is to develop classification procedures for multivariate data with
mixtures of nominal, ordinal and continuous variables using so-called general mixed-data models
(GMDMs) [9]. GMDMs are motivated by the need to account for various levels of measurement,
and hence different types of information, in mixed data which many conventional approaches
fail to incorporate in the analysis. GMDMs address the shortcomings of, and include as special
cases, GLOM and CGCM. They can serve as platform for generalizing conventional multivariate
methods to various mixed data settings [8].

The paper is organized as follows. Section 2 reviews GMDMs. Section 3 derives classification
rules as generalizations of GLOM-based location linear discriminant functions (LLDF) [12]. Error
rates for the proposed rules are investigated and methods for estimating them are outlined. The
performance of the classification procedures in simulations is also reported in Section 3. The
methodology is illustrated in Section 4 using mixed data from a study on croup among children.
A brief summary concludes the paper in Section 5.

2. General mixed-data models

GMDM s are general models for the joint distribution of mixed discrete and continuous variables
that extend and unify existing models into one general class flexible enough to accommaodate vari-
ous types of mixed data simultaneously. Let the mixed data consist of avectorx = (X1, ..., Xs) "
of binary variables with >~ X, =1, a vectory = (Y1, ..., Y¢)" of continuous variables, and a
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vector z = (Zy, ..., Zo) " of ordinal variables with Z, having L, + 1 levels. The binary vector x
represents nominal data from a contingency table with S = [, s, nominal states (or cells) defined
by each possible value of avector u = (Ui, ..., Up) " of nominal variables, each with s, possible
categories. In this case, we have x = X (i.e. X, = 1and X, = O0forall s’ # ) if u falls in state
s=1,...,8.

For the vector z, an underlying continuous latent vector y* = (Y;, ..., YE)T is assumed
linked to z by the threshold relationship Z, = ¢, @aﬁ"_l <Yy 50(5”, where {a) =
—00, 0}, ..., aé",aé"“ = +oo0} are unknown cutpoints, £, = 1, ..., L, + 1 are ordinal scores
for Z,, and var(Y;) = --- = var(Yy;) = 1.

Denoting marginal/joint and conditional densities by [-] and [-|-], respectively, GMDM models
[x] as multinomial and [y, y*|x] as multivariate normal whose mean depends on x but whose
covariance matrix is constant across states, so that [X, y, y*] is GLOM. de Leon and Carriére [9]
show that [X, y, z] can be written as

[X = X), Y, 2= €] = mpe (Y — py|X) $o(VIR)dv, 1)
S(s,y.0)
fors=1,...,S, with S(s,y,¢) = (vﬁ*l, vﬁ] X oo X (vfg_l, Ufé], where vf; = )/q[” — Tyq —

ﬂ;y and ¢k (-|H) is a K-dimensional normal density with mean O and covariance matrix H. We
say X, Y, and z are jointly distributed according to GMDM if their joint density [X, y, Z] is given
by Equation (1). The symmetric matrix R contains (conditional) polychoric correlations r,,, of z,
= (m,...,ms)" contains multinomial state probabilities O, s = 1), p, is the mean vector
of y for state s, X is the covariance matrix of y, and € = (¢4, ..., £p) " is the vector of ordinal
scores. Note the following:

(i) standardized cutpoints y;" account for ordinal information in z;
(ii) state effects ,, induce associations between x and z;
(iii) regression effects B, represent polyserial correlations between y and z.

For model identifiability, state S is arbitrarily designated as the reference state. Parameters can
then be represented by ©, the stacked vector of ®; and ©,, where @ is the vector containing
‘location’ parameters &, {u, : s =1,..., S}, {yf‘f gq=1,...,0:¢,=1,...,L,}, and {zy, :
s=1,...,85-1,9g=1,..., 0}, and O, is the vector containing the rest of the parameters. A
restricted GMDM may be defined by imposing restrictions on © to reduce its dimension and
streamline its structure [9]. Note that we put ‘location’ in quotes, as @, contains the state effects
7,4, Which measure associations between ordinal and nominal data.

Several models are obtained as special cases of GMDM. If Q = 0 (i.e. no ordinal variables),
then GMDM specializes to GLOM. Similarly, GMDM reduces to CGCM when S =1 (i.e. no
nominal variables), in which y is multivariate normal and z depends on y via a multivariate probit
model. Grouped continuous models [9] for ordinal data are obtained by taking C = 0and § = 1.

The choice of [y, y*|x] is completely arbitrary; however, modeling it by the multivariate normal
distribution with constant covariance matrix across the states, as in GMDM, is convenient because
of the normal distribution’s nice marginal and conditional distributions. While normality may not
hold in many cases, it can be easily checked in practice; in addition, transformations are readily
available for normalizing non-normal data [11]. Non-normal latent distributions may also be
considered, however, estimates tend to be robust with respect to the latent distribution even if the
latter is skewed [22].
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2.1 Estimation

For simplicity, consider two distinct populations IT™ and IT1® defined by GMDMs with respective
parameters @™ and @@ ; extension of the methods below to the case of more than two populations
is straightforward. Following de Leon and Carriére [8], we assume ©" # @? and " = ©,
that is, Y and TI® differ only in their “locations’. Since ©5" = ®' contains z,,, note that
this is not exactly the mixed-data analog of complete homogeneity. It is possible to consider more
flexible GMDMs in this case by allowing state effects z,, to vary across groups, a formulation
analogous to the homogeneous case in normal data classification. However, relaxation of the
assumption of equal state effects across groups, while rendering the methodology more appealing
in practice, gives rise to identifiability issues [8,9].

Given independent samples from ITY and ITI®, the log-likelihood of the combined data is then
given by

Z((“)(l), @(2)) — 5(1)(9(1)) + E(Z)(Q(Z)), 2)

which can be maximized simultaneously or separately for ® ¥ and ®®. The former — a more
computationally intensive route — yields maximum likelihood estimates (MLESs) and results in
a single estimate of @él) = @éz), while the latter — an application of inference functions or

. . . . . A (1 A (2 .
estimating equations [10] — provides two sets of estimates @é : and 9(2 ), which are then averaged.
In either case, the estimates of the nominal and continuous data parameters are the usual MLEs for

multinomial and multivariate normal samples given by y¢, the sample mean for state s in I1®’,

for ;L.ﬁg); S,, the sample covariance matrix pooled across states and populations, for X; and 7,

the sample proportion for state s in II®, for =¥ These work well when the sample sizes NV
and N® are both appreciably larger than the total number SL of state-level combinations, with
L= ]_[q (L4 + 1). When this is not the case, a few states or levels may be collapsed to reduce the
number of parameters. Alternatively, restrictions may be imposed on the model as in [9], and the
original parameters are then expressed in terms of the restricted model parameters. Nonparametric
smoothing methods as applied by Mahat et al. [15] to GLOM may also be adapted to GMDM.

Estimates obtained by separate maximization of {0 (@®) and £? (@®@) are, like MLEs, also
consistent and have asymptotic normal distributions, albeit different from those of MLEs. Details,
including numerical implementation of the methods, are found in [9].

3. Classification rules

Let «® be the prior probability of II‘® and define c(g|g’) as the cost of misclassifying a
member of TI®) as a member of II®), g # ¢. The optimum classification rule in the case of
two populations [11, p. 581] assigns a mixed observation w = {X = X, Y,z = £} to IV if
Xes)s Yo €10 /[Xs), Vs €12 > (c(1]2)a2®)/(c(2]11)a), and to TI® otherwise, where [-]® is the
density of I’ Assuming, without loss of generality, that @ = «® = 1/2and ¢(1]2) = ¢(2|1),
and using Equation (1), the optimum rule allocates w to IT® if

O+ u® P X, Y) 7,
Rip: (u® — p@) Ty (y— By TR log ( 22212603 o g s, 3
se 0 (g — 1) y 2 +1og PP WX, Y) ) ~ J bl @)

where p® (£|X(),Y) = fs(g)(s‘yl) $o(VIR)dv, and S® (s, y, ¢) is as defined in Section 2, with

Ly, £y, . R . R
et ® =yl ® _ gl _ B,y. That is, we assign w to T if w € Ry, and to I? if w € RY,.

Note that Equation (3) can be expressed in terms of de Leon and Carriére’s [9] generalized
Mahalanobis distance.
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Classification rule (3) provides discriminant functions for each of the S L state-level pairs. In the
special case of only one ordinal variable with two levels (i.e. 0 = L = 1), the conditional probabil-
ities simplify to p© (1x. y) = ®(y© — ¥ — BTy) and p©® 2|x(,). y) = 1 — p© (L|X(). Y),
where ®(-) is the cumulative standard normal distribution function. Observe that if there is no
ordinal variable (i.e. @ = 0), Equation (3) reduces to Krzanowski’s LLDF [12] based on GLOM.
Moreover, if S = 2, then we get the double discriminant function of Chang and Afifi [4].

In practice, the parameters @™ and @@ are usually unknown and need to be estimated. Given
independent samples of sizes N and N@ from ¥ and II®, respectively, we estimate R, by
simply replacing the parameters with their corresponding estimates as follows:

v 4 g@ 5 ~(2)

A _ _ _ Y P (X5, Y) T
Reo: GV —y)Tglfy_Zs s log( =———""=) > 1o =, 4
COTEY IS Y 2 T 50y ) = PG @

where p® (£|X(), y) = fs(g)(w) ¢Q(V|I§)dv. Sample classification rule (4) then allocates an

observation w to ¥ if w € Ry, and to @ if w € R¢,. While we used the estimates described
in Section 2.1 in Equation (4), any set of consistent estimates can in fact be used to estimate the
classification rules.

The above approach easily extends to the case of several groups. Given populations
n®, ... . M9, G > 2, defined by GMDMs such that ¥ £ @’ V¢’ £ gand O = ... =
0,9, and assuming equal misclassification costs, the optimum rule [11, p. 611] classifies a mixed
observation w = {x = X,), ¥, Z = £} as belonging to II¢" if Siﬁ*)(w) = max, 8 (w), where

1
88 W) = () =Tty — S () TE T + log ) + log p' (L) + log ',

for g =1,..., G. Observe that the linear discriminant scores in normal data classification are
a special case of 57, ..., 87 The latter reduces to the former for § = 1 and Q = 0. In prac-
tice, estimates 5P (w), ..., 87’ (w) are obtained by plug-in method using any set of consistent

estimates (e.g. MLES) of the parameters.

3.1 Misclassification probabilities

For convenience, let G = 2. With o®® = a® =1/2 and ¢(1|2) = ¢(2|1), misclassification
probabilities P (g|g’) = P(w is allocated to TI®|w € IT¢Y), g # g’, may be derived from Equa-
tions (1) and (4) as follows:

Pglgh =) m (/R Ig'=1)+ /R g = 2)) P X, )y — mE | D)y, (5)
s, it st

s

where I (-) is the indicator function. In the special case of Q = L = 1, Equation (5) simplifies to

P(glgh =) x¥ {([ I(g=1) - / I(g' = 2)) () — & — BTy)
s Ry Rz

+ / 1(g' = 2)} pcly — n& | Z)dy. (6)
Rs2

The actual error rate is given by AER = (P(1]2) + P(2]|1))/2. To obtain an estimate of its
mean uaer, AER may be evaluated by using consistent estimates of ® and then evaluating the
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integrals in Equations (5) and (6) by Monte Carlo methods. For example, to obtain a Monte Carlo
approximation of

I, = / G — £ — B y)ge(y — 7IS,)dy
Rsl

in Equation (6), we have [, ~ Y r o @) — £ — B'yly/M, where yl, ...yl area
Monte Carlo sample of size M (usually, 5000) generated from the multivariate normal distribution
with mean ' and covariance matrix S,. We call i), obtained in this way the plug-in Monte
Carlo estimate.

Another method for determining misclassification error rates is Lachenbruch’s hold-out pro-
cedure [11, p. 599]. It works well for moderate-sized samples and provides a nearly unbiased
estimate of uagr. Although it is relatively easy to implement using R, for example, this approach
is more computationally intensive than the plug-in Monte Carlo method since the classification
rule (5) needs to be re-estimated at each hold-out step. We call iz, obtained in this way the
hold-out estimate.

3.2 Simulations

In the simulations, G = 2 and GMDMs with C = L = Q = 1 and S = 2 are considered, which
correspond to the case of one continuous variable, one nominal vector with two states, and
one ordinal variable with two levels. Suppressing superscripts for convenience, the parame-
ters are then @1 = (7, 1, 2, v, v)' and @, = (o2, p, B)T, where p, is the sth state mean
of continuous variable Y, y the (standardized) cutpoint o for latent variable Y* underly-
ing ordinal variable Z, and 7 the effect of State 1 on Z relative to that of State 2. Note
thaty = a/y/1—p? — (u3/v/1—p? — Bua), B = p/(0y/1 - p?),and T = &*/\/1 — p? — BE,
where & = 1 — o, &% = uj — u3, uh = E(Y*|X = X)), and p is the correlation between Y and
Y*. Notealsothat Z =2 if Y* > @ and Z = 1 if Y* < «. Similar to de Leon and Carriéere [8],
the following four cases are considered:

(1) there is difference between populations only with respect to nominal vector;

(1) there is difference between populations only with respect to continuous variable;
(1) there is difference between populations only with respect to ordinal variable;
(IV) populations are different with respect to all variables.

To evaluate the performance of the classification rule, independent samples of sizes
(ND, N@) = (100, 50), (100, 100), and (250, 200) were generated from GMDMs for T¥ and
N withed =0 = (62, p, )T = (1,0.5,0.58)Tand @ = (7@, ul¥, u&¥, y©, T,
g=1,2, given by (I) (0.3,0,2,0,-1.15" for m® and (0.8,0,2,0,—-1.15)" for
n®, () (05,3,—-1,1.73,2.31)7 for I® and (0.5,4,0,1.15,2.31)" for m?, (Il)
(0.5,0,0.5,0.87, —0.29)7 for mY and (0.5,0,0.5, —2.02, —2.02)" for M@, and (V)
(0.3,2.5,1.1,0.52,0.81) " for 1Y and (0.8, 0, —1.8, 1.27, 0.12) T for IT1®. Parameter estimates
were obtained by maximum likelihood.

Table 1 displays hold-out and plug-in Monte Carlo estimates of the true mean AER pagr. Esti-
mates were obtained from 500 simulated samples, with plug-in Monte Carlo estimates evaluated
using 5000 Monte Carlo samples. True values for uagr, obtained by Monte Carlo approximation,
are 0.25 for Case (), 0.3076 for Case (Il), 0.254 for Case (l1l), and 0.0669 for Case (IV). The
simulation results suggest that the estimates i, and iz both perform well. While the means
of the estimates indicate some bias, particularly - — with slight improvements as the sample
sizes increase — the estimates are able to capture the true error rate for the classification rule.
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Table 1. Simulation study on misclassification error rates of GMDM-based classification rule (4) with
C=L=0=1,S =2 versus IS-MDP method.

Mean number of hold-

Sample sizes Mean of estimates out misclassifications
Case N® N®@ ANee Aer GMDM IS-MDP
I 100 50 0.2485 0.2862 42.93 40.85
100 100 0.2497 0.2559 51.02 51.18
250 200 0.2507 0.2579 116.06 116.65
I 100 50 0.3094 0.3076 46.14 46.2
100 100 0.306 0.3126 62.52 66.94
250 200 0.3094 0.3065 137.93 143.42
i 100 50 0.2449 0.2574 38.61 36.84
100 100 0.2462 0.2544 50.88 49.96
250 200 0.2449 0.2496 112.32 111.78
v 100 50 0.071 0.0741 11.12 14.69
100 100 0.0681 0.0732 14.64 21.18
250 200 0.0659 0.0658 29.61 42.03

Notes: Parameter configurations for Cases (I)—(IV) are given in Section 3.2. For the plug-in Monte Carlo and hold-out
estimates, the true mean AER uagr is given by 0.25 for Case (1), 0.3076 for Case (I1), 0.254 for Case (l11), and 0.0669
for Case (IV). Hold-out error estimates were based on 500 simulation repeats and plug-in Monte Carlo estimates were
based on 5000 Monte Carlo samples.

For comparison, we considered the minimum distance probability (MDP) method for mixed
discrete and continuous data recently developed by Nufiez et al. [17]. The method is a robust
discrimination algorithm based on a distance function. Its robustness owes to the fact that, while
still model-based, it requires only marginals of the data and incorporates correlations by using a
score transformation. In the simulations, we used the so-called individual-score (IS) distance, a
Mahalanobis distance between scores, since this emerged as the best choice from simulations [17].
To obtain estimates of misclassification rates, a two-step hold-out procedure is adopted [17]. A
FORTRAN program called MDP was used to carry out the simulations reported in Table 1. The
results in Table 1 demonstrate that the GMDM-based classification rule is relatively effective in
separating the two mixed-variate populations under various settings, producing generally fewer
misclassifications than the MDP method. Its ability to correctly classify individuals also improves
when differences between populations exist for both discrete and continuous data.

To supplement these results, we ran additional simulations with G = 2 and GMDMs with
C=Q0=1and L =5 =2. These correspond to the same setting as the previous one, except
that the ordinal variable now has three levels. The same parameters as before need to be
estimated with the addition of one extra cutpoint; suppressing superscripts, we have ®; =
(, p1, Mz yl v2,7)" and @, = (62, p, B)". The following four scenarios are studied, with
9(1 G)2 = (1,0.5,0.5774)T and common (unstandardized) cutpoints o1 = 1 and ap = 2:

(A) ©" =(0.4,2.5,1.1,0.5196, 1.6743,0.8083)7 and © = (0.6, 1.5,0, 1.1547, 2.3094,
0. 866)T
(B) ©" = (0.3,2.5,1,0.5774,1.7321,0.866)" and ©? = (0.8,0,2,0,1.1547, —1.1547);

(€) ©" =(0.3,35,2,0,1.1547,0.866) "and ®” = (0.8, 0, 1, —1.7321, 1.7321, —0.5774)T;
(D) ®P =(0.3,3.5,2,0,2.3094, 0.866) "and®'” = (0.8, —2, 1, —2.8868, —1.7321, —1.7321) ",

Cases (A)—(D) correspond to increasing separation between the two populations. Equal sample
sizes N& = N® = 100 were generated and then were used in the classification using rule (4)
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Table 2. Simulation study on misclassification error rates of GMDM-based
classification rule (4) with C = Q =1, L = § = 2 versus IS-MDP method.

Mean number of hold-

Mean of iaer out misclassifications
Case GMDM IS-MDP GMDM IS-MDP
A 0.2862 0.3107 57.24 62.14
B 0.1349 0.3303 26.98 66.06
C 0.101 0.1757 20.2 35.14
D 0.0397 0.1032 7.95 20.64

Notes: Parameter configurations for Cases (A)—(D) are given in Section 3.2. Error rate
estimates jiagr Were obtained by hold-out for both GMDM-based and 1S-MDP methods.
Hold-out error estimates were based on 500 simulation repeats.

and the IS-MDP method. Table 2 shows the results, displaying average error rates and average
number of hold-out misclassifications for both GMDM-based rule (4) and the 1IS-MDP method.
With the addition of another ordinal level, it appears that rule (4) outperforms the MDP method
to a considerable degree, with the latter’s error rates ranging between two to three times those
of the former. This suggests that using GMDM-based methods for mixed data with non-binary
multi-level ordinal variables results in significant gains in classificatory performance.

While the MDP method generally performed well compared with the GMDM-based rule for the
cases with only binary ordinal variables (or so-called ‘low-information’ variables), exhibiting the
method’s claimed robustness [17] and flexibility in handling different mixed-data populations,
this was not the case when polytomous ordinal variables are involved. The superiority of the
GMDM-based method was apparent in mixed-data with ‘high-information’ ordinal variables.
With its closed-form classification rules that are easily applied in practice, the GMDM-based
method becomes specially useful in clinical settings, where classifications need to be determined
by health practitioners, as illustrated by the example in the next section.

4. Application to croup data

For the croup data, we considered characteristics of mixed types associated with patients that fell
into one of the two groups: those discharged home (“outpatients”) and those admitted to the hospital
(‘inpatients’). Data in our analysis were based on N = 46 inpatients and N® = 152 outpatients
on the following variables: TRT, a nominal variable with three states representing the treatment
received by patients (1, 2, and 3, corresponding respectively, to ‘received both nebulized racemic
epinephrine and corticosteroids,” ‘received only nebulized racemic epinephrine,” and ‘received
only corticosteroids or neither’); HRT, a continuous variable representing patient’s heart rate;
TEMP, a continuous variable representing patient’s temperature; RESP, a continuous variable
measuring patient’s respiratory rate; WT, a continuous variable for patient’s weight; and CRP, an
ordinal variable with two levels representing patient’s croup score (1 if low, 2 if high).

GMDM is appropriate in this case, as it allows us to correctly model CRP as an ordinal outcome,
and not a nominal one. In the terminology of Cox and Wermuth [5, p. 3], intermediate continuous
variables HRT, TEMP, RESP, and WT are conditioned on explanatory nominal variable TRT. In
addition, because CRP is the variable of primary interest, GMDM conditions CRP on HRT, TEMP,
RESP, WT, and TRT. Thus, GMDM appropriately treats the variables according to their natural
hierarchy, with CRP as the ultimate response. Moreover, GMDM, unlike GLOM and CGCM,
enables the explicit accounting of the ordinal information in CRP and its associations with the
nominal variable TRT, and the continuous variables TEMP, HRT, RESP, and WT, resulting in a
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meaningful delineation of the correlations between CRP and TRT and between CRP and HRT,
for example. This becomes impossible when CRP is treated as another nominal variable as in
GLOM, for example, as this embeds its relationships with TRT within those with the continuous
variables.

Joint normality checks using chi-square probability plots [11, p. 182] were constructed (not
shown) and suggested log-transformed variables ITEMP = log(TEMP), IRESP = log(RESP), and
IWT =log(WT), in addition to HRT. To supplement these, individual normal Q—Q plots for these
variables are shown in Figure 1 for each of the three TRT states for outpatients; normal Q—Q plots
were similarly constructed for inpatients but are not shown here. The plots generally appear to
suggest that normality is a reasonable assumption.

Six discriminant functions from Equation (4) corresponding to state-level pairs for TRT
and CRP were estimated by plug-in using MLEs. For example, (TRT = 1,CRP =1) yields the
following discriminant function

811 = 62.12 + 0.02HRT + 0.75ITEMP — 18.52IRESP + 0.18IWT

4 ®(1.51 — 0.01HRT — 1.44ITEMP + 2.7IRESP — 1.11IWT)
®(—86.93 — 0.03HRT — 0.37ITEMP + 26.27IRESP — 0.74IWT) /)’

and a patient in State 1 with low croup score is admitted for hospitalization if 81, > 0
and discharged, otherwise. Similar allocation rules were obtained from discriminant functions
812, ..., 83 for (TRT, CRP) = (1, 2), ..., (3, 2). These functions are simple and easy to use in
actual clinical situations where a health professional needs to make a determination of whether
to admit or discharge a patient.

Classifications using the GMDM-based rule and IS-MDP are shown in Table 3, assuming
equal prior probabilities for the two patient groups and equal costs of misclassification. The
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Figure 1. Q-Qnormal plots of HRT, ITEMP, IRESP, and IWT by TRT for outpatients: (a) corresponds to ‘State
1: received both’, (b) to “State 2: received only racemic’, and (c) to ‘State 3: received only corticosteroids
or neither’.
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Table 3. Number of hold-out misclassifications of GMDM-based rule versus IS-MDP
for croup data.

Method
Group Sample Size GMDM IS-MDP
Inpatients 46 20 (43.5) 29 (63)
Outpatients 152 56 (36.8) 39 (25.6)
Total 198 76 (38.4) 68 (34.3)

Notes: Classification for both methods was done with equal prior probabilities for the two
groups and equal costs of misclassification. Percentages of misclassified patients are shown in
parentheses.

results are very similar for both methods, with overall misclassification error rates in the mid-
30%. This is to be expected since the data contain only ‘low-information’ binary nominal and
ordinal variables. The plug-in Monte Carlo estimate of uagr is ik, = 0.38. Note that we could
minimize the number of misclassifications by adopting the trivial rule, which always classifies
a patient as outpatient. In this case, the total number of misclassified patients would be 46, the
sample size from the inpatient group. This is generally the result we obtain by incorporating prior
probabilities equal to the observed sample proportions when the sample sizes are quite different,
with one being considerably larger than the other. For example, rule (4) in this case yields 9 out
of 152 misclassified patients for the inpatient group and 43 out of 46 for the outpatient group.

5. Discussion

In this paper, we developed a classification methodology based on GMDM, a general model
for mixed discrete and continuous variables which incorporates associations and correlations
between different variable types and accounts for their measurement levels. The methodology
extends GLOM-based LLDF to data with mixtures of nominal, ordinal, and continuous variables.
Simulations showed that the methodology is effective in correctly classifying individuals, showing
relatively superior performance compared with robust MDP method, especially in mixed-data
involving ‘high-information’ multi-level ordinal variables. Error rates can be estimated either
by plug-in Monte Carlo or hold-out method. Both approaches yield nearly unbiased estimates
for large samples. We presented an application of the methodology to data from a study on
croup in children. Rules based on GMDM and MDP performed almost identically. Our results
indicate satisfactory performance of GMDM-based methods. They provide reasonable alternatives
to current mixed-data methods and have the advantage of yielding closed-form classification rules
that are very useful in clinical settings.

An important issue about mixed-data models like GMDM is the sample size requirements
necessary to be able to estimate the model parameters well. Nakanishi [16] recently suggested that
roughly 10 x 25 x C mixed observations on C continuous and S binary variables are necessary
for hypothesis tests involving GLOM, which has L — Q fewer parameters than GMDM. For the
simplest GMDM with C = L = Q = 1, our experience indicates that reasonably good estimates
can be obtained with samples of sizes as small as 50, which agrees with Nakanishi’s rule. We
thus anticipate similar sample size requirements for GMDM estimation; however, this requires
an extensive investigation encompassing various scenarios and parameter configurations. Related
to this is the comparative performance of the two estimation methods discussed in Section 2,
especifically as they relate to classification. We hope to more fully address this issue in a future
work.
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Another issue relevant to practitioners concerns the relative performance of classification rules
compared with other simpler and/or more complex competitors. One way the classification rules
in Section 3 may be simplified is to assume independence of certain variables; for example, we can
take [x, Y, z] = [X][y][z], which is equivalent to assuming u; = --- = pg, 1 = --- = By =0,
and t,, = 0 Vs, ¢ [9]. Classification rules in this case are akin to diagonal linear discriminant
analysis, which has been shown to work remarkably well, and in some cases, even better than
other more sophisticated methods, for high-dimensional data with small sample sizes. Merits
of such a method include its simplicity and the ease of its implementation, and while ignoring
correlations may be problematic, it has been demonstrated to be as good as those methods that
incorporate them. In the context of mixed-data classification, it is of interest to explore if such
parsimonious simplifications, which greatly alleviate estimation, can perform as well as the rules
in Section 3.

Finally, GMDM-based classification rules rely on a number of assumptions that may prove
stringent in practice. Our simulations only confirmed their good performance in settings where
such assumptions hold. While we expect them to be robust to certain violations (e.g. nonnormality),
similar to LDA, a thorough study is required to confirm this. We plan to report the results of such
a study in a separate work. Of particular interest is the relative robustness of rules based on certain
independence assumptions to violations of such assumptions — leading to greatly simplified rules
—especially in problems with sample sizes that are not large relative to the number of parameters
to be estimated.
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