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ABSTRACT

We study a hypothesis-testing problem involving the location model sug-
gested by Olkin and Tate (1961). Specifically, we derive a likelihood ratio test
of the associated location hypothesis as an alternative to the conventional
method of carrying out separate tests for each of the parameters. A small
sample Monte Carlo comparison indicates the general superiority of the for-
mer in terms of statistical power. We also comment briefly on the properties

of the test.

1. INTRODUCTION

Data with mixtures of discrete and continuous variables frequently arise
in practice. The analysis usually focuses on finding associations among the
variables or on certain inferential problems about the parameters. A model
used to study this type of data is the so-called location model. First introduced
by Olkin and Tate (1961) and later extended by Little and Schluchter (1985)
and Little and Rubin (1987), it has found numerous applications in multivari-
ate, especially discriminant analysis (Krzanowski, 1993). Recent papers by
Catalano and Ryan (1992), Fitzmaurice and Laird (1995), and Liv and Rubin
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{1998) further extended the model by relaxing the homogeneity assumption
and by allowing for covariates to be included in the model.

As the simplest such model, consider a discrete variable X which has a
Bernoulli distribution, and a continuous variable ¥ whose conditional distri-
bution for fixed X is normal. This model was studied in some detail by Tate
(1954, 1955), who investigated the point biserial correlation as a measure of
association between X and Y.

In this paper, we consider a bivariate random sample (X}, V), i=1,2, ..., n,
from the location model with parameters 8=(p, pig, i1)’, and o2. Here, X has
a Bernoulli distribution with parameter p, and the conditional distributions of
Y for X=1 and X =0 are assumed to be N(u;, c?) and N(ug, o?), respectively.

The problem of interest is to test
Hy:0=80y vs. H;:0#8q,

for some specified 85=(pg, ttoa, o1 )’- The above null hypothesis is referred to
in the literature as the one-sample location hypothesis, and much work has
been done for the case with continuous data. Afifi and Elashoff (1969) tackled
the two-sample mixed data problem and obtained two tests, one based on
the Kullback-Liebler distance and another on the likelihood ratio approach.
However, we are not aware of any work done in the one-sample case.

It is worth noting that the simple null hypothesis we consider here as
well as elsewhere (for example, Affifi and Elashoff 1969) is of particular interest
in such applications as quality control charting situations. There, the control
limits are to be set up, simultaneously and more effectively charting both
the discrete and continuous characteristics. In this context, the alternative
hypothesis may correspond to a signal for the process being out of control.
The absence of a signal in the multivariate chart precludes the presence of
signals in the univariate charts.

In practice, the analytic strategy with mixed data has been to perform
tests on the parameters separately. This approach entails the problem of mul-
tiple significance testing, to which the simplest solution is to adjust the level of
each test to control the overall level. Such an approach may lose power quite
substantially because the correlations between the variables are not utilized
explicitly in constructing the test statistic (Pocock, Geller and Tsiatis, 1987).

An alternative approach is to treat the problem in a multivariate setting to
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come up with a single test based on all the variables. O’Brien (1984) and
Pocock, Geller and Tsiatis (1987) studied one such global test statistic in the
context of clinical trials. In this paper, we propose a test for mixed data using
the likelihood ratio criterion.

The paper is organized as follows. We derive the likelihood ratio test and
obtain the exact null and non-null distributions of the resulting test statistic
in Section 2. The consistency and unbiasedness of the test are also briefly
studied. The results of a power comparison of the proposed test against the
commonly employed approach are presented in Section 3. We summarize our

findings in Section 4.

2. THE LIKELIHOOD RATIO TEST

The likelihood under the location model is given by

L=p™(1—p)" "™ (2r0%) "  exp {— 5,3 (1)
where Q(po, 1) =i a0 (4 — 0)* + Liea, (i —in)?, Aj={ilei=7}, 7=0, 1, and
ny=) g &
It is well-known that the (unrestricted) maximum likelihood estimates
of 8 and o? are
b= (ﬁaymy])’v &= %Q@o’yl)v (2)
where p=ny/n, §;=3ica, ¥i/n;, With no=n — ny. Note that &% is the usual
(unadjusted) pooled variance estimate. Under Hy, we only need to maximize
the likelihood given in (1) with respect to o®, and it is easy to see that the

restricted maximum likelihood estimate in this case is

5% = Qoo ), (3

where g and po; are the hypothesized values of po and py, respectively, under
Hg.

Let I and Lo be the maximum likelihood estimates of (1) in the unre-
stricted and restricted (i.e., under Hy) cases, respectively. From (2) and (3),

it is clear that Ji/]:o vields the test statistic
A= Ayy(mi) (1 + 2577, (4)

where
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2 (1= 2Y [ no(Fo ~ poo)® + n1(Ty = Mol)z}
= ){ Q5o 71) ’

and

= (ZOZIN
pot (1 — po)n—m™

and we reject Hp if A is too large. We see that the statistic given in (4) resem-
bles the likelihood ratio statistic in the normal one-sample location problem
(Bickel and Doksum, 1977, p. 212). Note as well that we require n,€[1,n — 1]
in order for all parameters to be estimable.

To derive the null distribution of (4), we note that (7, — wo)?/0?,
n1(7, — po1)%/o?, and Q (o, ¥y )/o? are independent x?, x% and x2_, variables,
respectively, conditionally on n;. Because ny is binomially distributed with

parameters (n,py) under Hy, we have

n1 0\ g1 = po)™ " pr(Fancs >
pI(J\ > C|H0) = Z ( ) . 1 _]78- —_ (1 _ypo)n )

r=1
where F,, denotes an F' variable with df u and v and c.=(n — 2){c/A4,,(r) —

) (5)

T

1}/2. Observe that T? and n; are independent under the null hypothesis.
Critical values for A computed in Splus are listed in Table I for various values of
n and pg at @=0.01 and 0.05. Note that Table I can also be used for 1—py=0.75,
0.99, and 0.95, as the critical values are the same for these cases. For example,
the critical value at a=0.01 when po=0.05 with n=30 (i.e., 1.453066) is exactly
the same as that when p=0.95.

The non-null distribution is obtained similarly except that the F variable
now becomes a non-central F' variable with df of 2 and n-2 and noncentrality
parameter A={ng(to — foo)? + n1 (g1 — po1)*}/o? (Johnson and Kotz, 1970).

The power function of the test is then

] o2\ (1 = p)" T pr{ Faea(Ae) > ca}
pr(A > i, 07) = 3 () EU et

where ¢, is the (1-a)-quantile of the null distribution of A, e¢u,= (n—2)x%
{calAp (r)=1}/2, and Ar={(n—7r)(po — ppoa)? +7{pt1 — po1)*}/o2. Probabilities
and quantiles of non-central F' distributions are readily available from standard

. (6)

r

statistical software for given degrees of freedom and non-centrality parameter.

Let ¢, be the a-critical value of the test when the sample size is n.
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TABLE [. Critical Values of the Null Distribution of A

n
Do ] 10 15 20 25 30 50

0.05 0.01 3.798619 2.2596 1.791351 1.576424 1.453066 1.246445
0.05 2.496786 1.741778 1.483547 1.360345 1.286645 1.161088

0.1 0.01 3.611616 2.211619 1.781555 1.577642 1.459268 1.255812
0.05 2.381277 1.708373 1.477761 1.362857 1.294167 1.171379

0.25 0.01 3.626509 2.260955 1.825464 1.614376 1.480984 1.264061
0.05 240079 1.752161 1.518428 1.397828 1.316231 1.175092

0.5 0.01 3.744688 2.327917 1.848998 1.622168 1.490199 1.263739
0.05 2.504224 1.791348 1.527104 1.394488 1.315474 1.175038

Then, ¢, , satisfies
pr(A > cunlHy) = a.

Because x2_,/{n —2) — 1 and Ap{n;) — 1 almost surely, we have (n —

2)(€am — 1) — cg, wWhere ¢ satisfies
pr(x3 > ¢) = e

Hence, ¢on — 1 as n — oo. By the strong law of large numbers, we get
T? = {(po — poo)? + (1 — po1)?}/o* almost surely. Under the alternative
hypothesis with p;#pu0;, j=0, 1, we have {(po — poo)? + (1 — po1)*}/e? > 0;
thus the test is consistent in this case. However, the consistency fails to hold
in the case where p#pe and y;=po;, 7=0, 1.

The unbiasedness of the test is easily established as well. By noting that
pr{FZ,WAZ()\r) > ca,r} 2 PT<F2,n—2 > Ca,r)7 r= 17 sy 2 17

which is immediate from properties of the non-central F' distribution (Bickel
and Doksum, 1977, p. 303), and from properties of expectations (Casella and
Berger, 1990, p. 56), we get
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pr(A > calB) > pr{A > cal80), 0 # B,
which shows unbiasedness.

3. POWER COMPARISONS

In this section, we investigate the empirical power of the likelihood ratio
test we derived against the separate test approach treating the parameters
separately. The latter method entails carrying out tests of the following hy-

potheses simultaneously:
Hoi:p=po vs. Hiy:p# o,

Hoz @ pto = phoo VS, Hy, Ho 7é Hoo,
Hos 1 = plor Vs, His T 75 fo1-

The first pair above is tested using the exact binomial test while the
latter two are tested using the standard one-sample i—test, using the pooled
sample variance to estimate o®. To control the overall level of the tests, a
Bonferroni adjustment of each test’s level is made by dividing the nominal
level o by 3.

The relative power superiority of the likelihood ratio test compared to
that of the separate test may be anticipated as the former utilizes the informa-
tion about the dependency between the variables X and Y. Here we present
the actual power values of the likelihood ratio test to confirm our conjecture as
well as to show its relative merits over the separate test. As the power function
for the separate test is not known, we compute values directly only for the like-
lihood ratio test using the power function given in (6), and use Monte Carlo
simulation for the separate test. Samples of moderate sizes n=15 and 25 were
generated from the location models with scale parameter 0?=25 and location
parameter 8=(p, po, 1)’ given by (a) (0.35,50,23), (b) (0.35,52.5,22.5), (c)
(0.4,55,22.5)', and (d) (0.4,55,20). In each case, the null parameter 8, was
taken to be (0.3,50,25). To maximize the advantage of using the likelihood
ratio test, the difference in the two mean values should be quite large and this
influenced the choice of the parameters in our simulation. This is hecause,
under the location model, X and ¥ become independent if the two means

are equal. Conversely, the dependency becomes stronger when they are far
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TABLE II. Power Comparisons of the Tests

n=15 n=25
Case « LRT® ST® LRT ST
(Ot 0.05 0.05 0.0362 0.05 0.0429
0.01 0.01 0.0093 . 0.01 0.0071

(a)?  0.05 0.0626 0.0443 0.0656 0.0555
0.01 0.0138 0.0089 0.0149 0.0096

(b)®  0.05 0.3005 0.2358 0.5001 0.4258
0.01 0.1142 0.0805 0.2484 0.1822

()  0.05 0.5974 0.4947 0.8499 0.7824
0.01 0.3377 0.2384 0.6469 0.5243

ot

0.05 0.8578 0.7533 0.9872 0.9664

(d) 7533
0.0  0.6199 0.4543  0.9306 0.8322

2L ikelihood ratio; *separate test.; 18 = (0.3, 50, 25)"
209 = (0.35,50,25)'; 0 = (0.35,52.5, 22.5/;
49 =(0.4,55,22.5); °0 = (0.4,55,20)".

from each other, and it is precisely where we expect the likelihood ratio test
to outperform the separate test. The performance of the likelihood ratio test
will be equivalent to that of the separate test as the dependency between X
and Y becomes negligible.

Table 1T presents the results of the power comparison. All samples were
generated using Splus, with 10,000 repetitions in each case. The entries in
Case (0) correspond to the situation when the null hypothesis is true, and
hence give the levels (empirical in the case of the separate test) of the tests.

It is clear from Table II that the performance of the likelihood ratio test
is superior to that of the separate test, as the power values are generally much
higher for the former compared with those of the latter. This is true even
in the case of a very slight departure from the true value as in (a) and (b).
The comparison is most favorable to the likelihood ratio test when a=0.01,
and especially when n=15. This can be explained mainly by the fact that

the separate test is a conservative method and becomes especially so for small
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sample sizes. The entries in Case (0) indicate the actual level of the likelihood
ratio test to be exactly at, and the separate test to be lower than the nominal

level.

4. CONCLUDING REMARKS

This paper was concerned with the one-sample location hypothesis for
mixed bivariate data. An ad-hoc approach that has been employed in practice
entailing the carrying out of separate tests for each parameter of the location
model was shown to be not very powerful. As an alternative, we have presented
a test based on the likelihood ratio criterion that is simple and exact. It is
simple in that (a) it provides a single test of the null hypothesis and thus avoids
the problem of multiple testing; (b) the critical value can be easily computed,;
and (c) computing the statistic is sraightforward, requiring no special software.

In terms of statistical power, the likelihood ratio test is also more appeal-
ing, in"that it proved to be considerably more powerful than the conventional
separate-test-for-each-parameter method in our simulations. In addition, it is
unbiased as well as consistent, provided p;#ug;, =0, 1. In conclusion, we
recommend the likelihood ratio test, as it provides a practical and feasible test

of the one-sample location hypothesis for mixed bivariate data.
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