MATHEMATICS 213 L01 WINTER 2010
ASSIGNMENT 4 SOLUTION

Due at 12:00 on Monday, April 12, 2010. Students should try to do all problems.
However, only one question will be marked for credit.
1. Consider the vector space V, and w, @, w € V. Prove or disprove each of the

following statements:

(a) If{w’, @, w} is linearly independent then {@ + @ + W'} is linearly independent.
(b) The set {u — @', @ + v, u + 27} is linearly dependent.
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(¢c) span{w, v, w}=span{w — 0, v — W, w — u}.
(d){%, v, w} is linearly independent if and only if {w — v, v — W, W — u'} is
linearly independent.
Solution:
(a) This statement is true and here is a proof. Suppose that {@’, @’, W} is linearly inde-
pendent. We prove that {7’ + »" + w'} is linearly independent. Suppose that a (o’ + v +

0 for some a € R. Then a@ +av +aw = 0 and soa =0 by the independence of
— = =

w, v, w}.
(b) This statement is false. The set {w — v, @ + v, @ + 27 } is not linearly depen-

dent because 1 (' — v') —3(w +0) +2 (u +27) = 0.
(c) This statement is false, i.e., there exists a vector space V and vectors u’, v, w € V
such that span{w, v, W} # span{w — v, v — w, w — w}. For example, let

V = R3 and choose W, 0,
dent. We note that {w — v
LW(w =)+ 1 (0 —w)+ 1(

<| g|

€ R3 such that {w’, @', W} is linear ly indepen-
— W, W — W'} is not linearly independent (because

) = 6)) Hence, dim (span {w’, ¥, W}) = 3 and
dim (span{uw — ', v — W, }) < 3,andsospan{w, v, W} #span{u — 0,
(d) This statement is false as seen in part (c)
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2. Prove or disprove each of the following:

(a) There is a basis of R? that includes the vector (1,1,1).

(b) There is a basis of P3 consisting of polynomials whose coefficients sum to 4.

(c) There is a basis of IP3 consisting of polynomials whose coefficients sum to 0.

(d)There is a basis of My, consisting of matrices with the property that A% = A.
Solution:

(a) This statement is true. We prove that B = {(1,1,1),(0,1,0),(0,0,1)} is a basis of
R3. In fact, since dim (R?®) = 3, we ony need to prove that B is linearly independent.
Suppose that a(1,1,1) + b(0,—1,—1) + ¢(0,0,1) = (0,0,0) for some a,b,c € R. Thus,
a=0,a—0b=0and a — b+ ¢ = 0 which clearly implies that a = b = ¢ = 0. Thus, B is
linearly independent and so B is a basis of R3.

(b) This statement is true. In this case, such a basis is {4, 4z, 42?, 423}

(c) This statement is false. We prove that any set of 4 polynomials in P53 whose coefficients
sum to 0 can not be a basis of P3. Let B = {ag + a17 + asz? + a3z, by + bix + box?® + bya?,

where a0+a1+a2—|—a3:b0+bl+b2+b3:co+cl+02+03 :d0+d1+d2—|—d3:0. Then
for any p(x) € spanB, p(z) = a(ag + a1x + agz® + azx®) + b ( by + byx + byx? + bgz?) +

W) =

co + 1T + co1? -



c( co+ 1z + cr? + c32®) + d ( do + dyw + doz® + dzx®) for some a,b,c,d € R. Then the
sum of the coefficients of p () is a (ag + a1 + a2 + ag)+b (by + by + by + bs)+c(co + ¢1 + 2 + ¢3)+
d(do+dy +dy + d3) =0.
Thus, we proved that if p(x) € spanB then the sum of the coefficients of p (z) is 0.
This implies that 1 + x ¢ spanB, and so b is not a basis of Ps.

(d) This statement is true. In this case, such a basis is {[ L0 } , [ 00 } , [ L1 } , [ 00 ]}
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3. Let T': V — W be a linear transformation. Prove or disprove each of the following
(a) If {v), V3, ..., vy} is linearly independent then {T (v7), T (vs), ..., T (vx)} is lin-
early independent.
(b) If {v), U3, ..., vx} islinearly independent and T is one-to-one then {T (vy), T (v3), ..., T'(
is linearly independent.
(c) E{T (vy), T (v3), ..., T(vg)} is linearly independent then {v7, s, ..., vy} is lin-

early independent.
1
(d) If dim (ker T') < dim W then dim W > 5 dim V.
Solution:
(a) This statement is false. For example, V =W =R, and T : R — R defined by T () =0

for all x € R, that is, 7" is the zero operator. Now, the set {1} is linearly independent in
R, but {7'(1)} = {0}is not linearly independent in R.

(b) This statement is true. Suppose that {v—f, Uy, ..., Uy} is linearly independent and T'
is one-to-one. We prove that {T'(v7), T (v3), ..., T (vg)} is hnearly independent.
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Suppose that a,T (v7) + aoT (v3) + ... + aT ( k)
this is the same as T(CL1U_1)+GQU—2)+ —i—akv_k)) = 0 =T (ﬁ) This implies that

Then since T is linear,

a1 07 + as Vs + .. +apvg = 6) (because T is one-to-one) and so by the independence of

{v], U3, ..., Ui}, weget ay = ay = ... = ap = 0. Thus, {T'(v7), T(v3), ..., T ()} is

linearly independent.

(¢) This statement is true. Suppose that {vy, U, ..., vy} is linearly independent and T

is one-to-one. We prove that {T (vy), T (vs), ..., T (v;)} is linearly independent.
Suppose that a;T (v7) + asT (vs) + ... + akT( k) 0. Then since T is linear,

this is the same as T(alv_f—i-agv_ﬁ—i- —i—akv_k)) = 0 =T (ﬁ) This implies that

a1v1 4 asvs + ... Fapvp = 0 (because T is one-to-one) and so by the independence of
{01, Vs, ., i}, we get a =ag = ... =ap =0. Thus, {T(v7), T(v3), ..., T(v)} is
linearly independent.

(d) This statement is true. Suppose that dim (ker7") < dim W. By the Dimension The-
orem, dim V' = dim (ketT") + dim (¢m7T) < dimW + dim W = 2dim W and so dim W >
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