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Definition 1 A diffeomorphism ¢ of M is a symmetry of a Lagrangian L : TM — R
if (To)*L = L.

Note that T'w : TM — TM is defined as follows. For every u € T,M and
feCc>(M),
(Te(u)(f) = ule"f) = u(f o p).

Consider local coordinates (¢') on M. If x € M has coordinates (¢*(z), ..., ¢"(z)),
then ¢(x) has coordinates

(7' ((@)), -, q" (@) = (F (¢ (), -y " (2)), ... F" (" (2), ... 4" (2))).

In other words, ¢ maps a point with coordinates (¢!, ..., ¢") to a point with coordinates
(FY((q%,....,q"), ..., F"(¢*, ...,q")). Treating as a point in M we can write

Let v : [a,b] — M :t+— v(t) be a curve in M with coordinates (¢*(t), ..., q"(t)).
The tangent vector to the curve ~ at t is

The vector T'o(%(t)) is tangent at ¢ to the curve po-y : [a,b] — M : t — p(y(t)). But
(a" (V1) -, a" (v (1) = (F* (@' (Y(1)), - 4" (4(1))), -, F™ (@' (4(1)), .. 4" (7(1))))-
Differentiating with respect to t we get
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To(y(t)) = Z dqi dt dq Z o !

Thus, T'¢ takes a vector ¢* a 50+ +d" 5w at x € M to the vector 7, an qj
().



Consider now a 1-parameter group ¢, = exptX of diffeomorphisms of M gener-
ated by a vector field
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X = fid,-
Then,
F'(q',...q") = ¢ +tf(q",....,q") + terms of order h and higher.

Therefore, setting

i aqi
0% = o
we get
iy R 52. 1= hich
0 qi Z;( it Bl )q o + higher order
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To(q) = T(exptX)(q) =)
N i:1q8qi “— JgJ 0’

We are going to compute
(Texp(tX))"L(g,q) = l&(exp(tX)() T exp(tX)(q))

= L(g+tf(q Zaz+ Zafz

= Lig+tf(q),¢+tDf(q ))+ hlgher order.

Consider now the action integral I = til L(q(t),q(t))dt. Since = L, it follows that

= [ ntatwsaona = [ s Lo, i

to to

= /1L( (t) + sf(q(t)),q(t) + s(Df)(4(t)))dt +higher order in s.

to

Differentiating with respect to s and setting s = 0, we get

0= [ (LLla®.d) ate) + -Lla®.d)DI0))) .

However,

(DA)G(0) = 5 F(al).



Hence,

The integrand vanishes if the curve t — ¢(t) satisfies the Lagrange equations. In
this case 5

a_qL(Q(tl)aQ(tl))f<Q(t1)) = %L(Q(to)>4(to))f(Q(to))-

Therefore, a%L(q(t), q(t))f(q(t)) is constant along any curve t — ¢(t) satisfying the
Lagrange equations. Thus, is a constant of motion. It is denoted by Jx(q, ¢).

It remains to write the obtained constant of motion in geometric terms. In-
troducing the Legendre transformation £ : TM — T*M : (q,q) — (q,p) where
p= a%L(q, q), we can pull-back the canonical 1-form 6 = pdq of T*M to T M obtain-
ing

%)
*0 = —L(q.q)dq.
£ 3 (¢,9)dq

Clearly,
Jx =£09(X)=(£0]| X).



