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SOLUTIONS
For 1)
(_g)% _ 61 log( ) _ 6%[1n %+i(7r+2k:7r)] _ e_z‘ln% . eﬂ(2k+1) _
= ™ (k+1) cog (ln %) — e+ gin (ln g) for any integer k.
For 2) A A
we can use the definition of sin : _2—,6 =2 and w = e**
7

we get w — = = 4i and then w? —4iw —1=0

4z:|:\/w _ — ¢
Wiy = (2i\/_>orw1 z(2+\/_> wg—z( \/§>—2+\/§
oW
e =tlogw = —i[In (24 V3) +i (5 +2kn)| = 5+ 2%k Filn (24 v/3)
for any integer k.
For 3)
the property of log : log w? = 2logw + i2n7 for certain n ONLY
it means that 2log(—z) = 2log z + i2n7
in detail if |Arg 2| > 7 i.e. the point z is in the left half
2-|Arg z| > 7 so it is not principal value anymore thus in this case
Arg 22 #2- Arg z.
For 4)
the center is 1 and singular point is 4 so we have two possible domains
|z — 1] <3 or |z — 1| > 3 we need the latter so negative powers of (z — 1) :

first
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For 5)

the function cos is 2mr—periodic so if we can find one z we have infinitely many.
By contradiction:

if there is no such z it means that |cos z| < 100 for all |z| > R

but cos is continuous for |z| < R so |cos z| < M for some M > 0

together

cos is entire and bounded so by Liouville’s Th. cos z = const. which is NOT true.
Liouville’s Th.

If f is entire and bounded

i.e f'(z) exists for all z and for some M >0 |f(z)| < M for all z



then f is constant .

For 6)

since Im 2 is nowhere analytic we have to use the definition of the integral
first parametrize the curve c: |z —i| =1

2(t)=i+e" te [—%,0} , Im2(t) = 1 +sint, dz = ie'dt
/Imz dz =
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For 7a)
zsinz = 0 for z = kx for any integer k

for k =0 2y = 0 is a pole of order m = 2 since limz?f(z) = lim =1+#0
20 2—0sin z

for k # 0 2, = km are simple poles

_ _ 1 — km 1 (1)
| —k lim = -
shee zirknn (2 ™) f(2) = = zikw sin 2 km cos km km 70
for b) .
R _ 9 . [ } 1 simz—zcosz, , _
es[.0] = lim [22£(2)] =l | ] = i HE R (1
COS 2 — COS 2 + zsin z
= lim =0.
z—0 2sin 2 cos z
For 8)
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we W12H use Res&due Th. for
z

/ 24+ 4 24 +/

Where o[- R R] line segment and ¢2 ]z = R,Im z > 0 half circle , for R > 2

we can estimate
2
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as R — oo
Next, find all singularities of the integrand function i.e. solve z* = —4
2 =42 and z =+ (1414) or + (1 —i) OR z = 4i¢'itis = V2em(5)
inside the curve only poles with Imz > 0s0 2y =1+14,20 = =141
2
z 5 1 1

Res{f, ) = lim (2 = %) f(2) = Jim (2 = %) g = 5 g3 =

Res|[f,z1] + Res|[f, z)] :i[#_,_ 1 ] __t

dz = 2mi > Res at all poles inside ¢
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and the integral is 277 - _f = 7 and / v dx = %
0

4+ 4
For 9)
2m 2 .
9 120 2
755’: 0 9d9:Re/75+€4 50 = Re f o e _
0 o8 0 o8 |2|=1 5+4 (T) =

(by subst. z =€ cosf = 2(z + 1) and dz = ie?df = izdf, ¢’ = 2?)
2 2

:Re%%z—2dz:Relf f dz =

|Z‘:152+2Z +2 7 2(2+§)<z+2)

|z|=1
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—Rell.om. )
= Re [ 271 - Res [f, 2” =3
since only z = —% is inside the unit circle and

1 1 22 1
Res {f, —5} = [(z—k 5) f(z)L:% = [WLZJ =T

For 10a)
the given branch of log is cont. and therefore analytic in the z -plane except
the branch cut : S = ?9 =7 OR.Imz =Rez > O}

so mapping is conformal on C' — S since (log z)’ = 1 there.

For b)

forz =0,y >0

w=Iny+i5....... horizontal line since u = Iny is any real #, v = 7
forx =0,y <0

w=1In(—y)+1i (—g + 27r) ...... horizontal line v = 22
For c)

|z =1 means z = € whereZ <6 <&

w = 10... vert. line segment, u =0, < v <



