PMAT 421 WINTER 08
Assignment #4 Due by Friday April 11, 4pm:
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z
1. since z = —1 is a pole of order 10 of f(z) = ——
1 (9) 1 (9) 12-11-.10-9.4
Res_1f(z) = ql [(z +1)" f(z)} =9 {zlﬂ (at z=-1)= ol 2t =
12-11-.10-9.4-3-2-1 12-11-.10
_ (1)t = 220 99,
913! 3-2

2. The integrand function is analytic except the branch cut {Rez < 0,Im z = 0}
and where sin(z —1) =0 z—1=kn z =1+ kr for an integer k
only two of those are inside the given curve zp =1 and z; =1+ 7 =4.14...
egrz=14+27>7 z_1 = 1 — 7 negative...

we need Residues :but z = 1 is a removable singularity since
1

7" —lim— = ; iq ()
I e = 1) ilg%cos(z gy 1 (L.H.rule) thus Residue is 0;

Log z

z=14m is a simple pole thus

. (z=1—-m)Logz
Resunf(z) = Im —o oy~

1
= LOg (1 —+ 7T) . (L.H.rule) Zgﬁﬂm = — ln(l + 7T) and

Log z . |
sin(z 1) =2 = —27In(1 4 7)i.
C/Sin(z — 1)dZ mi Re Sl+7rf(z) ™ Il( —+ 71')@

3

. . . . 2 .
3. since z = 0 is an essential singularity of f(z) = 2° cos— use Laurent series
z

= (1) b Iy ()2 2
— n — — = 1—— T T ...
cosw =2 ot TO=E L B) T et a
24 2
thus R =—=-.
us Re sof(2) 13
4. For all singular points solve e +e*(l—i)—i=0
first w=¢e  wHw(l—i)—i=(w-i)(w+1)=0
sow; = ¢ and wy = —1 e =14 and e* = —1

two groups 2, = logi = gz + 2kmi zn = log(—1) =in(1 4 2n)

where kand n are any integers;all are simple poles

1
Ress /&) = @ e ==y, =

2k



1 B 1 1 —1—i
2% +ex(1—4)|,  2(i)*+i(l—4) —1+i 2

1

Res,, f(z)= [(62Z+€Z(1_i)_i)/ . -

n

1 B 1 11—
2% e (1—4)|  2(-1)°-1(1—i) 1+i 2 °

. First all singular points of the integrand function e

so 2z = log(—1) = mi + 27ki 2 = gz + ki k any integer

20 = gz inside 21 = 57?2' inside
. T, 5 .
all others outside e.g. z_1 = —52 = §m.. thus
. 3T .

z 2" 2"
/ﬁdz = 2mi[Res,, + Res,,| = 2mi = + 3| =
e te 2isin— 9 gin -~

2 2
Jm 3 by . :
= 271 h — Z?T:| = —7%i since all are simple poles and
— 1
Res,. = limM:zklim = Zk .
oz eF e zozper —e % 20sin 2
L S+
. Evaluate /zzdz = F(1) — F(—1) where F(z) = T
0

-1

we know that 2!t = e(1+91082 where for log z we are using the branch with argz €

(537)
2797

so log1 =0+ 2mi log(—1) =0+ mi
e

F(l) _ e?ﬂi(lJri) — 627”‘672# — 2w F(_l) — eﬂ'i(lJri) — eﬂieffr = T
: _ 1 —2m —-m\ _ l1—1 -2 -
thusthe1ntegral[-1+i(e +e )—T(e +e )
1
. For singular points of f(z) = —; : solve e*” =1 22 =log1 = 2kmi
er” —
. . 22 .2z
k=0 20 =0 double pole since lim = lim =1+#0

z—0e?” — 1 2—0e7°2z

k>0 22=2knes 2y = £V 2kme't = £k (1 +1)

s

k<0 22 =2 k| me 2 2p = 44 /2 [kl e = £\ /|k| 7 (1 —0)
for K #0 simple poles so

1 1 +(1—2
Res,, f(z) = [6'2222] 1 _x0-9) for k>0
2k

a 2z, Vkn

2




and Res,, f(z2) = — = ———=for k<0
* 22k 2, /|k|
BUT
2 1 22 {eZZ —-1- ZZGZQ} — 1 — wev

Resof(z )—hi% [622 _1] :yg(l) L —111%22' gjlirl)ow:()
since for the second one we can use L’H.Rule

I e’ —1—we"” I e’ —e" —we"” I —w 1
im————— = lim =lim—7——=—=
w=0 (e —1)2 w=0 2(e? —1)ew w=02(e? — 1) 2

also in Laurent series we have only even powers so b; =0

.Flrst/x +1 /x +1x:_ /x +1
x4 +1 R—>oo

we create a curve 7y consisting from the line segment [—R, R| and cg =upper half of
the circle

2| =R>1 oriented positively

2
1
then / a dz = 2mi| Res., + Res,,| where z; and 2z are poles with Imz > 0

4 i(5+k%)

solve 2t = —1 = gimt2kmi

2 — €

1
— (1+14) 2 =i

V2

for k=0 z =

1 1
E=1 29 = —=(—1+1 23 = —i (the other two z = —= (41 — i)are outside
2= 5 (-14i) =i 75 (1)
7)
2 2
zp+1  zp+1 4
Res,, = i3 = iz - 2k 2, = —1
+1 1 —i+1 1 ' '
R6521+R6332:i._(1+i)+i._(_1+i):;.2:_L

-4 V2 -4 V2 —2v2 V2

since the degree of the bottom > than the degree of the top we know that

2
/Z +1dz—>OaSR—>O

2441
CR
22 +1 Fa?+1 22 +1
/z4+1dZJr /x4+1dx:/z4+1dzz2””Rele+ReszQ] = V2
CR R
1 1 1
and finally / v + — 5 / a? + 7r2

TOTAL out of 50:



