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1. for a) � = x!
p
x2 + y2 + z2 = x

so x � 0 and x2 + y2 + z2 = x2; y2 + z2 = 0
thus y = z = 0 and any point (x; 0; 0) for x � 0 - half of the x-axis
for b) � = �2y !

p
x2 + y2 + z2 = �2y

so y � 0 and x2 + y2 + z2 = 4y2

x2 + z2 = 3y2;one part cone around the y - axis y = �
p
x2 + z2p
3

:

for a)

�rst B = f(x; y; z) ;x � 0; y � 0; z � 0; 3x+ 2y
6

� z � 2g

�bottom�must be below �top�
3x+ 2y

6
� 2 and we get

D = f(x; y) ;x � 0; y � 0; 3x+ 2y � 12g a triangle

so
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for b)

0 � z � 2 and for a �xed z

Dz = f(x; y) ;x � 0; y � 0; 3x+ 2y � 6zg
triangles with the base [0; 2z] and the height [0; 3z] and the area 3z2ZZZ

B

z dxdydz =

2Z
0

z

0@ZZ
Dz

dxdy

1A dz = 2Z
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z (area of Dz) dz = 3
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dy)dx

1CA dz = :::
B = f(x; y; z) ;x2 + y2 + z2 � 4 ;x2 + y2 � 3; x � 0; y � 0g
for a)

the solid B is outside the cylinder and inside the sphere

x � 0; y � 0 implies � 2
�
0; �2

�
x2 + y2 + z2 � 4! 0 � � � 2

and x2 + y2 � 3 implies � sin� �
p
3

p
3

sin�
� � � 2

so necessarily
p
3
2 � sin� � 2

�
�
3 ;
2�
3

�
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B� = f � 2
�
0; �2

�
; � 2

�
�
3 ;
2�
3

�
;

p
3

sin�
� � � 2g

as iterated integrals
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1
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3 = �

1
2 ; sin (both) =

p
3
2 ; cot = �

1p
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�
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p
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�
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also from the symmetry I = 2 � (integral for z > 0)! 2 � f� 2
�
�
3 ;
�
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�
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for b)

the solid B is outside the cylinder and inside the sphere

x � 0; y � 0 implies � 2
�
0; �2

�
; x2 + y2 + z2 � 4! r2 + z2 � 4

and x2 + y2 � 3 implies r �
p
3

B� = f � 2
�
0; �2

�
; r �

p
3; r2 + z2 � 4gZZZ
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dxdydzp
x2 + y2 + z2
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the solid is a tetrahedron in the �rst octant under the plane 3x+ 3y + z = 6

so B = fx � 0; y � 0; z � 0 , 3x+ 3y + z � 6g
for z = 0 we have a triangle (0; 0) ; (2; 0) ; (0; 2) also D0

for z = 6 x = y = 0 point (0; 0; 6)

for z 2 (0; 6) we have a smaller triangle

under the line 3x+ 3y = 6� z with vertices (0; 0) ;
�
0; 6�z3

�
;
�
6�z
3 ; 0

�
Dz = fx � 0; y � 0; x+ y � 6�z

3 g ...triangle with area Az =
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2. B = fx2 + y2 + z2 � 2; z � 0; y � 0; x2 + y2 = zg
for a)

the set is inside the sphere with radius
p
2

below the paraboloid z = x2 + y2; and above the xy-plane z = 0

B� =
�
r2 + z2 � 2; z � 0; r � 0; � 2 [0; �] ; r2 � z

	
so I =

ZZZ
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z dxdydz =
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z rdrd�dz = �

ZZ
D

rz drdz

where D =
�
r2 + z2 � 2; z � 0; r � 0; r2 � z

	
the intersection of the circle and parabola is at z = r = 1

it is easier to slice it horizontally in rz� plane
so z 2 [0; 1] and r �

p
z , r �

p
2� z2

the integral I = �
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for b)

x2 + y2 + z2 � 2! � �
p
2

z � 0! � 2
�
0; �2

�
y � 0! � 2 [0; �]

x2 + y2 � z ! �2 sin2 � � � cos�! � � cos�

sin2 �

but necessarily
p
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sin2 �
! � 2
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1CCA d�:::
B =

�
x2 + y2 � z � 4� x2 � 3y2

	
between two paraboloids

necessarily x2 + y2 � 4� x2 � 3y2

so 2x2 + 4y2 � 4 that is (x; y) 2 D0 =
�
x2 + 2y2 � 2

	
�ellipse

and
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ZZZ
B

p
x2 + 2y2dxdydz =

ZZ
D0

p
x2 + 2y2

0B@ 4�x2�3y2Z
x2+y2

dz

1CA dxdy =
=
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x2 + 2y2

�
4� 2

�
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use modi�ed polar coord. to evaluate

x = r cos �; y = 1p
2
r sin �

then x2 + 2y2 = r2 dxdy = 1p
2
rdrd�

so D0 transforms into D� =
�
0 � r �

p
2; 0 � � � 2�

	
and the integral into
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B =
�
x � 0; y � 0; z � 0; z � 2� y; x � 4� y2

�
or y �

p
4� x

�	
so

D0 =
�
x � 0; y � 0; x � 4� y2

�
or y �

p
4� x

�	
and for a)ZZZ
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fdxdydz =
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for b)

0 � z � 2 and for a �xed z Dz =
�
0 � y � 2� z; 0 � x � 4� y2
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