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PROBLEM | #1 #2 #3 | TOTAL

MARKS /5 /6 /9] /20

Question 1 (5 points)
[1] a) Explain what it means that a transformation 7': R" — R™ is linear.

It means that T(X +Y) = T(X)+7T(Y) for all X and Y in R”, and that T(aX) = aT'(X)
for all scalars a and and X in R".

[1] b) Explain what it means that a transformation 7" : R™ — R" is a matrix transformation.
It means that there is an n x n matrix A such that T'(X) = AX for all X in R".

2] ¢) If T : R? — R? is linear, show that T is a matrix transformation and how to find the

Semar((])-[1] (2] [ o=
()LL) (Do (3D 005

oa=[r([o]) (1))

[1] d) Find the matrix of 7' : R? — R?, if T is the reflection in the line y = —xz.

et (]) <[ e ([1])- [/

the matrix of the projection on y = —x is

=15
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Question 2 (6 points)
[1] a) Describe what is a steady-state S of a Markov Chain S, 1 = PS,,.

A steady-state is simply a probability vector (column adds up to 1) such that PS =S

[1] b) What must be one of the eigenvalues of P if there is a steady-state S of the Markov
Chain S,,11 = PS,,? Explain.

Since PS =S =15 and S # 0 (since it adds up to 1) then by definition 1 must be an
eigenvalue of P.

[3] ¢) Find all values of a such that A = 1 is an eigenvalue of the following matrix
8 a
P= [ 2 1—a ] '

A =1 is an eigenvalue of P exactly if 1 is a root of the characteristic polynomial c4(z) =
det(xl — P).

1—-.8 —a 2 —a
But c4(1) = det ~2 1-(1—a) ] = det [ 9 } = 0 no matter the value of

So A =1 is an eigenvalue of P no matter what a is.

[1] d) Use your result in part c) to find all values of a such that the Markov Chain S,,+1 =
PS,, has a steady-state where P is as in part c).

Since P is a probability matrix, all its entries must be between 0 and 1, so from part c)
any 0 < a <1 is a candidate.
We also need the corresponding eigenvectors to be probability vectors, with entries
between 0 and 1 and adding up to 1. But in each case we can select the eigenvector
5a/(1 + 5a)
X = .
1/(1 + 5a)
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Question 3 (9 points)
Consider the number of ways z;, to fill a row parking lot with k spaces with Cars taking one
space, and Minivans and SUVs each taking 2 spaces.

2] a) Compute the values of x) for small £ =0,1,2,3.

We have 2y = 1 (one way to do nothing), z; =1 (C), zo = 3 (CC, M, S), z3 =5 (CCC,
CM, CS, MC, SC).

[2] b) Rephrase the question using the technique of dynamical systems.

The values obey the recurrence relation xp,o = 1 + 2x5. So if we let V, = { ik } ,
k+1

then we obtain the dynamical system:
Th+1 Tkt 0 1 T 1
h [$k+2] [ka+1+2fk} [2 1H$k+1} Cme [1}

[5] ¢) Describe how you would compute x; for large values of k& with as much detail as
possible.
Since Vj, = AFV}, we can try to diagonalize A to compute V}, = PDFP~1Vj,.

In fact we find two eigenvalues -1 and 2 with corresponding eigenvectors X; = [ 1 }

-1
1
andXQ:{Ql.
1 -1 -1 2 1 i | 1/3
SOP—|:1 9 },andthereforeP —13{_1 1},andP ‘/0—{2/3}
We obtain

s ]



