Practice Problems S5

. Compute P~'AP and then A" if A = [ g :? } and P — [ g 1 }
. (Diagonalization) Find the characteristic polynomial, eigenvalues and

an invertible matrix P such that P~'AP is a diagonal matrix if A =
3 1 1

-4 -2 =5
2 2 5
. Determine whether the following matrices are diagonalizable or not:
1 9 011 1 0 3
(a)A—{3 _4};(b)B— 1 01];(cgC=1]21 2
1 10 00 2

. Solve the following linear recurrences:

(a) Tpio = 2Tk — Tga1, where g = 1 and 7 = 2;

(b) xpys = —2x + Ty + 2Tk12, where g = 1 and 27 = 2 = xs.
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3.

Solutions

-1
5 1 11 -1 4 0

-1 — = — -1 = =

R e A SR P

diag(4,1). It follows that A = Pdiag(4,1)P~!. Therefore,
A" = Pdiag(4",1)P!

-5l V][
- |2 S ias)

The characteristic polynomial of A is

r—3 -1 -1
det(zlz3 —A)=| 4 z+2 5 |=(x—-1)(z—-2)(xz-3).
-2 -2 x-93

Thus A has three eigenvalues Ay = 1, Ay = 2 and A3 = 3. Eigenvec-
tors: The homogeneous systems (I3 — A)X =0, (2I3 — A)X = 0 and
(3I3 — A)X = 0 have basic solutions X; = [1 —3 1]7, X, =[1 —1 0]"
and X3 = [0 — 11]7, respectively. There are basic eigenvectors corre-
ponding to the respective eigenvalues. The matrix P = [X; X, X3] =

1 1 0

—3 —1 —1 | diagonalizes A with P~*AP = diag(1, 2, 3).

1 0 1

(a) Since the 2 x 2 matrix A has two distinct (or simple, i.e., with
multiplicity 1) eigenvalues A\; = —5 and Ay = 2, A is diagonaliz-
able.

(b) The matrix B has eigenvalue A = —1 with multiplicity 2. The
matrix B is diagonalizable if there are two basic eigenvectors cor-

responding A = —1. There are basic solutions to the homogeneous
system (—I3—B)X = 0. So, X; = [—1 1,0] and X = [—1,0, 1] are
two basic eigenvectors corresponding to A = —1. The matrix

B is diagolizable.

(c) The matrix C' has an eigenvalue A = 1 of multiplicity 2. For C
to be diagonalizable, there must be two basic eigenvectors corre-
sponding to A = 1. But the homogeneous system (I3 — C)X =0

2



has only one basic solution X = [0 1 0]7. Therefore, C is not

diagonalizable.
(a) Deﬁner:[ Lk }forallkzo.wehavevoz[xo _ |1
Tt 1 2
Th1 Tpa1 0 1 -
d Vi = _ _ -
and Vi [ Th+2 } [ 2oy — Tpq } [ 2 1 } [ Thit }
(2) _11 Vi.. We obtain a linear dynamical system: V}, = A*Vj.
i ot 0 1
Diagonalization of A = o 1| ca(x) = det(xly, — A) =

x —1

-2 z+1
A has two simple eigenvalues \; = —2 and Ay = 1. Solving the
homogeneous systems (—2I; — A)X =0 and (I, — A)X =0, we

=zz+1)—2=2*+2-2= (z—1)(z +2).

find basic eigenvectors X; = [1 — 2]7 and Xy = [1 1]T corre-
sponding to the eigenvalues A\; = —2 and Ay = 1, respectively. So,
1 -1 e 411 -1 . :
P = 2 1 | with inverse P~ = 319 1 diagonalizes A.
Il o, 11 =1 ][1] 1] -1
B__bQ}_P %_5[2 1][2]_5 4 . It follows
[ k k —1 k 4
that = V;C = bl)\le + bg)\QXg = —(—2) X1 + _X2 =
| Tkt 3 3
LT —(=2)*+4 _ k
3 [ 2(—2)F + 4 } Therefore, x5 = (4— (—2) >/3
T Zo
(b) Define Vj, = | 41 | for all & > 0. We have Vj = | 27 | =
T2 2
1
2 | and
2
[ Tht1 [ Th+t1
Vipr = Tpi2 = Tpi2
| Tkes | 2% + Tpy1 + 2Tp40
[0 1 0] Tk 0 10
= 0 01 Tpr1 | = 0 0 1|V
| -2 1 2 Tk+2 -2 1 2




0 10
The matrix A = 0 0 1 | haseigenvalues A\ =2, \y = —1
-2 1 2
and A3 = 1 to which correspond the basic eigenvectors X; =
1247 Xo =[1 —11]7 and X3 = [1 1 1)7, respectively. So,
1 1 1 1 -2 0 2
P= |2 -1 1| withinverse P! = -] 2 -3 1 |, is
401 1 6l 6 3 -3

a diagonalizing matrix for A. With B = [b; by b3]T = P71V, =

[1/3, —1/3, ]_], we have ‘/k = bl)\lchl“_bQ)\gXQ‘{—bS)\?’fX,g = 2k/3X1—
28/3 — (=1)F/3 +1

(=1)*/3Xy + X3 = | 22¢/3+ (=1)*/3+1 |. Therefore, z, =
42k /3 — (=1)kF/3+1

2k /3 — (=1)%/3 + 1.



