Practice Problems S6 (Complex Numbers)

1. Write the following complex numbers in the form a + bs:
(a) 3—1i (b) (2 _ 3@)37 (C) 1—3 1424 (d) €5i7r/3_

2i+5 2—3i 544

2. Express the following complex numbers in polar from: (a) (1 — v/3i)°,

(b) (V3 —i)(2—2i), (c) —2™/*

3. Prove that cos(6, + 02) = cos(6;) cos(f2) — sin(f;) sin(f2) and sin(6; +
05) = cos(6;) sin(fy) — sin(6,) cos(6s).

4. (a) Express the number z = (1 —i)(—1 + /3i) in polar form and in
the form a + bi;

(b) Find cos(57/12) and sin(57/12).

5. Solve the following equations:

(a) (i4+2)—3i(2—2) =iz +1;
(b) z(1+14) =2z — (3+2i);

(¢) 32%+ 5z + 10 = 0;

(d) 22 = —15 — 8i;

(e) 22— (3—2i)z+ (5 —1i) =0.

6. Solve the following system of linear equations:

T+ 1y —1z = 341
—ix 4+ 2y +iz = 2
(i—Dz—(1+2)y+2z = i—1

) . 1 1—1
7. Find the inverse of A = [2+i 34 ]



8. Diagonalize the matrix A = [ 1 i }

9. Find the 8th roots of z = 128(—1 — v/3i).

Recommended Problems:

Pages 482 - 483: 1,2, 3 a,4 a,b;5a,b,c;6a,b,d; 10 a, b;11 a, b, ¢; 18,
19, 23.



Solutions
(3 —14)(5— 29) 13— 114 13 11

() 255 = 245 3 a9 n W3-
—46 — 94; (c) e™/3 = cos(57/3)) + sin(5n/3)i = % — ?Z
() (1= V3P = (2(1/2 — V3/2i)° = (2e7™/3)5 = 32e5mi/3 — %Jr

\/751'; (b) (V3 = i)(2 — 2i) = 2e7™/5(2/2e7™/4) = 4y/2e1m/417/6 =

4y/2e75m12; () =2e™/3 = 2(—1)e™/3 = 2e™ie™i/3 = 2e(THT/3)i = 9eAmi/3
. eeif2 = (01402)i (N[ultiplication rule). It follows that
(cos(Hl) + isin(91)> (cos(Qg) +1 sin(02)> = cos(01 + 02) + isin(6; + 6)
cos(f) cos(f2) — sin(6,) sin(fy) + z'(cos(&l) sin(f) + sin(6, 008(92)>
= cos(bh + 02) +isin(6; + 6s).

Therefore, cos(0; + 05) = cos(6;) cos(by) — sin(6;) sin(fy) and sin(f; +
) = cos(f) sin(fy) + sin(6; cos(6s).

) (a) y = (1 . Z)(—l + \/g’l) — 2\/§€—Wi/4€2ﬂi/3 — 2\/56—7ri/4+27ri/3 —
2¢/2e°™/12: (b) Since 2v/2e°™/12 = 7 = (1 —i)(=1 + V/3i) = (-1

V/3)+(1++/3)i, we have cos(57i/12) = % and sin(bmi/12) =
V2(1 4+ /3)
—

. (a) z = 11/5 +3i/5; (b) 2z = 2+ 3i; (c) = —5/6 —i\/95/6 or
r=—5/6+1iv/95/6; (d) z=1—4ior 2= —1+4i; (e) 2=2—3i or
z=1+1.

. Carry the augmented matrix to reduced row-echelon form:
1 0 1—2q 6

01 1+¢ 1+3¢

00 0 0

which gives x =6 — (1 — 2i)t, y = 1+ 3i — (1 + )t and z = t, where
teC.



7. A has inverse
—1/2+14

1/2—3/2i 1/2+1/2i

~1/2i

8. A has eigenvalues \; = 1 —i and \; = 1 + ¢ and corresponding basic
eigenvectors X; = [—1 1]7 and X, = [1 1]7. Therefore, the matrix

1 1

P= { 11 ] ie., PTTAP =

diag(1 — 4,1 4 1).

9. The complex number z = 128(—1—+/3i) = 256¢*™/3 = 28¢%7/3 has 8th
47 /3 + 2km)i

roots given by z, = 256/

8 = 2e(m/6HkT/4)i | —0.1,2,3,.

So, 2o = 2€™61 = 2(cos(7/6) + isin(7/6)) = /3 + i
, . 2
2z = 2e(m/6TT/VI = 2¢5mI/12 — g(ﬁ —1+i(1+V3));

20 = 26(77/6—4-271'/4)1' — 2e27ri/3 —

23 = 26(7r/6+37r/4)i _ 2ell7ri/12 —

24 = 26(7r/6+47r/4)7j — 2e77ri/6 — _

25 = Ze(w/6+57r/4)i — 2e177ri/12 —

26 = 26(77/6+67r/4)i _ 2e57ri/3 — _

27 = 26(7r/6+77r/4)i — 2e237ri/12 —

1+3i;
?(—\/ﬁ— 1+ (~1+v3));

V3 —i;
\/75(—\/3+1—i(1+\/§));
1+ V3

\/75(\/§+1+i(1—\/§)).



