MATH 271 ASSIGNMENT 1 SOLUTIONS

1. For each true statement below, give a proof. For each false statement below, write out its negation,
then give a proof of the negation.

(a
(b
(c
(d
(e

(a)

)
)
)
)
)

Vx € Q, x can be written as a/b where a,b € Z and bla.
Jx € Q so that = can be written as a/b where a,b € Z and ba.

Vz € Q, = can be written as a/b where a,b € Z and b|a?.

3

Vz € R, if x is irrational then z? is irrational or 2® is irrational.

3 5

Vo € R, if 22 is rational then 23 is rational or z° is rational.

This statement is false. The negation of the statement is
dr € Q so that x # a/b for any a,b € Z such that b|a.

An example which proves the negation is * = 1/2, because if = a/b and bla, it would
mean that z is an integer, and 1/2 is not an integer.

This statement is true. An example proving this statement is x = 1, which can be
written as 1/1 where 1|1.

This statement is true. Here is a proof. Let « € Q. This means that x = ¢/d for some
¢,d € Z with d # 0. Then z = % where d*> # 0, and (cd)? = ¢*d* where ¢* € Z, so
d?|(cd)?. Thus we can put a = cd and b = d? and we get x* = a/b where a,b € Z and
bla?. Done.

This statement is true. We prove it by proving the contrapositive instead. The contra-
positive is

Vo € R, if 22 is rational and 22 is rational, then x is rational.

Assume that z € R is such that 22 is rational and 2 is rational. We want to prove that
x is rational. There are two cases.

Case 1. Suppose x = 0. Then of course z is rational, so we are done.

Case 2. Now suppose that x # 0. Since z? is rational, 22 = a/b for some a,b € Z with
b # 0 and also a # 0 (since z # 0). Since z® is rational, 2* = ¢/d for some ¢,d € Z
with d # 0. Thus x = 2®/2* = (¢/d)/(a/b) = bc/ad, where bc and ad are integers with
ad # 0 (since a and d are each nonzero), so x is rational.

This statement is false. The negation is
Jz € R so that z2 is rational but 2 is irrational and z° is irrational.

This statement is proved by the example = /2. Then 22 = 2 is rational, but ° = 2v/2
and 2° = 4v/2 are both irrational. Both of these statements follow from Exercise 10 on
page 178 of the text, or could be proved by contradiction. For example, to prove that
24/2 is irrational, we assume that it is rational. This means that 2V/2 = a/b for some
a,b € Z with b # 0. But then /2 = a/(2b) where 2b € Z and 2b # 0, so /2 is rational,
which is impossible. Therefore 24/2 must be irrational. Similarly 44/2 is irrational.



2. (a) Disprove the following statement: Vz,y € R, if [zy| = 0 then |z] =0 or [y| = 0.

(b) Write out the contrapositive of the statement in part (a). Is it true or false? Explain.
(
(d) Prove or disprove the following statement: Vz,y € R, if [zy] = 0 then [z] =0 or [y] = 0.

)
)
c) Write out the converse of the statement in part (a). Is it true or false? Explain.
)
) Prove or disprove the following statement: Jx,y € R such that |zy| = 0 and |z ||y]| = 271.
)

(e
(f) Prove or disprove the following statement: Jz,y € R such that [xy] =0 and [z][y] = 271.

(a) To disprove this statement, we need to find real numbers x and y so that |zy| = 0
but |x] # 0 and |y| # 0. An example is x = —1/2 and y = —1. Then zy = 1/2, so
|lzy| = [1/2] =0 while |z| =[-1/2| =—=1#0and |y] = |-1] = -1 #0.

Note: if x and y are both positive numbers so that [zy| = 0, then 0 < zy < 1, so either
O<zx<lor0<y<l1,sooneof |z] =0o0r |yl =0 will have to be true. So for a
counterexample we have to look at negative x and y.

(b) The contrapositive is
Ve,y € R, if |x] # 0 and |y] # 0 then |zy| # 0.

The contrapositive is false because it is equivalent to the original statement which is
false.

(¢) The converse is
Vr,y € R, if [] =0or [y| =0 then |zy| = 0.

The converse is false. A counterexample is x = 1/2 and y = 2. Then |z| = [1/2] =0,
so the “if” part is true, but xy =1, so |xy| = [1] =1 # 0, so the “then” part is false.
(d) This statement is false. A counterexample is + = 1/2 and y = —1. Then zy = —1/2,
so [zy] =[—1/2] =0, but [z] =[1/2] =1#0and [y] = [-1] = -1 #0.
(e) This statement is true. An example is = —271 and y = —1/272. Then xy = 271/272,
so |zy| = [271/272] = 0, and |z]|y] = |~271||~1/272] = (—271)(—1) = 271.

(f) This statement is false. We prove this by contradiction. Suppose that the statement
were true. Let x and y be real numbers so that [zy] = 0 and [z][y] = 271. Since
[xy] = 0, we must have —1 < zy < 0, so zy is negative (or zero). This means that
(without loss of generality) z < 0 and y > 0. But then [z] < 0 and [y] > 0, and thus
[z][y] <0, which contradicts [z][y]| = 271.

3. Let N be your student ID number.

(a) Use the Euclidean Algorithm to find ged(N,271).
(b) Use your answer to part (a) to write ged(N,271) in the form Na + 271b where a,b € Z.

(c) Suppose that M is a positive integer such that ged(M, 271) = ged(M, 2008). Find ged(M, 271).
Explain. [Hint: 271 is prime.]



(d) Suppose that M is an integer between 250000 and 450000 such that ged (M, 271) = ged (M, 2008)+
20. Find M. Explain. [You may use Exercise 33, page 631.]

(a) Let’s do it for the hypothetical student number N = 123456. The Euclidean algorithm
gives:

123456 = 455271+ 151 (so 151 = 123456 — 455 - 271)

271 = 1-151+120 (so 120 = 271 — 151)
151 = 1-120+31 (s0 31 = 151 — 120)
120 = 3-31+27 (s0 27 = 120 — 3 - 31)
31 = 1.27+4 (s0 4 =31 — 27)
27 = 6-4+3 (503 =27 —6-4)
= 1-3+1 (so1=4-23)
3 = 3-1,

so ged(123456,271) = 1, the last nonzero remainder.
(b) Now, starting with the second-last equation above, solving it for the ged 1, and plugging
in the remainders one by one from the earlier equations, we get:
1 = 4-3
= 4—-(27-6-4)=7-4-27
= 7-(31-27)—-27=7-31-8-27
= 7-31-8-(120—3-31)=7-31—-8-120+24-31 =31-31 —8-120
= 31-(151 —120) —8-120=31-151—39-120
= 31-151—-39- (271 —151) =70- 151 — 39 - 271
= 70-(123456 — 455-271) — 39 - 271 = 70 - 123456 — 31850 - 271 — 39 - 271
= 70123456 — 31889 - 271.

Soa =70 and b = —318R9 in this case.

(c) Since ged(M,271) is a divisor of 271 and 271 is prime, ged(M,271) must be either 1
or 271. Since 271 does not divide into 2008, ged(M, 2008) cannot be 271. Thus, since
ged(M,271) = ged(M, 2008), ged(M,271) = 1.

(d) Since ged(M,271) =1 or 271 and ged(M, 271) = ged(M, 2008) + 20 > 20, ged(M, 271)
must equal 271 and thus ged (M, 2008) must equal 251. Thus M must be a multiple
of both 271 and 251, and so, since ged(271,251) = 1 since 271 is prime, by Exercise
33, page 631, 271 - 251 = 68021 must divide into M. Thus M = 68021k for some
positive integer k. Moreover, since ged(M,2008) = 251 is odd and 2008 is even, M
cannot be even. So k must be odd. Now 68021 - 3 = 204063 is too small to be M and
68021 - 7 = 476147 is too large to be M, so M must be 68021 - 5 = 340105 which lies
in the right range for M.

Note. By the way, ged(M,2008) = 251 is possible because 251|2008. In fact, 2008 =
251 - 8 so ged(M, 2008) = ged(340105,2008) = 251 does hold.



1.

(a)
(b)

()

(a)

MATH 271 ASSIGNMENT 2 SOLUTIONS

Prove by induction (or by well-ordering) that 3™ + 4™ < 5" for all integers n > 2.

Prove by induction (or by well-ordering) that (5/4)" — (3/4)"™ > n/2 for all integers n > 1.
[Note: you might have to consider the cases n = 1,2,3 and n > 4 separately.]

Prove that, for all real numbers x > 2, if (5/4) — (3/4)* > /2 then 3% + 4% < 5*. Use this
and part (b) to give another proof that 3" + 4™ < 5" for all integers n > 2.

Basis step. When n = 2 the statement to be proved is 3% + 42 < 52, which is true since
94 16 = 25.

Inductive step. Assume that 3¥ + 4% < 5* holds for some integer k& > 2. We want to
prove that 381 4 4k+1 < 51 Well, we get

5t = 5.5F > 5(3" 4 4F) from the assumption
= 5.3 454"
> 3-3F 4448 =3M1 g

so the inductive step is proved.
Therefore 3™ + 4™ < 5" for all integers n > 2.

> %, which is

Basis step. When n = 1 the statement to be proved is % — % > % or %

true.

Inductive step. Assume that (5/4)% — (3/4)F > k/2 for some integer k > 1. We want
to prove that (5/4)* — (3/4)** > (k + 1)/2. From our assumption we get that
(5/4)% > (3/4)% + k/2, so by multiplying both sides by 5/4 we get

(5)“1 5(5>k 5(3)’f 5 k 5(3>k 5k
- =—(=) >=(=) +=--===(=) +—.
4 4 \4 4 \4 4 2 4\4 8
Thus

SRRSO RS N OB EHIO RS SR
4 4 — 4 \4 8 4 4 4/ \4 8 2\4 8
Now, if we knew that

1 /3\* b5k _ k+1

R - > _ -

(1) *52 )

)k—l—l > ko1

> %=, which is what we want to prove. So

then we would know that (%)kﬂ — (%

1 1
which means that to prove (1) we need only prove that % > % This is equivalent to
10k > 8k + 8, or 2k > 8, or k > 4. So we have proved (1) for all integers k > 4, which

means we still have to prove (1) when k& = 1,2 and 3. We do this individually:

k k
we need only prove (1) for all integers k > 1. Note that 1 (é) >0, 50 % (5) +3k > 3

e When k =1, (1) says % (%) + 2 > 1, which is true since 2 + 2 = 1.

4



e When k =2, (1) says 1 (1%) + 2 >3 which is true since 3 + 2 =25 > 2.
27

5
1
e When k =3, (1) says % (6—4) + £ > 2, which is true since 2% + 22 = 2T > 2,
This finishes the inductive step.

Since both the basis step and inductive step are now proved, we have proved that
(5/4)™ — (3/4)™ > n/2 for all integers n > 1.

Note. Alternatively, we could have put n = 1,2,3 and 4 all into the basis step, then in
the inductive step we would only need to consider the case k£ > 4. Or we could have
handled the cases n = 1,2 and 3 separately at the beginning, then use induction to
prove the inequality for all integers n > 4 only, with only the case n = 4 in the basis
step.

(c¢) Let z be an arbitrary real number with > 2, and assume that (5/4)" — (3/4)* > z/2.
We want to prove that 3 + 4% < 5%. Well, from (5/4)* — (3/4)* > x/2 we multiply
both sides by 47 to get 57 — 3% > (5)47, then rearrange to get 5* > 3% + (3)4”. Since
r>2,2/2>1,505% > 3"+ (5)4" > 3" + 4%, so 3" + 4 < 5” as required. Done.

Now if n > 2 is an integer, then n > 1, so from part (b) we know that (5/4)" —(3/4)" >
n/2. Therefore, since n > 2, we know from the first part of (c) that 3" 4+ 4™ < 5.

2. The sequence by, ba, ... is defined by: b; =1, and b,, = {L

-‘ for all integers n > 2.
bn—l

(a) Find b2,b3,b4,b5 and b6.

(b) Use part (a) (and more data if you need it) to guess a simple formula for b, in terms of n.
[Hint: do the cases of odd n and even n separately.]

(c) Use induction (or well-ordering) to prove your guess.

(d) Suppose the sequence ¢y, ¢, ... is defined by: ¢; = 1,¢o =1, and ¢, = { n -‘ for all integers

Cn—2
n > 3. Calculate enough terms of the sequence to enable you to see a pattern. Use that

pattern to guess what co71 and cog; are. (No proof needed — yet.)

(a) We get
o b =1, by = [2/b1] = [2/1] =2,
© by=[3/by] =[3/2] =2,  bs=[4/bs] =[4/2] =2,
® by =[5/b4] = [5/2] =3,  bs=[6/bs] =[6/3] =2.
(b) We could guess (maybe by further calculating that b; = [7/bs] = [7/2] = 4 and
bs = [8/b7] = [8/4] = 2 for instance) that, for all integers n > 1,

b _{ (n+1)/2 ifnis odd,

2 if n is even.
(¢) Basis step. The formula for b, is correct when n = 1 (which is odd), because (1+1)/2 =
1 = by. This will turn out to be all we need for the basis step.

Inductive step. Assume that the formula for b, is true when n = k, where £ > 1 is some
integer. There are two cases:



o If k is even, then we are assuming that b, = 2, so

by, 2 2

ngﬂ erﬂ k+2
bpt1 = = =

since k + 1 is odd, which agrees with the formula for b, when n =k + 1.
o If k is odd, then we are assuming that by = (k + 1)/2, so

which agrees with the formula for b,y when n = k + 1 since k + 1 is even.
So the formula is correct when n = k + 1 in either case. This proves the inductive step.
Therefore by induction the formula for b, is correct for all integers n > 1.
(d) This time we get

e c3=1[3/1] =3, cy = [4/1] =4, cs =

o ¢; = [7/2] =4, cs = [8/2] =4, co =

o ¢ =[11/3] =4, c1o=1[12/3] =4, c13=[13/4] =4, c14 = [14/4] =4,

o c15=[15/4] =4, c16=1[16/4] =4, 17 =[17/4] =5, c15=[18/4] =5,

o 19 =[19/5] =4, o0 =1[20/5] =4, co1 =[21/4] =6, coo = [22/4] =6.
From this we guess that ¢, = 4 whenever n > 3 is of the form 4k or 4k + 3 for some
integer k, and ¢, = k + 1 whenever n is of the form 4k + 1 or 4k + 2 for some integer
k. For example, 21 =4 -5+ 1, s0 co1 = 5+ 1 = 6. From this pattern we would guess

that since 271 = 4 - 67 + 3, co71 should be 4, while since 281 = 4 - 704 1, c9g1 should be
70+1="71.

-1

5/31 =2, ¢ =1[6/4] =2,
9/4] = 3, cro = [10/4] = 3,

— — —

3. You are given the following “while” loop:
[Pre-condition: m is a nonnegative integer, a =0, b =0, i = 0.]
while (i # m)
l.b:=a+b+1
2. a:=a—4b
3.i:=1+1
end while
[Post-condition: b= m(—1)"*1]

Loop invariant: I(n) is

i=n, a= —2n+1) %fn%s odd , b=n(-1)""
2n if n is even

(a) Prove the correctness of this loop with respect to the pre- and post-conditions.



(b)

Suppose the “while” loop is as above, except that statement 2 is replaced by: a := a — b.
Run through the loop often enough, recording the various values of a and b that result, until
you can predict what the post-condition value of b will be when m = 271. What is your
prediction? Explain.

We first need to check that the loop invariant holds when n = 0. Since 0 is even,
I(0) says i = 0, a = 2-0 = 0, and b = 0(—1)' = 0, and these are all true by the
pre-conditions.

So now assume that the loop invariant (k) holds for some integer & > 0 where k < m.

We want to prove that I(k+1) holds, that is, that the loop invariant will still hold after
one more pass through the loop. So we are assuming that

i—k a=—20k+1), b=k(—1)*1 =k ifkis odd,
i=k a=2k b=k(-1)=—k if k is even,

and we now go through the loop.

e Step 1: b::a+b+1:{—2(k+1)+ks+1 if & is odd }

2k—k+1 if k is even

) (B+1)(-1) ifkisodd | k2
_{k+1 if k is even = (k+1(=D)™,

which agrees with the formula for b in I(k + 1).
—2(k+1)—4(—k—1) if kis odd

2k —4(k+1) if k is even

| 2(k+1) ifk+1liseven

| —2(k+2) ifk+1lisodd [’

e Step 2: a::a—4b:{

which agrees with the formula for a in I(k + 1).
e Step 3: i:=i+1=k+1, which agrees with I(k + 1).
Thus I(k + 1) is true, as required.

Finally the loop stops when ¢ = m, and we need to check that at that point the post-
condition is satisfied. When ¢ = m it means that the loop invariant I(m) must hold, so
from I(m) we know that b = m(—1)™"! as required.

If we set the variables to their pre-condition values of a = 0, b = 0 and ¢« = 0, and run
through the loop, the new values we get are b=0+0+1=1,a=0—1=—-1,i=1.
If we continue to run through the loop, and keep track of the variables in a table, here
is what we get:

1 2 3 4 5
11 0 -1 -1
-1 -2 -2 -1 0
1 2 3 4 5

S| o S
ol oo o
| OO




At this point (when n = 6) our values of b and a are back to what they were at the
beginning (when n = 0), namely b = a = 0. Since the loop calculates the new values of
a and b only in terms of their old values, and not in terms of n for example, the values
of a and b should continue to cycle through the same values in the above table. This
means that a = b = 0 whenever n is a multiple of 6, « = —1 and b = 1 whenever n
is 1 plus a multiple of 6, and so on. Since 271 = 6 - 45 + 1, when the loop ends (at
m =i=n=271), we should have b = 1.



MATH 271 ASSIGNMENT 3 SOLUTIONS

1. For each integer n > 1, let S,, be the statement: for all sets A, By, Bs, ..., By,
(A—B1))U(A—By)U---U(A—B,)=A—(Bi1NBaN---NBy,).
(a) Prove that for all sets A,B and C, (A—B)U(A—-C) = A— (BnNC). You may use the

properties on page 272.

(b) Prove by induction on n (or well ordering) that S, is true for all integers n > 1.

(a) Using the identities on page 272, we get

(A—B)U(A-C) = (ANB)YU(ANC*) by #12
= AN(B°UC) by #3(b) (distributive law)
= AN(BNC)° by #9(b) (De Morgan’s Law)
— A—(BNO). by #12

(b) Basis step. When n = 1 the statement S; says A — B; = A — By, which is obviously
true.

Inductive step. Assume that the statement S is true for all sets A, By, Bo,..., By,
where k£ > 1 is an integer. We want to prove that the statement Sk is true for all sets
A, B1,Bs,...,Bri1. Solet A, By, Bs, ..., Biy1 be sets. Then we want to prove that

(A—B)UA—=By)U---U(A—=Bgr1)=A—(BiNBaN---N Bpya). (2)
Well,
(A= B))U(A—=By)U---U(A = Byyy)
= ((A By)U (A—B2)U-~-U(A—Bk)) U (A= By
= (A= (BinByN---NBy)) U (A= By1) by assumption

(Bl N B2 MN---N Bk N Bk—l—l) by part (a)

A—
A— (Bl NByN---N Bk+1)

which proves (1). This finishes the inductive step. Therefore by induction, S, is true
for all integers n > 1.

2. A sequence is called an A-sequence if every term is equal to 1, 2 or 3, and no two consecutive terms
in the sequence are equal. Also, an A-sequence is called a B-sequence if the first and last terms
are equal. So for example, 23121 is an A-sequence which is not a B-sequence, 23212 is both an
A-sequence and a B-sequence, and 23122 is neither. For each integer n > 2, let a, be the number
of A-sequences of length n and let b, be the number of B-sequences of length n.

(a) Show that a, = 3-2""! for all integers n > 2.



(b)

()
(d)

(e)

(a)

Prove combinatorially that b, = a,—1 — b,—1 for all integers n > 3. [Hint: how can you make
a B-sequence of length n from an A-sequence of length n — 17]

Show by = 0, and then use parts (a) and (b) to find b3, by and bs.

Use your answers to part (¢) (and more if you need them) to guess a simple formula for b,,.
[Hint: how far away is b, from a nearby power of 27]

Use parts (a) and (b) to prove your formula in (d) by induction (or well ordering) for all
integers n > 2.

We count how many ways there are to make an A-sequence of length n. There are 3
choices for the first term (1, 2 or 3). After that each term can be any of 1, 2 or 3 except
for what the previous term is, so there are 2 choices for each of the n — 1 terms after
the first. By the multiplication rule, the number of A-sequences of length n must be
,=3-2-2---2=3-2"1,

To make a B-sequence of length n, we could take an A-sequence of length n —1 and add
an nth term equal to the first term of the A-sequence. But for this to be allowed, the
last two terms of the resulting sequence could not be equal, which means that the first
and last terms of the original A-sequence cannot be equal. Thus we must start with
an A-sequence which is not a B-sequence. There are a,,_; A-sequences of length n — 1,
and b,,_; of these are B-sequences, so there are a,,_1; — b,_1 A-sequences of length n — 1
which are not B-sequences. Each of them can be converted to a B-sequence of length n
as described above, and every B-sequence of length n will arise this way. Therefore the
number b,, of B-sequences of length n must equal a,,_1 — b,_1.

A B-sequence of length 2 must start and end with the same symbol, so both of its terms
must be equal, but this is not allowed. So there are no B-sequences of length 2, that is,
by = 0. Now from parts (a) and (b) we get

e by=uay—by=3-21 —0=6,

eby=a3—b3=3-22-6=12—6=6,

o by=a;,—b;=3-22—6=24—6=18.
Since

e by=0=2-2=2 -2

e by =6=4+2=2%42,

e b, =6=8—-2=2%—-2 and

o by =18=16+2=2* 42,
we can guess that b, = 2"~! — 2 for n even and b, = 2"~ ! 4 2 for n odd, which could

be written as:
by, =2""1 —2(—1)" for all integers n > 2.

Basis step. We already know that the formula b, = 2"~1 — 2(—1)" is correct for n = 2,
since by = 0.

10



Inductive step. Assume that b, = 2871 — 2(—1)* is true for some integer k& > 2. Then

bpot1 = ap— by by part (b)
= 3.2F1 (2871 —2(—1)%) by part (a) and by assumption
= 2.2 po(—1)kF =2F —2(—1)kF+,

which proves that the formula for b, is true for n = k + 1.
Therefore by induction, the formula for b, is true for all integers n > 2.

Bonus question. Such a nice answer cries out for a nicer proof! Can you find a combi-
natorial proof that b, = 2”71 — 2(—1)"? Maybe something like the proof in part (a),
or something involving all subsets of an (n — 1)-element set? But it would have to be
rather clever, to account for the +2 in the formula. If you think you can get somewhere
with this problem or have some ideas, tell your professor or TA. [Warning: neither of
the professors in the course knows how to do this problem!|

3. A balanced subset of integers is a subset that has the same number of even integers as odd integers.
For example, the subset {1,2,4,9} is balanced, but {1,2,3} is not. For each positive integer n, let
b, be the number of balanced subsets of {1,2,...,2n}.

(a)

(b)
()

(d)

Prove combinatorially that for all positive integers n,

£ B ) ()

Use part (a) to calculate by, by and bs.
Use your answers to part (b) to guess a formula for b,, which is a single binomial coefficient
involving n. [Hint: write out Pascal’s Triangle (page 359) up to n = 6.]

Prove your formula in part (c) combinatorially for all integers n > 1. [Hint: what if you
construct a balanced subset of {1,2,...,2n} by choosing which even integers to put in your
subset and which odd integers to leave out of your subset? How many integers would you
choose altogether?]

We count the balanced subsets of {1,2,...,2n} by counting how many balanced subsets
there are of each size separately and adding these numbers together. There is only one
way to choose a balanced subset of no elements, namely the empty set. There are (Tf)

ways to choose one even integer from {1,2,...,2n} and (le) ways to choose one odd

2
integer from {1,2,...,2n}, so by the multiplication rule there are (T) (le) = (?) ways
to choose a balanced subset of size 2. In general, for each k € {0,1,...,n}, there are

(Z) ways to choose k even integers from {1,2,...,2n} and (Z) ways to choose k odd

2
integers from {1,2,...,2n}, so by the multiplication rule there are (Z) (Z) = (Z) ways

to choose a balanced subset of size 2k. Therefore by the addition rule, there are

n 2 2 2 2
S =1 (") () (") #1
= \k 1 2 n—1

balanced subsets of {1,2,...,2n} altogether, so this must equal b,,.
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—1+224+1=6;

we see that (g) = 6 = by. Looking at the sixth row (1,6, 15,20, 15,6, 1) of Pascal’s

Triangle we see that (g) = 20 = b3. So we guess that b, = (2:) for every positive
integer n.

We can make a balanced subset of {1,2,...,2n} by choosing k even numbers from
this set, and then choosing n — k& odd numbers to leave out (so that the remaining
k odd numbers from {1,2 ...,2n} are added in with the k even numbers to make a
balanced set). Thus we are choosing k + (n — k) = n numbers from {1,2,...,2n} to
create the balanced set this way. Moreover, if we choose any set S of n numbers from
{1,2,...,2n}, we can make a balanced subset of {1,2,...,2n} out of S in the above
way: if S includes (say) k even integers, then it must have n — k odd integers, so there
must be exactly & odd integers from {1,2,...,2n} which are not included in S; so just
keep all the even integers in S plus all the odd integers in {1,2,...,2n} which are not in
S, and we get a balanced subset of {1,2,...,2n}. Thus the number of balanced subsets
of {1,2,...,2n} is the same as the number of n-element subsets of {1,2,...,2n}, which
is (2n) Thus b,, = (2:)

Note. This fact is in Exercise 19, page 362.

12



MATH 271 ASSIGNMENT 4 SOLUTIONS

1. If f : X — X is a function, define f2(z) to be (fo f)(x), and inductively define f*(x) = (fof*1)(x)
for each integer k > 3. (So f3(x) = (f o f?)(z) = f(f(f(x))) for instance.) We also define f!(x) to
be f(x).

Let f :Z — Z be defined by: for all n € Z, f(n):n—|—1+2(—1)":{ n+3 ifnis even,

n—1 if nis odd.

(a) Find f%(n), f3(n), and f*(n).
(b) Use part (a) (and more data if you need it) to guess a fairly simple formula for f*(n) for any
positive integer k. (You may need to consider k£ odd and k even separately.)

(c) Use induction on k (or well ordering) to prove your guess.

(d) Use your formula for f¥(n) to find £2008(271).

n+3 if nis even,

1—n ifnis odd.

Calculate g%(n), g3(n), and g*(n), and use them (and more data if you need it) to predict
what ¢2°%(271) is.

(e) Define g : Z — Z by: for all n € Z, g(n) = {

(a) We get

fAn) = f(f(n))=fln+1+2(=1)")
= (n+1+2(=1)") + 1 4 2(—1)~H2=0"
= n+2+2(-1)"+2(=1)"""  since 2(—1)" is even

n+ 2 since n and n + 1 are of opposite parity,

2n)=f(f’n) = fn+2)=n+2)+1+2(=1)""2 =n+3+2(-1)",

F(fPn) = f(n+3+2(-1)")
= (n+3+2(=1)") 41+ 2(—1)nF3+2=0"
= n+4+2(-1)"+2(=1)"*"  since 2(—1)" is even

n+4 since n and n + 3 are of opposite parity.

fi(n)

(b) From part (a) we would guess that

kv ) n+k+2(=1)" if kis odd,
f (n)—{ n+k if k is even.

(¢) Basis step. Our guessed formulas for f*(n) are true for k = 1,2,3 and 4, by part (a).

Inductive step. Assume that our guessed formula is true for some integer £k = ¢ > 1.
We want to prove that our formula is true when k& = ¢ 4+ 1. We do this in two cases:

Case (i): € is even. So we assume that ff(n) = n + ¢, and we want to prove that
[ n)=n+0+1+2(-1)™

13



Well, we get
) = f(ffn) = fln+0) =n4+Ll+14+2(-1)" " =n+0+1+2(-1)",

since / is even, so the inductive step works in this case.

Case (ii): ¢ is odd. This time we assume that f*(n) = n + ¢+ 2(—1)", and we want to
prove that f“1(n) =n+ ¢+ 1. We get

fHn) = f(ff(n) = fln+L+2(=1)")
= (N4 L+ 2(=1)") + 1 4 2(—1)nHerE=n"
= nAL4+1+2(=1)" 4 2(=1)"" since 2(—1)" is even
= n+l+1 since n and n + ¢ are of opposite parity,
so the inductive step works in this case too. Therefore the guessed formula is true for
all integers k > 1.
(d) By the formula, since 2008 is even, f20%(271) = 271 + 2008 = 2279.
(e) We get
g(n+3) if nis even,

2 _ _
g(n) = glg(n)) = { g(1—n) if nis odd.
1—(n+3) if niseven (since n + 3 is odd),
N (1—n)+3 if nisodd (since 1 —n is even).
B —n — 2 if n is even,
| —n+4 ifnisodd.

3 _ 2(n)) = g(—n —2) if n is even,
g(n) = 9« ))_{g( —n+4) if nis odd.

—n —2)+3 if niseven (since —n — 2 is even),
—n+4) if nis odd (since —n + 4 is odd).

n+1 if n is even,
if n is odd.

oy = sy ={ 2D e

1—(—n+1) ifniseven (since —n + 1 is odd),
N { (n—3)+3 if nisodd (since n — 3 is even).
= n for all n € Z.
Now ¢°(n) = g(g*(n)) = g(n), and so g°(n) = g(g°(n)) = g(g(n)) = ¢*(n), and so on;
the formulas for g¥(n) will cycle through the above four functions forever. In particular,
since 2008 is a multiple of 4, ¢g?°%(n) will equal n for all n, so g?°%¥(271) = 271.

14



3

4 2

2. For each integer n > 2, let S,, be the “star-like” graph shown at the right, where 5,%1
there are n + 1 vertices altogether, including the one in the middle. 6o 0

(a)

(b)
()

(d)

(a)

n

Find a formula (in terms of n) for the number of paths of length 2 in S,,. [Hint: how many
such paths start at each vertex?]

Find a formula (in terms of n) for the number of walks of length 2 in S,,.

Write out the (n + 1) x (n + 1) adjacency matrix M, of S, in general. Then find M2, and
explain what it has to do with your answer to part (b).

Prove that for any simple graph G, the number of walks in G of length 2 is always even. [Hint:
how can you pair up the walks?]

Since paths cannot repeat vertices, there are no paths of length 2 starting at vertex 0,
because once we go from 0 to one of the other vertices we are stuck. If we start at one
of the other vertices, say at vertex 1, then we must go to vertex 0, and from there we
have n — 1 choices for the third vertex, namely any vertex except vertex 0 or 1. So
there are n — 1 paths of length 2 starting from vertex 1. By symmetry there are n — 1
paths of length 2 starting from any of the vertices 1 to n, so there are n(n — 1) paths
of length 2 in S,, altogether.

For walks we are allowed to repeat vertices, so if we start at vertex 0 we can go to any
of the vertices 1 to n, and then we must go back to 0. So there are n walks of length 2
starting at vertex 0. If we start at vertex 1 instead, then we must go to vertex 0, and
then we can go to any of the vertices 1 to n, so there are n walks of length 2 starting
at vertex 1. Again by symmetry there are n walks of length 2 starting from any of the
vertices 1 to n, so there are n + n(n) = n + n? walks of length 2 in S,,.

If we order the rows and columns in the natural way (with the vertices in the order
0,1,2,...,n), we will get

001 1 1 17 0 0 0 0]
1000 0 001 1 1 1
100 0 0 , o111 1
Ma=11 0 0 0 ol endso  Mi=1, 4 | 4 1
1000 - 0 001 1 1 - 1]

The matrix M? tells us how many walks of length 2 the graph S, has between all
possible pairs of vertices. Since the sum of all the entries in M? is n + n?, this must be
the number of walks of length 2 in S,,, which agrees with our answer in part (b).

In a simple graph G, every walk of length 2 is either of the form abc, where a, b, ¢ are
three different vertices, or of the form aba where a and b are different vertices. Walks
of the first kind can be paired up by pairing each walk abc with the walk cba. Walks of
the second kind can be paired up by pairing each walk aba with the walk bab. Thus all
walks of length 2 are paired up, so there must be an even number of them altogether.
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3. For each integer n > 3, let G, be the graph whose vertices are all two-element subsets of {1,2,...,n},
and with edges defined as follows: for any vertices A and B of G, (so A and B are two-element
subsets of {1,2,...,n}), A and B are adjacent if and only if N(AN B) = 1 (where N(X) is the
number of elements in the set X).

(a)
(b)

Draw the graphs G5 and G4. [You can label the vertex {i,j} as just ij if you like.]

For each integer n > 3, find and prove formulas (in terms of n) for the number of vertices in
G, the degree of each vertex, and the number of edges in G,,.

For which n does G,, have an Euler circuit? Explain.

For which n does G,, have a Hamiltonian circuit? Explain. [Hint: induction on n.]

For G5 the vertices are all two-element subsets of {1,2,3}, so they are 12, 13 and 23
(writing the subset {1,2} as just 12 for instance). For G, the vertices are similarly 12,

13, 14, 23, 24 and 34. We get 12
23 G 13 23
G3 = i i P 24
12 13
34
The number of vertices in G, is (g), the number of 2-element subsets of {1,2,...,n}.

The degree of the vertex 12 of GG,, is the number of 2-element subsets of {1,2,...,n}
which contain either 1 or 2 (but not both). There are n — 2 2-element subsets that
contain 1 but not 2, and n — 2 2-element subsets that contain 2 but not 1, so the degree
of 12 must be 2(n — 2) = 2n — 4. By symmetry the degree of every vertex of G, is
2n — 4.

From above, the sum of the degrees of the vertices of GG,, must be the number of vertices
times the degree of each vertex, which is (g) (2n—4). This is twice the number of edges,
so the number of edges in G,, must be

%<Z>(2n—4) _ <Z>(n—2): "("_12><”_2> |

It is clear that G,, is connected, because if ab and cd are arbitrary nonadjacent vertices
of G, then ab, ad, cd is a walk in G,, from ab to cd.

Now, since the degree of each vertex of GG, is 2n — 4 which is even, G,, will have an
Euler circuit for all integers n > 3.

We prove by induction on n that G,, has a Hamiltonian circuit for each integer n > 3.

Basis step. It is easy to see from the graph that G3 has a Hamiltonian circuit, for
example 12, 13,23, 12 is a Hamiltonian circuit in Gjs.

Inductive step. Assume that G, has a Hamiltonian circuit for some integer k > 3.
This means that there is a circuit in G} containing each vertex exactly once (except
that the first vertex equals the last vertex). We can start this circuit at any vertex we
like, so let’s say we start it at the vertex 12. The second vertex in the circuit must be
a 2-element subset of {1,2,...,k} which contains either 1 or 2 (but not both), so by
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symmetry we can assume it is 1k. So the Hamiltonian circuit starts off 12, 1k and so
on, eventually ending back at 12 after going through each vertex of GG}, exactly once.

We want to find a Hamiltonian circuit in G, and we will use the Hamiltonian circuit
in G, to do this. The vertices of Gj. 1 which are not vertices of G, are just the 2-element
subsets of {1,2, ..., k+1} which contain k+1, so they are 1(k+1),2(k+1),..., k(k+1).
All the edges in Gy are still in Giy1, so we replace the edge 12, 1k of the Hamiltonian
circuit in Gy by the path 12,1(k + 1),2(k + 1),...,k(k + 1), 1k, and then we will get
a Hamiltonian circuit in Gj,;. Note that this is allowed, since each two consecutive
vertices of the path 12, 1(k+1),2(k+1),...,k(k + 1), 1k have an element in common,
so they are adjacent in Gpy1.

For example, the Hamiltonian circuit 12,13,23,12 in G3 would be used to make the
Hamiltonian circuit 12,14, 24, 34,13,23,12 in G4, by replacing the edge 12,13 by the
path 12,14, 24, 34,13 in G4, which contains all the vertices in G4 which are not in Gj.
This completes the inductive step. By induction, G,, has a Hamiltonian circuit for every
integer n > 3.
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