Chapter 5

Riemannian Manifolds

1 Tensors

Let M be a manifold of dimension n. C*°(M) the ring of smooth functions on M,
= DerC*>°(M) Recall that the space X(M) of vector fields and the space Q'(M) of
1-forms on M are modules over C*°(M). This means that vector fields and 1-forms
can be multiplied by functions in C*°(M).

Definition 1 A covariant k-tensor field on M is a k-linear map T from X(M) to
C>®(M) such that, for every Xq,...., X € X(M), 1 =1,....k, and f € C*(M),

T(X1, s F X Xi) = FT(X1, s Xiy ooy Xi).

Definition 2 A contravariant I-tensor field on M is a I-linear map T from QY(M)
to C°(M) such that, for every wy,...,w; € QYM), i =1,...,1, and f € C®(M),

T(wWiyeeey fwiy ooy wp) = [T (W1, 0oy Wiy ey wy). (1)

Definition 3 A mized tensor field of type (k1) is a map
T: (XY XE wy, e w) = T(XY X wr, o w) (2)
which is k-linear in vector fields X', ..., X*, l-linear in forms wi,...,w; and such that,

T(X17 ceey fZX“ ...,Xk,wl, ceey ijdj, ...wl) = fz‘ij(X17 ...,XZ', ...,Xk7w1, ceey Wy, ...,wl)
(3)

Differential k-forms on M are examples of covariant k-tensor field on M. Vector
fields on M are examples of contravariant 1-tensors on M. A vector field X on M
associates ot a 1-form w on M a function w(X) on M. Mixed tensor fields of type
(k, 1) are often referred to as covariant k-tensor fields with values in X(M). Examples
of mixed tensors will be given in subsequent sections.

The condition (1) implies that, for every x € M, a covariant k-tensor field 7' on
M defines a k-linear map 7'(x) from T, M to R such that

T(X1, ., X)(2) = T(2)(X1(2), ..., Xi(2)).
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Similarly, a contravariant [-tensor field 7" defines an [-linear map from 77 M to R such
that
T(wr, ., wi)(x) = T(x)(wi(2), .., wi(2)).

Moreover, a mixed tensor field T" of type (k,() gives a map T'(z) such that
T(a) : (X1(), o, X2(@), 1 (2), o 1(2))) o T(XY, o X* ) ().
In terms of local coordinates ¢!, ..., ¢" on U, a tensor field of type (k,[) is given as

T = Tz1 i dgh T —
= XY

U0ty =1j1,0006=1

where the components 77 1 l]lk are functions on U. If ¢ : U — R" is another chart

with coordinates p’, for i = 1...,n, then

T = Z Z T“ i Ly dp’k

dq' = E;L | 99 4 and

J1----Jk 8]7]/ 8p]§€ aqh aqzl
2 Riemannian metric

The Euclidean space R™ is endowed with the Euclidean scalar product, which we will
denote by grn, such that, for @ = (u!,...,u") and 7 = (v',...,v")

—»—»

grn (U, D) u'v

Generalization of the notion of the scalar product on R" leads to the notion of a
Riemannian metric on a manifold.

Definition 4 A Riemannian metric on M is a covariant 2-tensor g on M such that,
for every X € X(M) and x € MT,

9(X,X) >0 and g(X, X)(z) =0 only if X(z) =0. (4)
The property (4) is usually expressed by saying that g is positive definite. The

number
1X (2)]| = Vo(X, X)(x) = X(x), X (x))
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is interpreted as the length of the vector X (z). In terms of coordinates ¢', ..., ¢" on
U,

g = > gydd'dy,

ij=1

X = ZXaqi’

=1

and

X = vg(X, X) =

A manifold M endowed with a Riemannian metric is called a Riemannian manifold.
Let 7y : [a,b] — M be a curve in M. The derived map of v is Ty : T[a,b] — TM.
Since [a, b] is an interval in R, T'[a, b] = [a,b] x R. The map 74 : [a,b] — T'M such that

Y(t) =T, 1)
for every t € [a, b], is called the tangent vector of the curve 7.

Definition 5 The length of a curve 7 : [a,b] — M s given by

Ib) = [ Vab@GEo. At

If ~v[a,b] is contained in the domain U of a coordinate chart with coordinates
q',....q", then we write ¢'(t) = ¢'(y(t)) and ¢'(t) = £Lq¢'(t). With this notation,
Y(t) = (¢'(t), ..., ¢"(t)) and

b n
L0l = [ | X @O )i O

i,j=1

Definition 6 A curve v : [a,b] — M is a geodesics of the Riemannian metric g on
M if it is a critical point of the integral L[] under variations of v which preserve the
endpoints.

We are going to derive differential equations for a geodesics contained in the
domain U of a coordinate chart on M. As we have said v(¢) = (¢'(t), ..., ¢"(t)). We
denote by

V(&) +0v(t) = (¢'(t) + 3¢ (¢), ... " (t) + 3" (1))

a variation of 7. The assumption that the endpoints are fixed implies that

5q'(a) = ... = 6¢"(a) = 0 and 0¢*(b) = ... = 5¢"(b) = 0.
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Moreover, we have

S0 1), 0" (0) = 53(1) = S (0) + 53(0)) — 3(0) = (00 (), .. 5" (1)
i)
In other words,
6q2()—%(5q() fori =1

Hence,
oLl = / (J ng ,---,q"(t))qi(t)dj(t)) di

The

_ / 2,3 gl (), ...,qn<t>>q'p<t>q'q<t>) (62 gij<q1<t>,...,q”<t>>q'i<t>q'j<t>> dt

\ -1

b I n
= / 2\ Z JpgGP Gl Z <29qu 5¢7 + Z gl] 'j> dt

3,j=1 1,7=1

-1

—1
g0 | 00 = | 2, D gpePd a,§5q §'q’
= ij=1 i k=1
-1
— 9gij
Z Ipq PG > 5 —L5q" i
3,j=1 i.5.k=1 q

The boundary term vanishes because d¢'(a) = d¢*(b) for i = 1,...,n. Hence,




The requirement that ~ is a critical point of L with respect to all variations of ~
vanishing at the endpoints implies that the integrand must vanish. Hence, we get a
differential equations

This equation takes a very simple form if we assume that the curve v is parametrized
by its arc-length which we denote by

ds "
= = | 2o (@ (®), - (D) (O (1)
ij=1
In particular,
O T
4 Jij ds ds
2,7=1

Hence,

“~ g’ dgy; dq’ dg’
_Z . 6
[Zg’k ] jZ_ aqk ds ds =0 ( )

Let (¢”7) be a symmetric matrix such that

> 9795 = 0.
j=1



The collection (¢¥) gives components of a contravariant symmetric 2-tensor called
the contravariant metric tensor associated to the metric g. We can rewrite eqauation
(6) as follows.

—~ dg’ dgy; dg’ dg’
ds [z:: Ik s ] Z gk ds ds

B " 8glk dq' d¢’ 0gi; dq dqﬂ
N Zglk + Z oxi ds ds Z gk ds ds

7 _]—
d*¢ 1 9gir | Ogjr  9gij | dq' d¢’
= ; - c = 0.
ngcﬂ zz<axj+8’ a¢" ) ds ds
Contracting with ¢* we get

d?q l-I— 1 &~ (agik +89jk B 891']') ﬂ@:
’L]k‘].

ds? oxi  Odx*  OqgF ) ds ds

The quantities

RS g9k | Ogjk  0Ogij

rlo— = Ik i ik _ 995

U2 ; g <0x3 T o gk
are called the Christoffel symbols (of the second type) corresponding to the metric g.
It should be noted that the Christoffel symbols I'; do not define a tensor on M. The

equation of geodesics corresponding to the metric g are

d?q - dq* dg’
|
ds? + — Y ds ds

2?]:

=0.

3 Linear connection.

We have no natural way of comparing vectors at different points of a manifold. Hence,
if we want to write expressions involving derivatives of vector fields we need to intro-
duce the notion of a linear connection on M.

Definition 7 A linear connection on M is defined by a bilinear mapping
V:X(M)xX(M)—X(M):(X,)Y)— VxY

such that
Vny:vaY and Vx<fY) = (X(f))Y—i-vaY (7)

for every f € C(M).



The vector field VY is called the covariant derivative of Y in the direction of X.
The appearance of the derivative of f on the right hand side of equation (7) shows
that V is not a tensorial quantity.

Proposition 8 The map
O:X(M)xX(M)—X(M): (X,)Y)— VxY —VyX — [X,|Y]
s an antisymmetric covariant 2-tensor on M.

Proof. Clearly, © is bilinear and antisymmetric. For every f € C*°(M),

O(fX)Y) = VixY = VyfX - [fX.Y]=fVxY — (Y(f)X — fVyX — fIX,Y]+Y(f)X
— fO(X,Y).

Hence, © is a covariant 2-tensor. m

The 2-tensor O is called the torsion of the connection V. A connection V such
that © = 0 is called symmetric or torsion-free.

Given a linear connection V on M we can define covariant derivatives of any
tensorial quantities by requirement that the covariant derivative preserves the eval-
uation. In particular, if w is a 1-form on M, then Vxw is a 1-form defined by the
condition that

X(w(Y)) = (Vxw)(Y) + w(VxY)

for every Y € X(M). Hence,
(Vxw)(Y)=X(w()) —w({(VxY) VY € X(M).

Extensions to multi-tensors is given by multi-linearity. In particular, if ¢ is a metric
on M, then

(Vxg)(Y1,Ys) = X(g(Y1,Y2)) — 9(VxY1,Y2) — g(Y1, VxYa). (8a)

In order to describe the linear connection V in terms of a chart with coordi-
nates ¢!, ..., ¢", it suffices to exibit the covariant derivatives of the basic vector fields

0 e
3T B Let

0 =, 0
vaiq%a_quzcz]a_qk

k=1



The functions C}; are called the connection coefficients. If X = Y% X' 8‘2-

Y =30, Y then

ViV = Vo (Z Yja—qj)

It follows that
k kN iy
@(X7 Y) = Z(Cij - Cji)X Y]_k
ivgik
In other words, the components of the torsion tensor are given by

k _ ik k

Suppose V is a symmetric connection. That is C’i’“j = C’J’% in every coordinate
system. We want to compute the covariant derivative of the metric tensor g =

ZZ]-ZI gijdq'd¢’ . Equation (8a) with X = 5 DY, = qj gives .
o 0
(Vs = (V0550
0 N, 0 0 0 <~ 0

B W(sz) - g(lX: Ckima 8_qi> - g(ﬁ_qi’ ;ija_ql)

= ag” Z Cllmglj Z Cllc]gzl

Theorem 9 Let g be a Riemannian metric on M. There exists a unique symmetric
linear connection V on M such that Vg = 0.

Proof. Vg = 0 implies that

ag” Z Ck:zgl] Z ijgzl = 0.




Using the symmetry of ij, we can write

G . ! - !
D - Z Cjiglk - Z ijgil = 0,

=1

8% ZC}WQU Z Lo = 0.

Hence,

0gir ~ Og;j 09gij & & &
S = S Clany+ Y Chou+ 3 G+ Y- Chygu =D Clay ~ Y- Ch
=1 =1 =1

= Z jgkl

Contracting with ¢*™ we get

<=~ (0gs Ogri 0g;;
cn == - 4 J _ J ) =,
v ; ( OqJ gt oqgF Y

Remark 10 Remark that the connection coefficients given above are precisely the
Chtistoffel symbols obtained when we considered the equation of geodesics. The con-
nection defined here is called the Levi-Chivitta connection of the Riemannian metric

g.
Let V be a linear connection on M and 7 : [a,b] — M a curve in M. Consider a
curve 7 : [a,b] — T'M such that 7(%(t)) = y(t). We say that the curve 4 in T'M covers

7. For each t € [a,b], we have a vector 7(t) attached v(t) € M. We can compute
Viw¥(t). In terms of coordinates ¢', ..., ¢" in M, v(t) = (¢*(t), ..., ¢"(t)), and

Zzui(t) Zq

V’ ~ t — V noo J t)—
'y(t)f}/( ) <Zz 14* ( 8 ) ;u ( )aq]

duJ
— J
j:1 dt +unva?z 8q3
duﬂ
_ z ] k
R 89+Z Pwak'
Jj=1 1,5,k=1



Definition 11 If Vi»(t) = 0 for all t € [a,b], we say that the curve J(t) gives the
parallel transport along the curve t — ~y(t) of the vector Y(a) € T q) M.

Consider now the equation of geodesics Lt > Fﬁj %‘i ‘g 0. In this case

we take ¥ = 7, and parametrize the curve ~ by arc-length s. Therefore,
. 4 — -1 ] k
Vi i(s) = Z ds aqg T Z Fwa ke
j=1 i,5,k=1
Therefore the equation of geodesics is equivalent to
Viy(s) = 0.

In other words, a curve t — (t) is a geodesics if its tangent vector (t) is parallely
transported along ~.

4 Curvature

The operators Vx and Vy need not commute even if the vector fields X and Y
commute. Consider the map

R:(X(M))* = X(M): (X,Y,Z) = R(X,Y,Z) = Vx(Vy(2))-Vy(Vx(Z))-Vixy Z
(9)

Proposition 12 R is a covariant 3-tensor field with values in X(M). In other words,
R is a mized tensor field of type (3,1).

Proof. We need to show that, for each X, Y, Z in X(M) and fi, fo, f3 € C®°(M),

Viux(Vay(f32)=Viy(Vax(2)=Vipx.pn 32 = fifafs (Vy(VxZ) = Vx(VyZ) —

We consider each factor separately.

Vix(Vy(Z)) = Vy(Vx(Z2)) = VipxynZ

[iVx(Vy(2)) = Vy(iVx(Z)) = Vi y-vimxZ
= [Vx(Vy(2)) = (Vv (Vx(Z2)) =Y ([I)VxZ — iVixy + Y (1)) VxZ
[ (Vy(VxZ)=Vx(VyZ) - [X,Y]Z).

By symmetry we have
Vx(Viy(Z2)=Viy(Vx(2) = VixpvZ = f(Vy(VxZ) = Vx(VyZ) - [X,Y]Z).

Finally
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Vx(Vy(f32)) = Vy(Vx(fsZ)) = VixyfsZ

= Vx(fsVy(2) +Y(f3)Z) = Vy(fsVx(Z2) + X(f3)Z) — [sVixy)Z — [ X,Y](f3)Z

= [Vx(Vy(2)+ X()VyZ + Y (f3)VxZ + X(Y(f3) — 5Vy(Vx(2)) =Y (fs)VxZ +
—Y(X(f3))Z — X (f3)VyZ — fsVxy1Z — [X,Y]|(f3s)Z

= f3s(Vy(VxZ) - Vx(VyZ) - [X,Y]Z).

Definition 13 The tensor field R defined in equation (9) is called the Riemann ten-
sor of the Levi-Civita connection of the metric g.

A Riemannian manifold (M, g) of dimension n is said to be flat if there is a
diffeomorphism ¢ of M onto an open subset of R™ such that

@ grn = g. (10)

Equation (10) mean that

g(u,v) = grn(To(u), Te(v))

for every x € M and u,v € T, M.

We say that (M, g) is locally flat if, for every x € M there is a neighbourhood U
of & such that the restriction g, of the metric g to U is flat. Thus, (M, g) is locally
flat if, for each x € M, there is a chart ¢ : U — V', where U is a neighbourhood of
x in M and V is an open set in R", such that the components of the metric in this

chart are ¢
B _f Tifi=y
9”‘_5”_{ 0ifij

Theorem 14 A Riemannian manifold is locally flat if and only if the Riemann tensor
vanishes identically.

Proof. See Mike Spivak, Differential Geometry, vol 2, Chapter 4, Theorem 13. m

Problem 15 Find the Riemann tensor of the 2-sphere of radius r
S”2‘ = {(l'ay,z) S R3 ‘ I2+y2+22 :T2}

with metric g obtained as the pull-back of the Fuclidean metric ggs by the inclusion
map S? — R3.
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