
THE URYSOHN SPHERE IS OSCILLATION STABLE.
L. NGUYEN VAN TH�E AND N. W. SAUER

Abstract. We solve the oscillation stability problem for the Urysohn sphere,an analog of the distortion problem for `2 in the context of the Urysohn spaceU. This is achieved by solving a purely combinatorial problem involving afamily of countable homogeneous metric spaces with �nitely many distances.

1. Introduction.
This note can be seen as the continuation of the paper [11] where a combinatorialapproach is proposed for an analog of the distortion problem for `2. This latterproblem can be formulated as follows: Let S1 denote the unit sphere of the Hilbertspace `2. Is it true that if " > 0 and f : S1 �! R is bounded and uniformlycontinuous, then there is a closed in�nite-dimensional subspace V of `2 such that

supfjf(x)� f(y)j : x; y 2 V \ S1g < "?
Equivalently, for a metric space X = (X; dX), a subset Y � X and " > 0, let

(Y )" = fx 2 X : 9y 2 Y dX(x; y) 6 "g:
Then the distortion problem for `2 asks: Given a �nite partition 
 of S1, is therealways A 2 
 such that (A)" includes an isometric copy of S1? That problemappeared in the early seventies when Milman's work led to the following reformu-lation of Dvoretzky's theorem: for N 2 ! strictly positive, let SN denote the unitsphere of the (N + 1)-dimensional Euclidean space. Then:
Theorem (Milman [12]). Let 
 be a �nite partition of S1. Then for every " > 0and every N 2 !, there is A 2 
 and an isometric copy eSN of SN in S1 such thateSN � (A)".

In that context, the distortion problem for `2 really asks whether this result hasan in�nite dimensional analog. It is only a long time after Milman's theorem wasestablished that the distortion problem for `2 was solved by Odell and Schlumprechtin [14]:
Theorem (Odell-Schlumprecht [14]). There is a �nite partition 
 of S1 and " > 0such that no (A)" for A 2 
 includes an isometric copy of S1.

This result is traditionally stated in terms of the Banach space theoretic conceptof oscillation stability, but can also be stated thanks to a new concept of oscillation
Date: April, 2007.2000 Mathematics Subject Classi�cation. Primary: 22F05. Secondary: 03E02, 05C55, 05D10,22A05, 51F99.
Key words and phrases. Topological groups actions, Oscillation stability, Ramsey theory, Met-ric geometry, Urysohn metric space. 1



stability for topological groups due to Kechris, Pestov and Todorcevic and intro-duced in [8] (cf [16] for a detailed exposition). In this latter formalism, the theoremof Odell and Schlumprecht is equivalent to the fact that the standard action ofiso(S1) on S1 is not oscillation stable. On the other hand, in the context of isom-etry groups of complete separable homogeneous metric spaces, oscillation stabilityfor topological groups coincides with the Ramsey-theoretic concept of approximateindivisibility. Recall that a metric space is called homogeneous (or sometimes ul-trahomogeneous) when every isometry between �nite metric subspaces of X canbe extended to an isometry of X onto itself. For " > 0, call a metric space X"-indivisible when for every strictly positive k 2 ! and every � : X �! k, there isi < k and eX � X isometric to X such thateX � ( �� fig)":Then X is approximately indivisible when X is "-indivisible for every " > 0, and Xis indivisible when X is 0-indivisible.Using this terminology, the theorem of Odell and Schlumprecht states that thesphere S1 is not approximately indivisible. However, because the proof is not basedon the intrinsic geometry of `2, the impression somehow persists that somethingis still missing in our understanding of the metric structure of S1. That fact wasone of the motivations for [11] as well as for the present paper: our hope is thatunderstanding the indivisibility problem for another remarkable space, namely theUrysohn sphere S, will help to reach a better grasp of S1. The space S is de�nedas follows: Up to isometry, it is the unique complete separable homogeneous metricspace with diameter 1 into which every separable metric space with diameter lessor equal to 1 embeds isometrically. Equivalently, it is also the sphere of radius 1=2in the so-called universal Urysohn space U constructed in 1927 by Urysohn.Apart from the fact that both S1 and S are complete, separable and homoge-neous, the study of S is believed to be relevant for the distortion problem for `2because, from a Ramsey-theoretic point of view, the spaces S1 and S behave in avery similar way. For example, the following analog of Milman's theorem holds forS:
Theorem (Pestov [15]). Let 
 be a �nite partition of S. Then for every " > 0 andevery compact K � S, there is A 2 
 and an isometric copy eK of K in S such thateK � (A)".

In fact, since the work of Gromov and Milman [7] and of Pestov [15], it is knownthat this analogy is only the most elementary form of a very general Ramsey-theoretic theorem. It is also known that this latter result has a very elegant refor-mulation at the level of the surjective isometry groups iso(S1) and iso(S) (seen astopological groups when equipped with the pointwise convergence topology). Calla topological group G extremely amenable when every continuous action of G on acompact space admits a �xed point. Then on the one hand:
Theorem (Gromov-Milman [7]). The group iso(S1) is extremely amenable.

While on the other hand:
Theorem (Pestov [15]). The group iso(S) is extremely amenable.

Actually, even more is known as both iso(S1) and iso(S) are known to satisfythe so-called L�evy property (cf L�evy [10] for iso(S1) and Pestov [17] for iso(S)), a2



property shown to be stronger than extreme amenability by Gromov and Milmanin [7]. In this note, we prove that:
Theorem 1. The Urysohn sphere S is approximately indivisible.

In other words, for every �nite partition 
 of S and " > 0, there is A 2 
 such that(A)" includes an isometric copy of S. Or equivalently, in terms of oscillation stabilityfor topological groups, the standard action of iso(S) on S is oscillation stable.Theorem 1 therefore exhibits an essential Ramsey-theoretic distinction between S1and S. At the level of iso(S1) and iso(S), it highlights a deep topological di�erencewhich, for the reasons mentioned previously, was not at all apparent until now.Our proof here is combinatorial and rests on a discretization method largelyinspired from the proof by Gowers in [6] of the stabilization theorem for the positivesphere of c0. More precisely, it builds on the following result proved in [11] andinvolving a family (Um)m>1 of countable metric spaces. For m > 1, the space Umis de�ned as follows: up to isometry it is the unique countable homogeneous metricspace with distances in f1; : : : ;mg into which every countable metric space withdistances in f1; : : : ;mg embeds isometrically. Then:
Theorem (Lopez-Abad - Nguyen Van Th�e [11]). The following are equivalent:(i) S is oscillation stable (equivalently, approximately indivisible).(ii) For every strictly positive m 2 !, Um is indivisible.

For an explanation as of why the spaces Um are relevant, see [11] or [13]. In thepresent paper, we show that:
Theorem 2. Let m 2 !, m > 1. Then Um is indivisible.

The basic methods used in the proof of our results have been developed in thesequence of papers [2], [3], [19], [4], [20] dealing with partition results of so-calledcountable homogeneous structures with free amalgamation. However, because thespaces Um do not enter the framework provided by free amalgamation, substantialmodi�cations were needed to prove Theorem 2.The paper is organized as follows. Section 2 corresponds to a short presentationof the partition theory of countable homogeneous structures with free amalgama-tion. In section 3, the essential ingredients, the main technical results (Lemma 2and Lemma 3) as well as the general outline of the proof of Theorem 2 are presented.Finally, the proof of Lemma 2 is presented in section 4.
2. Partition theory of countable homogeneous structures with freeamalgamation.
In this section, we present a brief outline of the general theory on which the proofof Theorem 2 is based. For the unde�ned notions and for a general introduction tothe partition theory of countable homogeneous structures see [18]. As mentionedin the introduction, the essential techniques were developed in a series of papersdealing with vertex partition results of countable homogeneous structures with freeamalgamation starting with [2] (The partition theory for sets of substructures otherthan vertices is much more complicated, see [9] and [21]). In [3] it is proven that if acountable homogeneous structure is indivisible then the stabilizers of �nite subsetsform a chain, which in the binary case is a chain under embedding. This then led to[19] in which it is shown, in the case of directed graphs, that if the partial order of3



the stabilizers is �nite then the Ramsey degree is equal to its maximal antichain. In[4] the �niteness condition was removed in the case that the partial order is a chain.[20] contains the most general result from which it follows that the Ramsey degreeof a binary countable homogeneous structure with free amalgamation is equal tothe size of the maximal antichain of the partial order of �nite set stabilizers underembedding if this partial order is �nite. Hence if this partial order is a chain thenthe homogeneous structure is indivisible.It is not di�cult to see that in the case of metric spaces the partial order ofstabilizers of �nite subsets forms a chain under isometric embedding and if m 6 3that Um has free amalgamation. Hence it follows from [20] and actually also from[19], with a not too di�cult modi�cation of the proof, that if m 6 3 then Umis indivisible. This allowed to prove that S is 1=6-indivisible in [11]. However, ifm > 3 then Um has strong amalgamation but not free amalgamation. This factcomplicates the situation considerably and requires some more elaborate argumentsat some stages of the proof showing that the metric spaces Um are indivisible.
3. Notations and definitions.

In this section, we present the notions and objects that will play a central rolethroughout the paper.
3.1. Kat�etov maps and orbits. Given a metric space X = (X; dX), a mapf : X �!]0;+1[ is Kat�etov over X when

8x; y 2 X; jf(x)� f(y)j 6 dX(x; y) 6 f(x) + f(y):
Equivalently, one can extend the metric dX to X [ ffg by de�ning, for every x; yin X, cdX(x; f) = f(x) and cdX(x; y) = dX(x; y). The corresponding metric space isthen written X [ ffg. The set of all Kat�etov maps over X is written E(X). Fora metric subspace X of Y, a Kat�etov map f 2 E(X) and a point y 2 Y, then yrealizes f over X if 8x 2 X dY(y; x) = f(x):The set of all y 2 Y realizing f over X is then written O(f;Y) and is called theorbit of f in Y. When Y is clear from the context, the set O(f;Y) is simplywritten O(f). Here, the concepts of Kat�etov map and orbit are relevant becauseof the following standard reformulation of the notion of homogeneity, which will beused extensively in the sequel:
Lemma 1. Let X be a countable metric space. Then X is homogeneous i� forevery �nite subspace F � X and every Kat�etov map f over F, if F [ ffg embedsinto X, then O(f;X) 6= ;.

For a proof of that fact in the general context of relational structures, see forexample [5]. For a proof in the particular context of metric spaces, see [13].
3.2. P and  i. For metric spaces X, Y and Z, write X �= Y if there is an isometryfrom X onto Y and de�ne the set �ZX� as�ZX

� = feX � Z : eX �= Xg:
Let q be a �xed strictly positive integer and � : Uq �! f0; 1g.4



De�nition 1. The set P is the set of all ordered pairs of the form p = (fp;Cp)where(i) Cp 2 �Uq
Uq

�.(ii) fp is a map with �nite domain domfp � Cp and with values in f1; : : : ; qg.(iii) fp 2 E(domfp), ie fp is Kat�etov on its domain.The set P is partially ordered by the relation 6 de�ned by
8p; r 2 P r 6 p$ (domfp � domfr � Cr � Cp and fr �domfp = fp) :Finally, if k 2 !, then r 6k p stands for

r 6 p and min fr = max(min fp � k; 1):Observe that if p 2 P, then the homogeneity ofUq ensures that the set O(fp;Cp)is not empty. Observe also that there is r 2 P such that r 61 p.De�nition 2. Let i 2 f0; 1g, p 2 P. The formula  i(p) is de�ned recursively by:If min fp = 1, then  i(p) holds i�
8r 60 p jO(fr) \Cr \ �� figj = @0:If min fp > 1, then  i(p) holds i�

8r 60 p 9s 61 r  i(s):The idea behind the de�nition of  i is that if  i(p) holds, then inside Cp themap � should take the value i on a substantial part of the orbit of fp. This intuitionis made precise by the following Lemma 2:
Lemma 2. Let m; q 2 ! with q > m and i 2 f0; 1g. Let f be a Kat�etov mapwith �nite domain domf � Uq, and F � domf such that min f �F = min f = m.Assume that  i(f;Uq). Then there exists an isometric copy C of Uq inside Uqsuch that:(i) domf \C = F .(ii) O(f �F ) \C = O(f) \C �  �� fig.

In words, Lemma 2 means that up to a change of the ambient space, it is possibleto ensure that the whole orbit of f has color i. The requirement min f � F =min f guarantees that the orbit of f in the new ambient space has the same metricstructure as the orbit of f in the original space. The proof of Lemma 2 representsthe core of the proof of Theorem 2 and is detailed in section 4. The second crucialfact about P and  i lies in:Lemma 3. Let p 2 P be such that : i(p). Then there is r 60 p such that  1�i(r)holds.
Proof. We proceed by induction on min fp. If min fq = 1, then there is r 60 p suchthat jO(fr) \Cr \ �� figj < @0:It is then clear that  1�i(r) holds. On the other hand, if min fp > 1, then there isr 60 p such that 8s 61 r : i(s):We claim that  1�i(r) holds: Let s 60 r. We want to �nd t 61 s such that 1�i(t) holds. Let u 61 s. Then u 61 r and it follows that : i(u). By inductionhypothesis, since min fu < min fr = min fq there is t 60 u such that  1�i(t) holds.Additionnally t 61 s. Thus t is as required. �5



When combined, Lemma 2 and Lemma 3 lead to Theorem 2 as follows: Takem = q. According to Lemma 3, there are i 2 f0; 1g and f Kat�etov with �nitedomain domf � Uq and min f = q such that  i(f;Uq). Applying Lemma 2 forF = ;, we obtain a copy C of Uq inside Uq such that domf � C and O(f) \C � �� fig. Observe that O(f) \C is isometric to Uq. �
The remaining part of this article is therefore devoted to a proof of Lemma 2.

4. Proof of Lemma 2.
From now on, the integer q is a �xed strictly positive integer and � : Uq �!f0; 1g. We proceed by induction on m and prove that for every strictly positivem 2 ! with m 6 q the following statement Hm holds:Hm : "For every Kat�etov map f with �nite domain domf � Uq, every F �domf such that min f � F = min f = m and every i 2 f0; 1g, if  i(f;Uq) holds,then there exists an isometric copy C of Uq inside Uq such that:
(i) domf \C = F .(ii) O(f �F ) \C = O(f) \C �  �� fig."

4.1. Proof of Lemma 2 for m = 1. The idea is to obtain C by reconstitutingan isometric copy of Uq around O(f) \  �� fig. This is achieved by consideringan enumeration fxn : n 2 !g of Uq admitting F as an initial segment, and byconstructing f'(xn) : n 2 !g inductively such that ' is distance preserving. Ateach step, we make sure that if xn realizes f � F over F , then '(xn) realizes fover domf and is such that �('(xn)) = i. Thus, even though at the end of theconstruction domf will not be entirely included in C, we will still need to havecontrol of the distances of the elements of C with respect to those of the wholedomain of f , and not only F = domf \ C. When xn realizes f � F over F , thisis not a problem as f tells us what the distances between '(xn) and the elementsof domf r F should be. However, if xn does not realize f � F over F , then fseems to provide no information of that sort. Still, we need to make sure that thedistances that '(xn) takes with respect to the elements of domf rF will not blockus at a later stage of the construction. This issue is solved thanks to the followingpreliminary construction:Let Y and Z be the metric subspaces of Uq supported by domf [ O(f) andF [ O(f �F ) respectively. Let i0 : Z �! Uq be the isometric embedding providedby the identity. Observe that because min f�F = min f , the space Z is isometric toF [O(f) via an isometry � that �xes F . We can therefore consider the metric spaceW obtained by gluingUq and Y via an identi�cation of Z � Uq and F [O(f) � Y.The spaceW really looks likeUq with an extra piece isometric to domfrF stickingout of it.Formally, the space W can be constructed as follows: The isometry � providesan isometric embedding j0 : Z �! Y that �xes F . Using strong amalgamation forcountable metric spaces with distances in f1; : : : ; qg, we can �nd a countable metricspace W and isometric embeddings i1 : Uq �! W and j1 : Y �! W such thati1 � i0 = j1 � j0, W = i001Uq [ j001Y, i001Uq \ j001Y = (i1 � i0)00Z = (j1 � j0)00Z, and for6



every x 2 Uq and y 2 Y:
dW(i1(x); j1(y)) = minfdW(i1(x); i1 � i0(z)) + dW(j1 � j0(z); j1(y)) : z 2 Zg= minfdUq (x; i0(z)) + dY(j0(z); y) : z 2 Zg= minfdUq (x; z) + dY(j0(z); y) : z 2 Zg:Observe that in W, every x 2 i001Uq realizing f � F over i001F also realizes f overj001 domf .

F
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O(f �F )

domf �F O(f)
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Using W, we show how C can be constructed inductively: Consider an enumer-ation fxn : n 2 !g of i001Uq admitting i001F as an initial segment. Assume that thepoints '(x0); : : : ; '(xn) are constructed so that the map ' is an isometry, dom' �i001Uq, ran' � Uq, '(i1(x)) = x whenever x 2 F , dUq ('(xk); z) = dW(xk; j1(z))whenever z 2 domf and k 6 n, and '(xk) 2  �� fig whenever '(xk) realizes f overF .We want to construct '(xn+1). Consider the map h de�ned on f'(xk) : k 6ng [ domf by: � 8k 6 n h('(xk)) = dW(xk; xn+1);8z 2 domf h(z) = dW(j1(z); xn+1):Observe that the metric subspace of W given by fxk : k 6 n + 1g [ j001 domfwitnesses that h is Kat�etov. It follows that the set H of all y 2 Uq realizingh over f'(xk) : k 6 ng [ domf is not empty and '(xn+1) can be chosen in H.Additionnally, observe that if h � F = f � F , then h � domf = f . The fact that i(f;Uq) holds then guarantees that h can be realized by a point in �� fig. We cantherefore choose '(xn+1) to be one of those points. After ! steps, the subspace Cof Uq supported by f'(xn) : n 2 !g is as required. This �nishes the proof in thecase m = 1. �
4.2. Induction step. Assume that Lemma 2 holds up to m�1 > 1. We are goingto show that it also holds for m. We start with an observation related to the metricspace W constructed in the previous subsection. First, note that if h and g areKat�etov over F and x 2 Uq realizing g over F , then

minfdUq (x; z) : z 2 O(h)g = minfjg(w)� h(w)j : w 2 Fg (�):7



Let then y 2 domf . It turns out that when x 2 Uq, the equation (�) can be used toprovide an explicit computation of dW(i1(x); j1(y)) in terms of g. This is achievedby going back to the de�nition of dW(i1(x); j1(y)) and by breaking the evaluation ofthe minimum over Z by two evaluations, over F and O(f �F ) respectively. Observethen that for z 2 F , � dUq (x; z) = g(z)dUq (j0(z); y) = dY(z; y):On the other hand, if z 2 O(f �F ), then
dUq (j0(z); y) = f(y):

It follows that dW(i1(x); j1(y)) is actually equal to
min �minfg(z) + dY(z; y) : z 2 Fg; f(y) + minfdUq (x; z) : z 2 O(f �F )g� :

Applying the equation (�) to f �F = h, this quantity can be written
min �minfg(z) + dY(z; y) : z 2 Fg; f(y) + minfjg(w)� h(w)j : w 2 Fg� :

Thus, the distance dW(i1(x); j1(y)) does not depend on the particular point x thatwe chose to realize g, and we can denote it by g�(y). More generally, given a �nitesubspace X of Uq such that X \ domf = X \ F , this property provides a wayto extend every g 2 E(X) to g� de�ned and Kat�etov over X� := X [ domf . Inparticular, it follows that (f�F )� = f and if g�F = f�F , then g� extends f . Observethat in that latter case, min g� = min g. Now we turn to the proof of Lemma 2 form. The required copy C is constructed inductively thanks to the following lemma.Recall that for a metric subspace X of Uq and " > 0, the set (X)" is de�ned by:
(X)" = fy 2 Uq : 9x 2 X dUq (y; x) 6 "g:

Lemma 4. Let X be a �nite subspace of Uq and A 2 �Uq
Uq

� such that:
(i) X \ domf = F , X� � A.
(ii) (X)m�1 \A \O(f) �  �� fig.(iii) 8g 2 E(X) g �F = f �F !  i(g�;A).

Then for every h 2 E(X), there are B 2 � A
Uq

� and x� 2 B realizing h� over X�
such that:

(i') (X [ fx�g) \ domf = F , X� � B.
(ii') ((X [ fx�g))m�1 \B \O(f) �  �� fig.(iii') 8g 2 E(X [ fx�g) g �F = f �F !  i(g�;B).

Claim 1. Lemma 4 implies Hm, and therefore Lemma 2.
Proof. The required copy of C can be constructed inductively as follows: Fix anenumeration fxn : n 2 !g of Uq such that F = fx0; : : : ; xkg. For every i 6 k,set ~xi = xi. Set also Ak = Uq. To construct ~xk+1, consider hk+1 de�ned onf~x0; : : : ; ~xkg by: 8i 6 k hk+1(~xi) = dUq (xk+1; xi):Then hk+1 is Kat�etov over f~x0; : : : ; ~xkg and Lemma 4 can be applied to the subspaceof Uq supported by f~x0; : : : ; ~xkg, the copy Ak and the Kat�etov map hk+1. Itproduces x� and B, and we set ~xk+1 = x� and Ak+1 = B. In general, assume8



that ~x0; : : : ; ~xl and Ak; : : : ;Al are constructed so that Al and the subspace of Uqsupported by f~x0; : : : ; ~xlg satisfy the hypotheses of Lemma 4. Consider hl+1 de�nedon f~x0; : : : ; ~xlg by: 8i 6 l hl+1(~xi) = dUq (xl+1; xi):Then hl+1 is Kat�etov over f~x0; : : : ; ~xlg, Lemma 4 can be applied to produce x�and B, and we set ~xl+1 = x� and Al+1 = B. After ! steps, we are left withC = f~xn : n 2 !g isometric to Uq, as required. �
The remaining part of this section is consequently devoted to a proof of Lemma 4.First, an observation: If x� and B satisfy the �rst two requirements of Lemma 4,then the third one is automatically satis�ed. Indeed, let g 2 E(X [ fx�g) be suchthat g �F = f �F . If min g > m, then (g�;B) 60 (f;Uq). Since  i(f;Uq) holds, itfollows that  i(g�;B) holds. On the other hand, if min g 6 m � 1, then  i(g�;B)holds since

(O(g�) \B) � �(X [ fx�g)m�1 \B \O(f)� �  �� fig:With this observation in mind, we de�ne
K = f� 2 E(X [ fhg) : ��F = f �F and �(h) 6 m� 1g:

The reason for which K is relevant here lies in the following fact:
Claim 2. Assume that B 2 � A

Uq

� and x� 2 B are such that:
(i) X� � B.(ii) x� realizes h� over X�.(iii) �(x�) = i if h�F = f �F (that is if x� 2 O(f)).(iv) For every � 2 K, every point in B realizing �� over X�[fx�g �= X�[fhgis in  �� fig.Then x� and B satisfy the requirements of Lemma 4.

Proof. Let y 2 (X [ fx�g)m�1 \ B \ O(f). We need to prove that �(y) = i. Ify 2 (X)m�1, then y is actually in (X)m�1 \A \ O(f) �  �� fig and we are done.Otherwise, y 2 (fx�g)m�1. If y = x�, there is nothing to do: Since y is in O(f), sois x�. Thus, by hypothesis, �(x�) = i, that is �(y) = i. Otherwise, let � be de�nedon X [ fhg by
�(z) = � dUq (z; y) if z 2 X,dUq (x�; y) if z = h.One can then check that � is in K: First, the metric space X [ fx�; yg witnessesthat � is Kat�etov over X [ fhg. Next, y 2 O(f) hence � � F = f � F . Finally,�(h) = dUq (x�; y) 6 m � 1 since y 2 (fx�g)m�1. Observe that y realizes �� overX� [ fx�g: This is so because y realizes both � over X [ fx�g and f over domf .According to the hypotheses of the claim, it follows that y is in  �� fig. �

The strategy to construct B and x� is the following one. Let f�� : � < jKjg bean enumeration of K so that the sequence (��(h))�<jKj is nondecreasing. We �rstconstruct (x�)�<jKj and (D�)�<jKj so that for every � < � < jKj:(i) x� 2 D�.(ii) X� � D�.(iii) x� realizes h� over X�.(iv) Every point in D� realizing �� over X� [ fx�g �= X� [ fh�g is in  �� fig.9



The details of this construction are provided in section 4.3. Once this is done,call x0 = xjKj�1, B0 = DjKj�1. The point x0 and the copy B0 are almost as requiredexcept that �(x0) may not be i. If h�F 6= f �F , this is not a problem and settingx� = x0 and B = B0 works. On the other hand, if h �F = f �F , then some extrawork is required and we proceed as follows.Pick x� 2 B0 such that dUq (x; x0) = 1. We are going to construct B 2 �B0Uq

�
so that that (X� [ fx0; x�g) \ B = X� [ fx�g and for every � 2 K, every pointin B realizing �� over X� [ fx�g will realize �� over X� [ fx0g. Here is how B isconstructed:Recall that for � 2 K, O(��) denotes the set of all elements of B0 realizing�� over X� [ fx�g. Let H(��) be the set of all elements of B0 realizing �� bothover X� [ fx�g and X� [ fx0g, let Z be the metric subspace of B0 supported byX� [ fx�g [ SfO(��) : � 2 Kg, let i0 : Z �! Uq be the isometric embeddingprovided by the identity map and let Y be the metric subspace of B0 supportedby X� [ fx�; x0g [SfH(��) : � 2 Kg. One can then check that Z is isometric toYr fx0g via an isometry j0 that �xes X� [ fx�g. From now on, the proof mimicsthe proof that was carried out in subsection 4.1: Using strong amalgamation forcountable metric spaces with distances in f1; : : : ; qg, we can �nd a countable metricspace W and isometric embeddings i1 : Uq �! W and j1 : Y �! W such thati1 � i0 = j1 � j0, W = i001Uq [ j001Y, i001Uq \ j001Y = (i1 � i0)00Z = (j1 � j0)00Z, and forevery x 2 Uq and y 2 Y:

dW(i1(x); j1(y)) = minfdW(i1(x); i1 � i0(z)) + dW(j1 � j0(z); j1(y)) : z 2 Zg= minfdUq (x; i0(z)) + dY(j0(z); y) : z 2 Zg= minfdUq (x; z) + dY(j0(z); y) : z 2 Zg:
Observe that in W, given � 2 K, every x 2 i001Uq realizing �� over i001 (X� [ fx�g)also realizes �� over j001 (X� [ fx0g). Using W, we show how B can be con-structed inductively: Consider an enumeration fxn : n 2 !g of i001Uq admittingi001 (X� [ fx�g) as an initial segment. Assume that the points '(x0); : : : ; '(xn) areconstructed so that:

(i) ' is an isometry.(ii) dom' � i001Uq.(iii) ran' � Uq.(iv) '(i1(x)) = x whenever x 2 X [ fx�g.(v) dUq ('(xk); x0) = dW(xk; j1(x0)) whenever k 6 n.(vi) '(xk) 2  �� fig whenever '(xk) realizes �� over X� [ fx�g.
We want to construct '(xn+1). This is done by considering the map e de�ned onthe set f'(xk) : k 6 ng [ fx0g by:� e('(xk)) = dW(xk; xn+1) whenever k 6 n,e(x0) = dW(j1(x0); xn+1):
Observe that the metric subspace of W given by fxk : k 6 n + 1g [ fj1(x0)gwitnesses that e is Kat�etov. It follows that the set E of all y 2 Uq realizing e overf'(xk) : k 6 ng[fx0g is non empty and '(xn+1) can be chosen in E. Additionnally,observe that if there is � 2 K such that e �X� = �� �X� and e(x) = �(h), thene(x0) = �(h). By construction, the map Kat�etov e can then be realized by a point10



in  �� fig, and we can choose '(xn+1) to be one of those points. After ! steps, thesubspace B of B0 supported by f'(xn) : n 2 !g is as required. �
4.3. Construction of the sequences (x�)�<jKj and (D�)�<jKj. It should beclear that the construction of the sequences (x�)�<jKj and (D�)�<jKj can be carriedout if we prove the following lemma:
Lemma 5. Let F � K and D 2 �Uq

Uq

� be such that X� � D. Assume that u 2 Drealizes h� over X� and is such that for every � 2 F , every point in D realizing ��over X� [ fug �= X� [ fh�g is in  �� fig. Let s 2 K r F be such that
8� 2 K �(h) > s(h)! � 2 F :

Then there are E 2 �D
Uq

� and v 2 E\ �� fig realizing h� over X� such that X� � Eand for every � 2 F [fsg, every point in E realizing �� over X�[fvg �= X�[fh�gis in  �� fig.
Proof. We start with the case where s(h) > min s �X. The map s being in K,s(h) 6 m� 1 and so min s�X 6 m� 1. Then, from (ii),

O(s�X) \D � �(X)m�1 \D \O(f)� �  �� fig:Observe now that every point in D realizing s� over X� [ fug is in O(s �X) \D.Thus, according to the previous inclusion, any such point is also in  �� fig. So infact, there is nothing to do: v = u and E = D works.From now on, we consequently suppose that s(h) < min s�X. Let s1 be de�nedon X [ fug by
s1(x) = � s(x) if x 2 X,s(h) + 1 if x = u.

Claim 3. The map s1 is Kat�etov.
Proof. The map s is Kat�etov over X. Hence, it is enough to prove that for everyx 2 X js1(u)� s1(x)j 6 dUq (x; u) 6 s1(u) + s1(x):That is js(h) + 1� s(x)j 6 h(x) 6 s(h) + 1 + s(x):Because s is Kat�etov over X [ fhg, it is enough to prove that

s(h) + 1� s(x) 6 h(x):
But this holds true since s(h) < min s�X. �
Claim 4.  i(s�1;D) holds.Proof. If s(h) = m� 1, then min s1 = m = min f and so (s�1;D) 60 (f;Uq). Since i(f;Uq) holds, so does  i(s�1;D). On the other hand, if s(h) < m�1, then s1 2 Kand it follows from the hypothesis on F that s1 2 F . In particular, every point inD realizing s�1 over X� [ fug is in  �� fig, and it follows that  i(s�1;D) holds. �

Consequently, there is (S2;D2) 61 (s�1;D) such that  i(S2;D2) holds. Observethat if we take s2 to be the restriction of S2 to domS2r (domf r F ), then s�2 = S2.Hence  i(s�2;D2) holds. Pick w 2 O(s�2)\D2, and let s3 be de�ned on doms2[fwgby
s3(x) = � s2(x) if x 2 doms2,s(h) if x = w.11



Claim 5. The map s3 is Kat�etov.
Proof. The map s2 is Kat�etov over doms2 so it is enough to prove that for everyx 2 doms2 js3(w)� s3(x)j 6 dUq (w; x) 6 s3(w) + s3(x):That is js(h)� s2(x)j 6 s2(x) 6 s(h) + s2(x):For that to be satis�ed, it su�ces to prove that

s(h)� s2(x) 6 s2(x):But this is true since
s(h) = min s1 � 1 = min s2 6 s2(x): �

Observe that (s�3;D2) 60 (s�2;D2). Hence  i(s�3;D2) holds. Observe also thatmin s3 = min s3 �X� [ fu;wg = min s 6 m� 1. Thus, one can apply Hmin s insideD2 to s�3 and X�[fu;wg to obtain D3 2 �D2Uq

� such that doms�3\D3 = X�[fu;wgand O(s�3 �X� [ fu;wg) \D3 �  �� fig. Observe that in D3, the point w realizes s�over X�. Consider the map h1 de�ned on X [ fu;wg by
h1(x) =

8<
:

h(x) if x 2 X.1 if x = u.s(h) if x = w.
Claim 6. The map h1 is Kat�etov.
Proof. The metric space (X [ fhg) [ fsg witnesses that h1 �X [ fwg is Kat�etov.Next, h1 �X [ fug is also Kat�etov: Let x 2 X. Then
jh1(x)� h1(u)j = h(x)� 1 6 h(x) = dUq (x; u) 6 h(x) + 1 = h1(x) + h1(u):The only thing we still need to show is therefore

jh1(u)� h1(w)j 6 dUq (u;w) 6 h1(u) + h1(w):But this inequalities hold as they are equivalent to
j1� s(h)j 6 s(h) + 1 6 1 + s(h): �

Let now v 2 D3 realizing h�1 over X�[fu;wg. Let s4 be de�ned on X[fu; v; wgby
s4(x) = � s3(x) if x 2 X [ fu;wg,s(h) if x = v.

Claim 7. The map s4 is Kat�etov.
Proof. The map s4�X[fu;wg is Kat�etov because s3 is, and s4�X[fvg is Kat�etovbecause X[fvg �= X[fhg, the map s is Kat�etov over X[fhg and s4 is essentiallyequal to s on X [ fvg. Therefore, it su�ces to show that

js4(v)� s4(u)j 6 dUq (v; u) 6 s4(v) + s4(u) (1)
js4(v)� s4(w)j 6 dUq (v; w) 6 s4(v) + s4(w) (2)The inequality(1) holds as it is equivalent to
js(h)� (s(h) + 1)j 6 1 6 s(h) + s(h) + 1:

As for (2), it holds as it is equivalent to
js(h)� s(h)j 6 s(h) 6 s(h) + s(h): �12



Observe that (s�4;D3) 60 (s�3;D3) and that consequently  i(s�4;D3) holds. Ob-serve also that min s4 = min s4 �X� [ fu; vg = min s 6 m � 1. Thus, we canapply Hmin s again inside D3 to s�4 and X� [ fu; vg to obtain D4 2 �D3Uq

� such thatdoms�4 \D4 = X� [fu; vg and O(s�4�X� [fu; vg)\D4 �  �� fig. Note that u and vboth realize h� over X�. Note also that if � 2 F , then every point in D4 realizing�� over X� [ fug is in  �� fig.We are now going to construct E 2 �D4Uq

� such that:
(i) (X� [ fu; vg) \E = X� [ fvg.(ii) For every � 2 F , every point in E realizing �� over X� [ fvg realizes ��over X� [ fug.(iii) Every point in E realizing s� over X� [ fvg realizes s�4 over X� [ fu; vg.

For � 2 F [ fsg, denote by O(��) the set of all elements of D3 realizing �� overX� [ fvg. Let Z be the metric subspace of D3 supported by X� [ fvg [SfO(��) :� 2 F [ fsgg. Let g be de�ned on Z by
g(x) =

8>><
>>:

f(x) if x 2 X�,1 if x = v,dUq (x; v) if x 2 O(��) with � 2 F ,dUq (x; v) + 1 if x 2 O(s�).
Claim 8. The map g is Kat�etov.
Proof. On X� [ fvg there is no problem: the metric space X[ fu; vg witnesses thefact that g is Kat�etov. For x; y 2 O(��) and � 2 F [ fsg, there is no problemeither. On the other hand, let x 2 O(s�) and y 2 O(�) for some � 2 F . Then whatwe need is equivalent to��dUq (x; v) + 1� dUq (y; v)�� 6 dUq (x; y) 6 dUq (x; v) + 1� dUq (y; v):
To prove that, it is enough to check that

dUq (x; v) + 1� dUq (y; v) 6 dUq (x; y):
Observe that since x 2 O(s�), dUq (x; v) = s(v). Similarly y 2 O(��) and hencedUq (y; v) = �(v). It then follows from the assumption on F that s(v) 6 �(v).Thus, the left hand side of the inequality is bounded above by 1 and the requiredinequality holds. If x 2 X� and y 2 O(��) for some � 2 F , then we need:

jf(x)� �(v)j 6 f(x) 6 f(x) + �(v):
The right hand side of the inequality clearly holds. As for the left hand side, observethat �(v) 6 m � 1 6 min f . It follows that the left hand side is satis�ed as it isequivalent to f(x)� �(v) 6 f(x):
If x 2 X� and y 2 O(s�), then the inequality we have to prove is the same as theprevious one except that �(v) is replaced by s(v)+1, and the same argument worksbecause s(v) + 1 6 m 6 min f . Finally, we need to check that no problem occurswhen x = v and y 2 O(��) for some � 2 F [ fsg. If � 2 F , there is no problembecause what needs to be proven turns out to be equivalent to:

j1� �(v)j 6 �(v) 6 1 + �(v):13



On the other hand, if � = s, then there is no problem either since what we need tocheck is equivalent to
j1� (s(v) + 1)j 6 s(v) 6 1 + s(v) + 1: �

For � 2 F , denote by J(��) the set of all elements of D3 realizing �� both overX� [ fvg and X� [ fug. Let also J(s�) be the set of all elements in D3 realizings�4 over X� [ fu; vg. Finally, let Y be the metric subspace of D3 supported byX� [ fu; vg [SfJ(��) : � 2 F [ fsgg.
Claim 9. The space Z embeds into Yrfug via an isometry j0 that �xes X�[fvg.
Proof. The embedding j0 is constructed inductively thanks to the metric spaceZ [ fgg. Let fzn : n 2 !g be an enumeration of Z such that fzn : n 6 kg =X� [ fvg. Assume that fj(zn) : n < lg are constructed for some l > k and suchthat j0(zn) 2 Y r fug and dUq (j0(zn); u) = g(zn) for every n 6 l. We would liketo construct j0(zl). Consider the map p de�ned on fj(zn) : n < lg [ fug by� p(j0(zn)) = dZ(zn; zl) whenever n 6 l,p(u) = g(zl):Then the metric subspace of Z[fgg supported by fzn : n < lg[fgg witnesses thatp is Kat�etov over fj(zn) : n < lg [ fug. For j0(zl), pick any point realizing it inD3. Observe then that j0(zl) is in Yr fug. �

Applying once again the technique used in subsection 4.1, we obtain the requiredE. More precisely: Consider i0 : Z �! Uq the identity embedding. Using strongamalgamation for countable metric spaces with distances in f1; : : : ; qg, we can �nd acountable metric spaceW and isometric embeddings i1 : Uq �!W and j1 : Y �!W such that i1�i0 = j1�j0,W = i001Uq[j001Y, i001Uq\j001Y = (i1�i0)00Z = (j1�j0)00Z,and for every x 2 Uq and y 2 Y:
dW(i1(x); j1(y)) = minfdW(i1(x); i1 � i0(z)) + dW(j1 � j0(z); j1(y)) : z 2 Zg= minfdUq (x; i0(z)) + dY(j0(z); y) : z 2 Zg= minfdUq (x; z) + dY(j0(z); y) : z 2 Zg:Observe that in W, given � 2 F , every x 2 i001Uq realizing �� over i001 (X� [ fvg)also realizes �� over j001 (X� [ fug). Observe also that every x 2 i001Uq realizings� over i001 (X� [ fvg) also realizes s�4 over j001 (X� [ fu; vg). Using W, we showhow E can be constructed inductively: Consider an enumeration fxn : n 2 !gof i001Uq admitting i001 (X� [ fvg) as an initial segment. Assume that the points'(x0); : : : ; '(xn) are constructed so that ' is an isometry, dom' � i001Uq, ran' �Uq, '(i1(x)) = x whenever x 2 X [ fvg, dUq ('(xk); u) = dW(xk; j1(u)) wheneverk 6 n, and '(xk) 2  �� fig whenever '(xk) realizes �� over X�[fvg for � 2 F [fsg.We want to construct '(xn+1). Consider the map t de�ned on f'(xk) : k 6 ng[fugby: � t('(xk)) = dW(xk; xn+1) whenever k 6 n,t(u) = dW(j1(u); xn+1):Observe that the metric subspace of W given by fxk : k 6 n + 1g [ fj1(u)gwitnesses that t is Kat�etov. It follows that the set T of all y 2 Uq realizing t overf'(xk) : k 6 ng[fug is not empty and '(xn+1) can be chosen in T . Additionnally,observe that if there is � 2 F such that t �X� = �� �X� and t(v) = �(h), thent(u) = �(h). By construction, the map t can be realized by a point in �� fig, and we14



can choose '(xn+1) to be one of those points. Finally, observe that if t�X� = s��X�
and t(v) = s(h), then t(u) = s4(u) = s(h) + 1. By construction, the map t canbe realized by a point in  �� fig and we can choose '(xn+1) to be one of thosepoints. After ! steps, the subspace E of D3 supported by f'(xn) : n 2 !g is asrequired. �
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