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Abstract In this paper we give an effective method for finding a unique repre-
sentative of each orbit of the adjoint and coadjoint action of the real affine
orthogonal group on its Lie algebra. In both cases there are orbits which have a
modulus that is different from the usual invariants for orthogonal groups. We find
an unexplained bijection between adjoint and coadjoint orbits. As a special case, we
classify the adjoint and coadjoint orbits of the Poincaré group.
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1. Introduction

Let (V,7) be an n-dimensional real vector space with a nondegenerate inner
product 7. The set O(V,7)of real linear maps B of V into itself, which preserve 7,
that is, (Bv, Bw) = 5(v,w) for every v,w € ¥, is a Lie group called the orthogonal
group. Tts Lie algebra o(V,7 ) consists of real linear maps ¢ of ¥ into itself such that
F(év,w) +F(v,éw) = 0 for every v,w € V. For ¢, ny € V the Lie bracket on o(V,7) is
[€,m] = €om — 1o &, where o is the composition of linear maps. The affine orthogonal
group Aff O(V,5) = O(V,5) X Vis the set of real affine orthogonal maps of (V,7)
into itself. More precisely, it is the set O(V,5) x V with group multiplication
(B1,v1)+ (B2,v2) = (B1B2,B1v2 + v1), which is the composition of affine linear maps.
The affine orthogonal group is a Lie group. Its Lie algebra affo(V,5) =
o(V,5) x V has Lie bracket [(&,v1), (&,v2)] = ([€1, 8], &v2 — &v1), where &, &, lie
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in o(V,#). The adjoint action of the affine orthogonal group on its Lie algebra is
defined by

©: (O, x V) x (o(V,5) xV) — oV,5) xV:
((B7 V)7 (§W)) = (B7 V) : (57 W) : (B7 V)71

where - is composition of affine linear maps. A straightforward calculation shows
that o((B,v), (&,w)) = (BEB~Y, —BEB™'v 4 Bw).

One of the goals of this paper is to classify the orbits of the adjoint action of the
affine orthogonal group. In particular, we find a unique representative (= normal
form) for each orbit. The basic technique leans heavily on the idea of an in-
decomposable type introduced by Burgoyne and Cushman [3] to find normal forms
for the adjoint action of any real form of a nonexceptional Lie group. In this method
the emphasis is not on subgroups and subvarieties, but rather on vector spaces with
quadratic forms. (Indeed we learn little about an orbit as a variety. There is ample
room for further work.)

Our aims are rather limited, but still we get results that seem to be new, despite a
widespread belief that all is known on this topic. As explained in Section 2 below, our
affine orthogonal group may be viewed as a subgroup of a slightly larger orthogonal
group O(V, K). We find that the usual eigenvalue and Jordan invariants that classify
the adjoint orbits of this ambient group O(V,K)do not suffice to distinguish the
orbits of the affine orthogonal group. That is why we have to invent a modulus,
which parametrizes families of adjoint orbits, each family being contained in a single
orbit of O(V,K). In our classification of adjoint orbits we use the fact that we are
working over the reals.

Next let us turn to the classification of coadjoint orbits, where one could deal with
any base field of characteristic different from two. Recall that Rawnsley [5] has
described how in principle one can classify the coadjoint orbits by reducing the
problem to a similar problem for a subgroup known as the little subgroup. One should
be careful though, because there is no canonical isomorphism between the little
subgroup as an actual subgroup and your favorite incarnation of the isomorphism
type of the little subgroup as a Lie group. This matters because affine orthogonal
groups are less rigid than ordinary orthogonal groups. In particular, rescaling the
vector part of an affine orthogonal group gives an automorphism that is not inner.
Thus performing the actual classification, as opposed to giving an in principle
classification, needs some care. We do the classification in the style of Burgoyne and
Cushman [3], working with vector spaces instead of subgroups or subvarieties. Again
we encounter an unfamiliar modulus. Surprisingly, once we have found representa-
tives of coadjoint orbits, we see that there is a bijection between the chosen rep-
resentatives for adjoint orbits and those employed for coadjoint orbits. This bijection
preserves “dimension,” “index,” “modulus” and Jordan type. We have no geometric
explanation for it.

We now give an overview of the contents of this paper. In Section 2 we show that
the affine orthogonal group is a subgroup of a larger orthogonal group, which leaves
an isotropic vector v° fixed. Throughout the remainder of the paper we look only at
this isotropy group. In Section 3 we adapt the notion of an indecomposable type to
the case at hand and show that there is a distinguished indecomposable type con-
taining the vector v°. In Section 4 we classify these distinguished indecomposable
types and complete the classification of the adjoint orbits of the affine orthogonal

9
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group. In Section 5 we apply the above theory to find normal forms for the adjoint
orbits of the Poincaré group. In Section 6 we classify the coadjoint orbits of the
affine orthogonal group and in Section 7 we specialize this to the coadjoint orbits of
the Poincaré group.

2. Affine Orthogonal Group

In this section we show that the affine orthogonal group can be realized as an
isotropy subgroup of a larger orthogonal group.

Let 4 be a nondegenerate inner product on a real n-dimensional vector space V.
Let {eq,...,e,} be an orthonormal basis of ¥ such that the matrix of 5 with
respect to this basis is G = diag(—/,,I,), where I,is the r x r identity matrix. Let
O(V,G) be the set of all linear maps Bof Vinto itself which preserve #, that is,

5(Bv,Bw) = 7(v,w)for every v,w € V. Then O(V,G)is a Lie group which is iso-
morphic to O(m,p). On V =R x ¥ x R consider the inner product ~ defined by
F((x,v,y), &V, ) =F(v,v) +x'y + xy. With respect to the basis ¢ = {eg,eq,

.,en,eyp1} of V the matrix of vy is standard, that is, K = ‘;g;}) Note that e, is
a K-isotropic vector of (V,K), that is, K(e,+1,e,41) = 0. Let O(V,K) be the set of all
real linear maps A of V into itself which preserve ~, that is, v(A(x,v,y),
AWV Y)) = (v, 3), (V).

Now consider the isotropy subgroup

O(V,K),,. ={A € O(V,K) | Aeni1 = eni1}

of O(V,K). To give a more explicit description of O(V,K), let A be an in-
vertible real linear map of V into itself such that Ae,.; = e,+1. Suppose that the
matrix of A with respect to the basis e is ('B > Then A= ('B“) because A leaves the
vector e,y fixed. Now A € O(V, K)if and only if K = ATKA, that is,

1 0 0
A= d B 0], (1)
~1d"Gd -d"GB 1

where BTGB = G andd € R". Thus A € O(V,K),, ,if and only if (1) holds. The group
O(V,K),, , is isomorphic to the affine orthogonal group AffO(V,K), which is the
semidirect product X of O(R",G) with R", that is,

O(R",G) MR”:{<; g) € Gl(n+1,R)|B"GB=G, d G]R”}.

Explicitly, the isomorphism is given by

1 0 0 Lo
Oo(V,K), , — OR"" G) x R": d B 0 H(d B).
—4d"Gd —-d"GB 1
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We determine the Lie algebra o(V,K),  of O(V,K),  asfollows. Letv € R" and
X € o(V,G), that is, X'G + GX = 0. Then

1 0 0
t— tv exptX 0=V,
L@w)'Gv) —(v) Gexptx 1
is a curve in O(V,K )em which passes through the identity element at ¢t = 0. Conse-

gueptly, 4 |I:Y0f:( ) is an element of o(V,K), . The Lie bracket [, Jon o(V,K)
is given by

0 0 0 0 0 0
V1 X1 01, v Xz 0
0 —w’G 0) \o —vIG o

where [X1,X;] is the Lie bracket in o(V,G).

€n+1

0 0 0
= Xiv2 — Xovi [X1,X7] 01,

0 —(X1V2—X2V1)TG 0

3. Classification of Adjoint Orbits

To fix notation. Let v° be a nonzero isotropic vector in the real inner product space
(V,7). Let o(V,v),. be the Lie algebra of the affine orthogonal group

O(v7 ’Y)vo = {A S GI(V)\AVO = vo and A*'Y — ,y}
Then Y € o(V, %), if and only if

Yv? =0 and y(Yv,w) + (v, Yw) =0, for all v,w € V.

We begin our classification of the adjoint orbits of the affine orthogonal group
O(V,7),0 on its Lie algebra o(V,v),. by defining the notions of indecomposable type
and indecomposable distinguished type. First we define the notion of a pair. Let W
be a -nondegenerate real vector space. Our vector spaces are always finite di-
mensional. If Y € o(W,~) then (Y, W;~) is a pair.' We say that the pairs (Y, W;~) and
(Y',W';+) are equivalent if there is a bijective real linear map P : W — W’ such that
PY = Y'Pand P*+/ = ~, that is, v/ (Pv, Pw) = vy(v,w) for every v,w € W. Clearly being
equivalent is an equivalence relation on the collection of pairs. An equivalence class
of pairs is a rype, which we denote by A. Given a type A with representative (Y,W;~)
we define the dimension, denoted dim A, of Aby dim W and the index, denoted ind A,
of A by the number of negative eigenvalues of the Gram matrix (y(v;,v;)), where
{vi,...,vaimw} is a basis of W. It is straightforward to check that neither of these
notions depends on the choice of representative of A or on the choice of basis. Let
Y =S+ N be the Jordan decomposition of Y into a semisimple linear map S and a
commuting nilpotent linear map N. Because S and N are polynomials in Y with real
coefficients and Yv° = 0, it follows that Sv° = Nv° = 0.So S,N € o(W,~).. Let hbe
the unique nonnegative integer such that N*W # {0} but N**'W = 0. We call & the
height of the type A and we denote it by Ar(A). It is evident that Az(A) does not
depend of the choice of representative of A. We say that a type A with repre-
sentative (Y, W;~) is uniform if NW = ker N"|W. Let (Y, W;~) represent the type A.

L Our concept of pair is the same as that of [3].
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Suppose that W = W; + W,, where W; are proper, Y-invariant subspaces, which are -
nondegenerate and y orthogonal. Then A is the sum of two types A;, which are
represented by (Y|W;, W;;~|W;). A is indecomposable if it cannot be written as the
sum of two types. From [3, prop. 3, p.343] it follows that an indecomposable type is
uniform. So far the vector v° has not played any role. Therefore the classification of
indecomposable types is given by results in [3].

We now define the notion of a triple, where the vector v° plays an essential role.
(Y,W,v°;~) is a triple if and only if the vector v°is nonzero and ~-isotropic and for
the linear map Y in the pair (Y,W;v)we have Yv° =0. We say that the triple
(Y,W,v°;~) is a nilpotent triple if Y is nilpotent. Two triples (¥Y,W,v°;~) and
(Y',W',(v):v) are equivalent if there is a bijective real linear map P: W — W’
such that Y'P = PY, P*y =+ and Pv° = (+*)'. Clearly being equivalent is an
equivalence relation on the collection of triples. We call an equivalence class of
triples a distinguished type, which we denote by A. Let (Y, W,v°;~) represent the
distinguished type A. If Y is nilpotent, then A is a nilpotent distinguished type.
Suppose that W = W; & W,, where W, are proper, Y-invariant, y-orthogonal, ~-
degenerate subspaces and v° € Wy. Then (Y|Wy,Wy;~v|W1)is a triple whose dis-
tinguished type we write A;. Moreover, let the pair (Y|W,, W,;~|W,) represent the
type A;. In this situation we say that the distinguished type A is the sum of the
distinguished type A; and the type A, and we write A =A; + A,. If A cannot be
written as the sum of a distinguished type and a type, then we say that Ais an
indecomposable distinguished type. In other words, (Y,W,v°;~) represents an in-
decomposable distinguished type if there is no proper, y-nondegenerate, Y-invariant
subspace of W which contains v°. To simplify notation from now on we usually drop
the inner product v in pairs and triples.

The first goal of this paper is to prove

THEOREM 1. Every distinguished type is a sum of an indecomposable
nilpotent distinguished type and a sum of indecomposable types. This decompo-
sition is unique up to a reordering of the summands.

The proof of the theorem will require an understanding of indecomposable
nilpotent distinguished types. Recall the indecomposable types have already been
classified in [3]. The theorem solves the conjugacy class problem for the Lie algebra
o(v,7),0. Indeed distinguished types represented by triples of the form (¥, V,v° ) cor-
respond one to one with orbits of the adjoint action on o(v, ) ..

Before beginning the proof of Theorem 1, we need some additional concepts. Let
A be a distinguished type with representative (Y,W,v°) .We say that A has
distinguished height h, if h is the largest positive integer for which there is a vector
w € W such that Y"w =1°. We denote the distinguished height of A by dht(A).
Because the definition of distinguished height does not involve the inner product ~
and Yv° =0, there is a largest Jordan block of the linear map Y which contains the
vector v°. Moreover, it is of size 4 + 1. Let

w(A) = {y(w,v°) € R| for all w € W such that Y"w =1°}.

2 Let us warn readers, who prefer to work with arbitrary perfect fields of characteristic different
from two, that Theorem 1 fails in such generality because the results of [3] do not carry over.

@ Springer



70 Acta Appl Math (2006) 90: 65-89

We call u(A) the set of parameters of the distinguished type A. Below we will show
that this set is a singleton.
We prove

LEMMA 2. Suppose that A=A + A. Then dht(A) = dht(A") and p(A) = p(a').

Proof. Suppose that (Y, W,v°) is a triple which represents the distinguished type
A and that W =W; & W,, where W; are proper, Y-invariant, y-orthogonal, ~-
nondegenerate subspaces of W with v° € Wy. Say the triple (Y|W1, W1,v°) represents
a distinguished type A’ and the pair (Y|W,, W,) represents the type A. Suppose that
dht(A') = /. Then there is a vector w’ € W; such that Y”w' =v°. Consequently,
dht(A) > K. Since dht(A) = h, there is a vector w € W such that Y"w =1°. But W =
W1 @ W,. So we may write w = wy + w, where w; € W;. Since W; are Y-invariant, we
have v° = Y"w; 4 Y"w, where Y"w; € W,. By construction v° € Wy. Therefore Y"w; =
v°. Consequently i < dht(A') = K. So h = K. Note that dimA > dim A’

Since Wy C W, it follows from the definition of the set of parameters that p(A') C
w(A). Suppose that there is a vector w € W with Y"w = v° such that y(w,v°) ¢ u(A).
Write w = w; + w, where w; € W,. Then by the argument in the preceding paragraph
we find that Y"w; =1°. Since W, is v-orthogonal to Wi and v* € W;, we obtain

V(Wavo) = V(Wlavo) +’Y(W27Vo) = ’Y(W],VO).

But y(wy,v°) € u(A') by definition. This is a contradiction. Hence p(A') = p(A). O

LEMMA 3. We may write A=A + A where the distinguished type A is
indecomposable and nilpotent.

Proof. 1If the distinguished type A’ is not indecomposable, we find another
distinguished type A” of the same distinguished height and parameters and a type A’
such that A’ = A" +A’, where dimA’ > 0. Because dimA’ > dim A”after a finite
number of repetitions, we obtain a distinguished type A which we can no longer
write as a sum of a distinguished type and a type, namely, A = A 4 A. In other words,
A is an indecomposable distinguished type. By Lemma 2 it has the same dis-
tinguished height and parameters as the distinguished type A.

We now show that the indecomposable distinguished type A, represented by
(Y|W,W,v°), is nilpotent. Let W be the generalized eigenspace of Y|W corresponding
to the eigenvalue 0. Then W, is Y-invariant, y-nondegenerate and contains v°. On W,
the linear map Y is nilpotent. From the fact that the distinguished type A is in-
decomposable, it follows that the triple (Y|Wy, Wy,v°; 7)equals the triple (Y |W
W,v°;7). Hence the indecomposable distinguished type A is nilpotent.

4. Indecomposable Distinguished Types

In this section we classify indecomposable distinguished types. We start by giving a
rough description of the possible indecomposable distinguished types, which we
then refine to a classification.
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Let A be a distinguished type. There are two cases:

1. the set of parameters p(A) contains a nonzero parameter; or

2. p(4) = {0}.

CasE 1. Suppose that the triple (Y, W,v° ) represents the distinguished type A, which
we assume has distinguished height 4. Using Lemma 3 write A = A’ + A, where A'is
an indecomposable distinguished type of distinguished height /# represented by
(Y|Wy,Wq,v°) with W a y-nondegenerate, Y-invariant subspace of W which contains
v°. Choose w € W so that Yw =v° and y(w,°) = u # 0. Look at the subspace

W = span{w, Yw, ... Y'w}

of W. Clearly v €W. On W consider the (h+1)x (h+1)Gram matrix
G = (y(Y'w,Y'w)) = (£ ~(w,Y"w)), since Y € o(W,7),0. Because Y""'w = ¥v* =0,
we have Y"1 [ = 0. Therefore, all the entries of G below the antidiagonal are 0. On
the other hand, because

AY'w, Y ') = y(w, Yiw) = +p #0,

all the entries of G on the antidiagonal are nonzero. Hence det G # 0, that is, W is -
nondegenerate. As A’ was assumed to be indecomposable, it follows that W; =W.
Note that (Y|W,W,v°) has one Jordan block and therefore A’ is uniform. This
completes case 1.

Cask 2. Suppose that the triple (Y, W, )represents the distinguished type A, which
we assume has distinguished height /. Using Lemma 3 write A = A’ + A, where A’ is
a nilpotent indecomposable distinguished type of distinguished height # represented
by (Y|Wi,W1,v°) with Wi a ~-nondegenerate, Y -invariant subspace of W which
contains v°. Consider the pair (Y|Wy, W) and the type A which it represents. From
the results of [3] we may write A = A + - + A,, where A;are indecomposable types
uniform of height #;, sorted so that iy < hy <--- <h,. Suppose that (Y|W;,W))
represents A;. Then v is a sum of its components in the W;, but some of those
components may be zero. Let W = W, where k is the smallest index such that v° has
a nonzero component v° in W. Consider the type (Y|W,W). Then Y|W annihilates v

and the height of (Y|W, W) equals the distinguished height / of A". Choose z € 14
such that (z,v°) = ~(zv°) # 0. This is possible since W is ~ -nondegenerate.
Choose w € W so that Y"w = v°. Consider the Y-invariant subspace

W =span{w, Yw, ... Y'w; z, Yz,..., Y'z}.

3 This implies that / is even. Suppose not. Then
YW, Y w) = (=) A(Yiw,w) = —r(w, VW),

since v is symmetric. Hence ~(w, Y"w) = 0, which is a contradiction.
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Let n=h+ 1. Note that Y[ =0 and ~(z,Y"w) # 0 by definition of z and w.
Moreover y(w, Y"w) = 0 since (A) = {0} by hypothesis. Look at the 2n x 2n Gram
matrix

G (8|8 \_ (2AY"lw Y lw) | A(Ylw, YIl7)
8i+n.j |gi+n,/‘+n V(Y'_117Y’_1W)| v(Y"lz,Y"lz) '

The entries of G satisfy the following conditions: i) g; j = gn+ij = &intj = Gntintj =
O,wheni+;j>n+2 and 1 <i,j<n;il) g jin = gitn; # 0, where i +j = n + 1; iii)
gij=0, where i+j=n+1. Thus G has its nonzero entries on or above the
antidiagonal of each n x n block except the upper left hand one, where even the
antidiagonal elements are zero. Thus the matrix G has the form

where + denotes a nonzero entry. Expanding det G by minors of the 4 + 1% column,
one sees that detG is a nonzero number times the [4 + 2,/ + 1] minor. Expanding
this minor by its last column gives a nonzero number times a matrix with the same
form as the original G but with one fewer row and column. Clearly when G is a
2 x 2, we have detG # 0. By induction we have

LEMMA 4. detG =+ H%’il Sk2n—k+1 7 0.

Thus W is a 2k + 2-dimensional, Y-invariant, v nondegenerate subspace of Wy,
which contains the vector v°. Since A'is indecomposable, the triple (Y[W, W,v°)
represents the distinguished type A". Note that A’ is made up of two Jordan blocks of
size h+ 1 and hence is uniform. This completes case 2 of the rough description of
indecomposable distinguished types.

We now classify indecomposable distinguished types.

PROPOSITION 5. Let A be an indecomposable distinguished type of distin-
guished height h, which is represented by the triple (Y,W,v°). Then exactly one of the
following alternatives holds.

1. hiseven, h > 0, and there is a basis
{w, Yw, ..., YM2 o e Yhw, —c Yi-lw, . (=1)"2 Teyh/2ly, yhi2w) o (2)

0 I 0

where the Gram matrix of v is (”6'2 o0 ) and v° = pY"w with > 0. We call u

0 (-1
a modulus. Here €% = 1. We use the notation A;(0), pu.

2. his odd and there is a basis

(Y2, =Y" 'z, (=1)"z;w, Yw, ... Y'w}, (3)
) (0 1 . .
where the Gram matrix of vy is ( I ’61> and v° = Y"w. We use the notation

@ Springer



Acta Appl Math (2006) 90: 65-89 73

3. his even and there is a basis

(Y'z, =Y" 'z (=D 'zw, Yw, . YWY, (4)
. . 0 ) .
where the Gram matrix of ~y is (1/”1 1'51) and v° = Y"w. We use the notation

A;;(0) + 4, (0).

Proof. Using our rough classification of distinguished indecomposable types,
let us prove the proposition.

Suppose that we are in case 1 of the rough classification. Then A is represented by the
triple (Y,W,v°) where W = span{w, Yw, ... ,Y"w} and ~(w,Y"w) # 0. Hence & is
even and 4 > 0 because v° is isotropic, while v(w,Y"w) # 0. Since A is uniform we
may form W = W/YW. Clearly, dimW = 1. On W the inner product v induces a
symmetric bilinear form 7 defined by F(¥,V') = (v, Y"). Since (w,Y"w) # 0, the
vector w is nonzero and forms a basis of Y. Rescaling, we may assume that 5(w, w) =
e, where 2 = 1. By [3, prop. 2, p.343] any uniform type is determined by its height
and its (W, 7), so we may choose a vector w € W which generates the basis (2) of case
1 of the proposition, y-adapted in the sense that its Gram matrix is as indicated in
the proposition. Indeed such a v-adapted basis describes a type that has the required
height and (W,7). In terms of this basis there is a unique nonzero number u such
that v° = 1 Y"w. Replacing w with —w, if necessary, we can assume that p > 0. We
call 4 a modulus. We compute that

V(uw,v°) =3 (uw, pw) = i €,

which shows that (A) = {y?c}. Thus x(A) determines pand e So Ais a distinguished
indecomposable type made up of one Jordan block. Moreover, we have dimA =
h+1, indA = { 2 2007 and A has distinguished height 7 and a unique
modulus g > 0. The type of (Y, W) is denoted A; (0) in [3].

Now suppose that we are in case 2 of the rough classification. Then the dis-
tinguished type A of distinguished height & is represented by the triple (Y, W,v°)
with

W =span{w, Yw,... ,Y"w, z, Yz, ... Yz},

and v° = Yw. Moreover, v(w,v°) =0 and 7(z,v°) # 0. There are two subcases.
Suppose that 4 is odd. Since A is uniform, we may form W = W/YW. On W the
inner product ~ induces a skew symmetric bilinear form 7 defined by %
(v,V') = v(v,Y"). Clearly, W = span{w, z} and from 5(w,z) # 0 it follows that W is
7 nondegenerate. Up to isomorphism there is only one nondegenerate skew sym-
metric bilinear form of dimension two, and it is indecomposable. So Wis 7
indecomposable. Using [3, prop. 2, p.343] again we may choose vectors w,z € W
which generate the y-adapted basis (3) of case 2 of the proposition. Then 7 has
matrix (,01 (1)) with respect to the basis {w,z}. We now need to show that we can
choose the y-adapted basis so that v° = Y"w. We know thatv° = aY"w + 3Y"z isa
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nonzero vector in ker Y|W. If o # 0, let ( ) = (‘S 1/(,) (") while if o =0 let (m)
( 178 3) ( ) We rewrite the definition as (%)= (f f,) ( ; where ad — bd = 1. We now

show that w’ and Z generate the ~-adapted basis {Y"z, —y"'7 ... (=1)"7;
w, Yw', ... Y"w'} of W. This follows because for every j between 0 and # we have

(YW, YIw') = 4(Y'Z,YiZ') = 0

and

V(YW (1YY 7Y = (=1)y(YI(aw + bz), Y" T (cw + dz))
=q(aw + bz, Y"(cw + dz))
= ady(w,w) 4+ bd7¥(Z,Z) + (ad — bc)5(W,2)
=7w,7) = 1.

By construction v° = Y"w/. Summarizing, we have shown that A is a distinguished
indecomposable type made up of two Jordan blocks. Also dimA =2(h+ 1), indA =
h+1 and A has distinguished height A, which is odd. The type of (¥, W) is denoted
A,(0,0) in [3].

Suppose that /& is even. Since A is uniform, we may form W = W/YW. On W the
inner product ~ induces a symmetric bilinear form 7 defined by F(¥,v') = (v, Y"V').
Since 7(z,Y"w) # 0 by hypothesis, we see that v(z,w) #0 and W = span{z,w}.
Therefore the reduced type (Y, W;7) is not indecomposable. Since v(w, Y'w) = 0, the
vector wis a nonzero and y-isotropic. Let y = W(? 2,(( 2 W) Then yis a 7-isotropic
vector in W and 7(y,w) = 1. Thus the matrix of 5 with respect to the basis {y,w} is

9 3)) Using [3, prop. 2, p.343] we may choose vectors w,z € Wwhich generate the 4
adapted basis (4) of case 3 of the proposition. We now need to show that we can
choose this basis so that v°= Y"w. Since v° € ker Y|W, we see that v° € span{Y"w, Y7 }.
Now write v° = Y"(aw + 3%). As y(aw + 37,v°) = Zaﬁ € u(A) = {0}, we must have
a=0 or 3=0.If v=aY'w, where a # 0, then put 2/ = o'z, W = aw. If v*=pY"Z
with 3 # 0 then put 2/ = 3w, w' = 3Z. In either case v° = Y"w’ and

{(Yhe!, Y"1 (D)W, Y, L YW

is a basis of W with respect to which the matrix of v is (,,gl l"') Note A is a

distinguished indecomposable type made up of two Jordan blocks. Also dimA =
2(h+ 1) withindA = 2+ 1 and A has distinguished height 4, which is even. The type
of (Y,W) is decomposable and is denoted A, (0) + A;, (0) in [3].

One may look at the above computation as exploiting the fact that there is an
action of O(W,7) on ker Y|W. In the last two cases the action has only one orbit of
nonzero isotropic vectors, while in the first case there are moduli. The action can be
understood in terms of the Jacobson Morozov theorem.

The three cases are obviously exclusive. Note that one can distinguish them by
dht(A) and p(A). This proves Proposition 5. O
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Proof of Theorem 1. Let A be a distinguished type. By Lemma 3 we may write
A = A+ A where the distinguished type A is indecomposable and nilpotent. By the
main result of [3, theorem, p.343] applied to A, we can write

A=A+A+- +A, (5)

where A; for 1 <i <r are indecomposable types. By Lemma 2, A is of the same
distinguished height and parameters as A. Suppose that A has another such decom-
position, namely

A=K + A+ +A, (6)

where A is an indecomposable distinguished type and A' for 1<j<s are inde-
composable types. By Lemma 2 the distinguished height, say h, of A and A are the
same. Say that A and A are represented by the triples (Y, W,v°) and (Y',W’, (v O)’)
Suppose that 4 is odd. Then the linear map P : W — W' for which PY'w = (Y')'w’ and
PY'z = (Y')'Z where 0 < i < hand w,z and w',Z are vectors given in the basis (3) of
case 2 of Proposition 5 is an equivalence between the triples (Y,W,v°) and
(Y',w’,(v*)"). Next suppose that & is even and that (Y,W,»") and (Y',W’,(»*)")
have one Jordan chain. Since by Lemma 2 the parameters of A and A are the same,
using the basis (2~)/ of case 1 of Proposition 5 we can again construct an equivalence
between A and A. We can also handle the case when / is even and (Y, W,v°) and
(Y, W', (»)") have two Jordan chains. Thus in every case (Y, W,v °yand (Y, W', (v*)")
are equivalent, that is, A= A

Now we need only show that r =s and A; = A;. But this follows from the the

main result of [3, theorem, p.343], because Ay +---A and A} 4 --- A} are sums of
indecomposable types, while A = A implies that the underlymg types of A and A
are equal. This proves Theorem 1. O

5. Adjoint Orbits of the Poincaré Group

In this section we use the above theory to determine the orbits of the adjoint action
of the Poincaré group on its Lie algebra.

Let G = diag(—1,—1,—1,1) be the matrix of a Lorentz inner product on R* with
respect to the standard basis {ey,... ,e4}. The Poincare group is the affine Lorentz
group, which is the semidirect product O(3,1) X R*of the Lorentz group O(3,1) =
O(R* G) with the abelian group R*. In Section 2 we have shown that the Poincaré
group is the isotropy group O(R®, K),, of the orthogonal group O(R®, K), where the
matrix of the inner product K with respect to the basis {eg, eq,... ,es,es} of R is
standard. The Lie algebra of the Poincaré group is isomorphic to the Lie algebra
0(R6,K)es of O(]RG,K)“. All the conjugacy classes in 0(]1%6,1(')[,s are given in Table 3
below. ‘ ‘

First we list all the possible o(R® K ).cindecomposable distinguished types,
meaning indecomposable distinguished types that may occur as summand of some
(Y, RS, es;K).

Note we express v° using the basis given in Proposition 5.

We now show that all the possible indecomposable distinguished types are listed
in Table 1. The possible eigenvalue combinations are 00; 0; and 0 + 0. Here, for
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Table 1 Possible o(R, K )o-indecomposable distinguished types

Type (modulus o > 0) Dim Index v
1 Ay (0),a>0 5 3 aYw
2 A7(0), a>0 5 2 aY*w
3 A1(0,0) 4 2 Yw
4 AS(0), >0 3 2 aYw
5 A5 (0), >0 3 1 aYw
6 2 1 w

instance, 0 + 0 stands for a decomposable two dimensional (Y, W;%) with eigenvalue
zero for each summand. The corresponding heights and signs are 1; 4%, 2%; and 0. So
Table 1 lists all the possibilities.

Next we list the possible o(R®, K ).-indecomposable types, see [3, Table 2, p.349].
That is, we look for types that occur as proper summand of some (¥,R% K). We do
not claim they all actually occur in the setting of Theorem 1.

Note in Table 2 we have used the notation A,,(¢,CQ) = A,.(¢, —¢, ¢, —C), ¢ # £,
Am(C7RP) = Am(C7 _C)a (=¢#0, Am(Cvlp) = Am(Cv _C)’ ¢=—C#0, where ( is the
complex eigenvalue of Y with (Y, W;K) a representative of the o(R®, K )-indecompos-
able type. For instance, A, (¢, —¢, ¢, —C) has height m and four eigenvalues on W.

We now show that all the possible o(R®, K )os-indecomposable types are listed in
Table 2. For each eigenvalue combination we have the following possibilities for the
heights and the signs, because the dimension is at most five.

eigenvalues] CQ | IP | RP | 0 |00
height and sign| 0 | 0%, 1% 0,1 [0*, 2%, 45| 1.

This gives a total of 14 cases, two of which are covered by case 5. Thus Table 2 is
complete.

Next we combine a given distinguished type in Table 1 with a sum of o(R®, K )es™
indecomposable types from Table 2 so that their dimensions add up to 6 and their
indices add up to 4.

The list below of dimension—index pairs shows that all the O(R® K )ezconjugacy
classes in o(R®,K),_ are given in Table 3.

es

Table 2 Possible o(R®, K),-

indecomposable types ' Type Dim Index
1. Ay (0) 5 3
2. A;(0) 5 2
3. (¢, €OQ) 4 2
4. Ay (¢,RP) 4 2
S. AL(GIP) 4 2
6. A1(0,0) 4 2
7. A5 (0) 3 2
8. A5 (0) 3 1
9. Ay (G, IP) 2 2
10 Ao (¢, RP) 2 1
11 A§ (¢, IP) 2 0
12 Ay (0) 1 1
13 Ay (0) 1 0
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Below we show how to find explicit normal forms from the decomposition into an
indecomposable distinguished o(R®, K )es-type and a sum of indecomposable o(R®,
K),.-types given in Table 3. We do this for one case just to give the idea.

EXAMPLE 6. A;(0), o+ A (0).

Write R® = V| @ Vs, where V; and V, are Y-invariant, K-orthogonal, 0(R6,K)g5'
indecomposable subspaces where (V1,Y|V1) € A, (0), es € V1, and (V,, Y|V,)e A (0).
Now Y = N is nilpotent on V; and V,. Choose a basis

{Vl, NVl, —N4V1, N3V1; N2V1}

of V| asin case 1 of Proposition 5. Note that v* = aN*v; with o > 0. Also there is a
vector v, in V, such that K(v2,v,) = —1. With respect to the basis

11 3 2 i 3. A
{eo,...,es} = {—a" v, 3Nvi = N°vi, N“vi, vz, 5 Nvi + N vi;aN“vi}

the matrix of K is standard while the matrix of ¥ € o(R®, K )es 18

0 0 0 0 010
—a”! 0 f% 0O 0]0
0 % 0 0 % 0
0 0 o 0 o] o0}
—a! 0 % 0O 0]0
0 —a! 0 0 atlo
which is the desired normal form.
Table 3 Conjugacy classes in o(R®, K )es
Indecomposable distinguished type Sum of o(R®, K Des Dim  Index
(modulus « > 0) indecomposable types
1. A; (0), 5 3
a. +4; (0) 1 1
2. A1(0,0) 4 2
a. +45 (¢, IP) 2 2
b. +Ay (0) + Ay (0) 2 2
3. A5(0), 3 2
a. +A5(0) 3 2
b. +A5 (¢, IP) + Af (0) 3 2
c. +80(¢,RP) + A (0) 3 2
d. +45 (0) + Ay (0) + AF (0) 3 2
4 A5 (0), « 3 1
a. +Ay (GIP) + Ay (0) 3 3
b. +Ay (0) + Ay (0) + A (0) 3 3
5. A;(0) + Ay (0) 2 1
a. A5 (0) + A (0) 4 3
b. +Ao (G.IP) + Ao (G, RP) 4 3
c. +Ag (G IP) + Ay (0) + AG (0) 4 3
d. +Ao(¢,RP) + Ay (0) + A; (0) 4 3
e. +49(0) + 4 (0) + 45 (0) + A5 (0) 4 3
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Dimension-index pair Dimension—index pairs in sum of indecomposable types

1. (5.3) (1.1)

2. (4.2) 2.2), (1,1) + (1,1)

3. (3.2) (3.2), (2.2) + (1,0, (2,1) + (L,1),
(11) + (1,1) + (10)

4. 3.1) (22) + (11), (L) + (1L1) + (1,1)

s. 2.1) (3.2) + (1,1, (2,1) + (1.1) + (1.1),
2.2) + (L1) + (10), 2.2) + (2.1),

(L1) + (L,1) + (L1) + (L0).

6. Classification of Coadjoint Orbits

Our next aim is to determine a representative of each orbit of the coadjoint action

O(R% K),. x o(R% K)% — o(R®, K)& : (P,Y*)=Y* o Adps

es
of the Poincaré group O(R(’,K)eg on the dual o(R® K)# of its Lie algebra. More
generally, we classify the coadjoint orbits of an affine orthogonal group. As before,
it is essential to our method that the affine orthogonal group is viewed as an isotropy
subgroup. Instead of types we will now employ cotypes.

As always, the pair (V,v)is a finite dimensional real vector space with a
nondegenerate inner product v. When K is the Gram matrix of v with respect to
some basis, we often write K for ~. For a vector v in V let v¥ be the linear function
on V given by w— y(v,w). A tuple (V,Y,v;v) is a pair (V,v), a real linear map
Y € o(V,v) and a vector v € V. On the collection of all tuples we say that the tuple
(V,Y,v;~)is equivalent to the tuple (V',Y’,v';+/) if and only if there is a bijective real
linear map P : V — V'’ such that (i) P*v =+, (ii) Pv =V, and (iii) there is a vector
w €V such that Y = P(Y +L,,,)P~!, where L, = w @ v¥ —v @ w*.

FACT 1. L,, €o(V,%).
FACT 2. If P € O(V,7), then PL,,P~" = Lp,, p,.

Being equivalent is an equivalence relation on the collection of tuples. An
equivalence class is a cotype, which is denoted by V. If (V,Y,v;~) is a representative
of V, then define the dimension of V to be dim V and denote it by dim V. Clearly, the
notion of dimension is well defined. A cotype is affine if it has a representative
(V,Y,v;v), where v is a nonzero, y-isotropic vector.

Suppose that we are in the situation of Section 2, where V=R x ¥ x R is a real
vector space with nondegenerate inner product -y defined by

(e, v,y), (V) =50,0) + X'y + y'x,

where 7 is a nondegenerate inner product on V. Suppose that with respect to the
standard basis ¢ = {ep, e1,...,e,,e,.1} of V the matrix of v is K = ('0' o é), where G
is the matrix of 4 with respect to the basis € = {ej,...e,} of V. oo

The following proposition explains the relevance of affine cotypes. See also
Proposition 13 below.
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PROPOSITION 9. For Y € o(V,~) let by be the linear function on o(V,~) which
maps Z to trYZ. The map (V,Y, e,41;K) — ly|o(V,K),  induces a bl]ectzon between
affine cotypes on (V,K) and coadjoint orbits of O(V, K) eny O the dual o(V,K) ., of
its Lie algebra.

Proof. The argument is a series of observations.

Suppose that the tuples (V,Y,e,1;K) and (V,Y’,¢e,.1;K) are equivalent. Then
there is a real linear map P € O(V,K), and a vector w €V such that Y’ =
P(Y + Ly, )P".

OBSERVATION 1. The matrix of L,.,,,, with respect to the standard basis ¢ of
(V,K) is (a’ ¢ 0 ), where w = woeg +w + wyi1e,01 € V.

0 WG —wo

Proof. We compute

Lye,,, () = (e n+1K€0) (wTKeO)e,H_l =W = Wpi1€n41
= woey +w;
Lye, (e) = (en | Kei)w (WTKei)enH = f(vT/TGei)e,H];
Lye,, (eny1) = (e n+1K€n+1) (WTK€n+1)€n+1 = —Wo€ny1- 0O
OBSERVATION 2. For P € O(V,K) and Y € o(V,K) we have
Cpypr = Ad} Ly == ly o Adp-i.
Proof. Let Z € o(V,K). Then
lpyp-1(Z) = tr(P(YP'Z)) = tr (YP'Z)P)
= tr(Y(P'ZP)) = ly(Adp.2)
= (Adp.ty)Z -

OBSERVATION 3. We have

{Lve,, |veEV}Y={Y € o(V,K) |ty vanishes on o(V,K), _}.

~ Proof. With respect to the standard basis ¢ of (V,K), the matrix of L, is
(U o u) where v = voeq +V + V1,41 and the matrix of Z co(V,K), is (S X 8),
where y y € Vand X € o(V,G). Then v

vo 0 0 0 0 0
o (Z)y=u||¥ 0 0 y X 0
0 —v'G —w 0 -3'G 0

0 0 0
=tr| 0 0 0l =o.
—V'Gy vy G-V'GX 0
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Soo(V,K),  Ckerl,, .Now
dimo(V,K) —dimo(V,K),  =n+1=dim{L,,, €o(V.K).veV}.
As (Y,Z) — {yZ is nondegenerate on o(V, K), the result follows. o

Now we are in position to prove the proposition. For ¥ € o(V,K), w € V and
Z € o(V,K),, , we calculate

bpiyit,,, P (Z) = lpypi(Z) +Lp,, pi(Z)
= (Adh.ty)Z + éL,,W‘eM (Z),since P €O(V,K),
= (Ad).tly)Z

In other words,

EP(Y+LW,(‘”+] )P |O(V7 K)En-1 = (Ad;—l Y)|O(V, K)

Cny1”

Thus the affine cotype represented by (V,Y,e,1;K) corresponds to a unique
coadjoint orbit of O(V,K), = on the dual of its Lie algebra o(V,K)# O

€n+1 Cpil*

Suppose that we are given the affine cotype V with representative (\77 Y, 7). We
wish to associate a Gram matrix K to it. For this, recall that the distinguished type,
represented by (0,V,9:7), has a representative of the form (0,V,e,;1;K), where
V=RxVxR and K = (i ¢ ;). We may replace the representative of the cotype V
with one of the form (v,y e,,H,K), where the matrix of ¥ with respect to the standard
basis ¢ is ( v ) Here yo €R,v,yeV andY € o(V,G). We say that the cotype V,

represented by (V,Y,%;:G), is the little cotype of V.*

LEMMA 10. The little cotype V, does not depend on the choice of representative
of the affine cotype V.

Proof. Up to isomorphism (V,G) is determined by V, so there is no need to vary
G orK.Let (V,Y,e,1;K) be a representative of the affine cotype V. Suppose that
(V,Y', ey41;K) is another representative. Then there is a P € O(V,K), | and a vector
w € V such that

Y' = P(Y + Ly, )P". (7)

We now calculate the right hand side of (7) explicitly. With respect to the
standard basis e of (V,K), we have P = ( 2" ) where # € V and A € O(V, G).
Therefore P~ = wu 1 o). Moreover, ¥ = where yo € R, v,yeV and Y €
o(V,G),and L, ,, ( 2 0 ), where w = woeg + W + Wyi1€ni1. SO

0 WG —w

* The cotype V is called the little cotype because we are imitating the little subgroup approach of
Wigner [7] to the representation theory of the Poincaré group.
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Y = PY—&-LWE,MPl
0 0 « 357G 0 1 0 o0
= A 0 x Yy 7 —A'w A1 0
——uTGu —~TGA 1/\o = «)\ALu@'Gu @G 1
0 1 0 0
= 7u®vTG+AY AV ~Au A0
* La'cu w'G 1
_(N 0
~/
v )
—b G —b
where boeR,beV,
Y = AYA ' a0V GA '+ AVeu'G

AYA™ — 0@ (AV)* + AV u*
AYA !+ L*’I;A’;’

and v’ = Av. Thus the httle cotype Vi, as computed from (V.Y e,.1;K), is repre-
sented by the tuple v, Y ,v';G), which does not depend on the vector w. Since
Y = A(Y +L , )A” ! and v’ = AV, the tuple (V, Y ,v';G) is equivalent to the tuple
(V,Y,%:G). But this tuple depends only on the representative (V,Y,e,.1;K) and not
the representative (V,Y’,e,11;K) of the cotype V. So the little cotype V, does not
depend on the choice of representative of the affine cotype V. o

LEMMA 11. Let V be an affine cotype. Then V is uniquely determined by its little
cotype V.

Proof. Suppose that the affine cotypes V and V/, represented by the tuples
(V Y,v;v)and (V,Y’,v;v), both have the little cotype Ve Say r*( 9 ) with up € R,

u,weVandy EO(V G)and Y' = (“ EV;); :)wuh wyeR, i@ W eV and ¥’ € O(V G).
Thus V, has both a representative (7, Y w;G) and a representative v, YW ;G).
Hence (V,Y,w;G) is equlvalent to (¥, Y, w' G) In other words, there is a A €

O(V,G) and a vector u € V such that 4 — ' and

V =AY+ L-)A

Let A = ((1) % ((;).ThenAeO(V,K)eHl and
00 1
1.0 0\ [uw G 0Y\/1 0 0
AY+ LAt = [0 A of|la Y+Lz; w |[[o 47 o
00 1)\ o @G¢ _—uw)\0o 0 1
Uup 71’47TG271 O
= All ﬁ(lv/—i-L;;;;)ﬁ_ Aw
0 —a'Ga™! —ug
= Y’ + LALl—u’,e,,+1 )
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where u = upeg +u (hence Au = u +A u) and ' = ujeo +u'. Consequently, the
tuples (V,Y,e,11;K) and (V, Y’ e,11;K) are equivalent. So the cotypes V and V' are
equal. O

Remark 12.  Given a cotype V, it is very easy to construct a cotype V having V,

as little cotype. Indeed if (V,Y,v;G) represents V;, one forms V, K in the usual way

and takes a representative of the form (V,Y,e,:1;K), where the matrix of ¥ with
0 —v* 0

respect to the standard basis e is (0 H

R
0o 0 0

The following proposition follows immediately from the above.

PROPOSITION 13. There is a bijection between little cotypes and coadjoint
orbits.

Let V be a cotype represented by the tuple (V,Y,v;v). Suppose that V =V, & V5,
where V; are Y-invariant, y-nondegenerate and ~y-orthogonal subspaces such that
V, # {0} and v € V;. Then we say that V is a sum of the cotype V, represented by
the tuple (V1,Y|V1,v;7|V1), and a type A, represented by (Y|Va, Va;7y[V2). We write
V = V+A. If V{ = {0}, then v =0 and V is the zero cotype, represented by the
tuple ({0},0,0;0) and denoted by 0. We say that a cotype is indecomposable if it
cannot be written as the sum of a cotype and a type. A nonzero cotype V,
represented by the tuple (V,Y,v;~) is decomposable if there is a proper, Y-invariant
subspace of V, which contains the vector v and on which ~ is nondegenerate.
Conversely, if V is decomposable, then there is a representative (V,Y,v;v) so that
there is a proper, Y-invariant subspace of V, which contains the vector v and on
which ~ is nondegenerate. Let us call such a representative adapted to the
decomposition.

LEMMA 14. Every cotype, which is not affine, is the sum of a unique inde-
composable cotype, which is either the zero cotype or a nonzero 1-dimensional
cotype, and a type.

Proof. Let (V,Y,v;v) represent the nonaffine cotype V. Suppose that v =0.
Write V ={0} @ V. Then {0} and V are Y-invariant, y-orthogonal, and ~-non-
degenerate. Hence V is the sum of the zero cotype 0 and a type A, represented by
(Y,V;~). Now suppose that v # 0. Because V is not affine, v is not 4-isotropic, that
is, v(v,v) = ea?, where e2 =1 and « > 0. Since span{v} is y-nondegenerate, its
orthogonal complement ¥ = span{v}” is also y-nondegenerate. Let | = {ey,...,e,}
be a basis of ¥ such that the matrix of 5 = |V is F. Then | = {ey,...,e,, e,.1 = v}is

a basis of V such that the matrix of « with respect to fNis G= (5 522). Sigce Y € o(V,7),
the matrix of ¥ with respect to the basis f is ¥ = ( v =¥) ‘where Y € o(V,7) and

—VF 0

v € V. Thus the tuple (V,Y,e,.1;G) represents the cotype V. For every w =
W+ Wys1e,1 € V @ span{e,;1}, the matrix of L, , with respect to the basis f is
( 0 5“2’?) € o(V,G), since

—w'F 0
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Lye, (€) = e upi(enw —w™(e;)en
= —(wWIGeens1 = —(W! Fej)enit, forl<i<n
LW«CMH (€n+1) = € n+1(€n+1)W - W*(€n+1)€n+1
= ( €1 GenJrl)W - (WTGenH)enH
= ca?(W—wpien1) = ea?w.
Therefore we may write ¥ = (E %) +L , which implies that the tuple

cavien

(V,Y,e,41;G) is equivalent to the tuple (V,Y = (1 ), e,r1;G). Now the subspace
span{e,.1} is G-nondegenerate, since the matrix of G restricted to span{e,.1 } is (co?),
which is nonzero. From Y. e,l+1 =0, 1t follows that span{e,;1} is Y-invariant. Clearly,
the space V = span{enﬂ} is also Y-invariant. Therefore the cotype V, represented
by the tuple (V,Y,e,.1;G), is the sum of a 1-dimensional cotype V¥, represented by
the tuple (span{e,s1}, 0,e,.1; (¢0?)), and a type A, represented by (Y, V;F). O

Lemma 15. Every affine cotype can be written as a sum of an indecomposable
affine cotype and a sum of indecomposable types. This decomposition is unique
up to reordering of the summands which are types.

Proof. Suppose that we are given an affine cotype V. Then V is uniquely
determined by its little cotype V,, where dimV, < dim V. This correspondence
respects decomposition: if V, is decomposable, then reconstructing V as in the
remark above, one finds that V is decomposable. Conversely, if V is decomposable,
then using a representative adapted to a decomposition one finds that V, is decom-
posable. If V, is again affine, we look at its little cotype. Repeating this process a
finite number of times, we obtain either the zero cotype and we stop or we obtain a
nonzero cotype ¥V which is not affine. By Lemma 14 V is a unique sum of a cotype V
, which is either the zero cotype or a nonzero 1-dimensional cotype and a type A. By
results of [3], the type A is a sum of indecomposable types, which is unique up to
reordering the summands. This completes the proof of the lemma.

PROPOSITION 16. Let V be an indecomposable affine cotype of dimension n.
Then exactly one of the following alternatives holds.

1. niseven, say n =2h+2, h > 0. There is a representative (V,Y,v;~) of V such that
the following hold. There is a basis

{(~=1)'z, ..., =Y" 2, Yz Yiw, Y tw, o w) (8)

of V, where v = w, Y"1 = 0. With respect to the basis (8) the Gram matrix of ~
is(,/(il "“) and the matrix of Y lS< - 2), where N = Ny is an (h+1) x (h+1)
(upper) Jordan block( ; ] We use the notation V,(0,0) for the cotype V.

2. nisodd, say n=2m+3, m>0. There is a representative (V,Y,v;v) of V such

that the following hold. There is a basis
{(—1)(5/u2)Y’”+2w,...,(—1)m+1(5/u2)Y2’”+2w;(1/M)Ym+1w;Y'”w,...,w}, 9)

where 1 > 0,> =1,v=w, and Y" = 0. We call i a modulus of V. With respect (o

0 ol

the basis (9) the Gram matrix of v is <,”fj‘ o > The matrix of Y is ( 3(; i ,

0 N
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m+1

where N = N,,.1 is an (m+ 1) x (m + 1) upper Jordan block. Here el = o0
Note that as a nilpotent matrix, Y has just one Jordan block. We use the notation
V:(0), p for the cotype V.

Proof. One easily checks that the given representatives do indeed define
cotypes V,(0,0) and V;(0), p, respectively. Computing their little cotypes one finds
that the little cotype of V:(0), p is V;_,(0), p. And the little cotype of V,(0,0) is
V.—2(0,0). Consider an indecomposable affine cotype of dimension n. As a cotype
is uniquely determined by its little cotype, and this little cotype must thus also be
indecomposable, it is either affine, and we may argue by induction, or it has
dimension at most one and is described easily. O

Remark 17. It is noteworthy that we could choose the representatives in
Proposition 16 to have nilpotent Y.

Remark 18. (The curious bijection) There is a curious bijection between the
representatives that we choose here for indecomposable affine cotypes and the
representatives that we used for indecomposable distinguished types in
Proposition 5. The bijection preserves dimension, index, modulus, and Jordan
type. It follows that we also get a bijection between affine cotypes and
distinguished types with the same underlying (V;~v). In other words, we get a
bijection between adjoint orbits and coadjoint orbits for any affine orthogonal

group.

7. Coadjoint Orbits of the Poincaré Group

In this section we use the theory of Section 6 to classify the coadjoint orbits of the
Poincaré group O(4,2),._.

Let (V,v) be a real vector space with a nondegenerate inner product + of
signature (m,p) = (4,2). Suppose that the tuple (V,Y’,v;v) represents an affine
cotype in O(V,~). Since O(V,~) acts transitively on the collection of nonzero ~-
isotropic vectors in V, there is a P €O(V,v) such that Pv = es. Hence the tuple
(V,Y = PY'P~! es5;) is equivalent to (V,Y,v;v). Because es is y-isotropic and v is
nondegenerate on V, there is a ~y-isotropic vector ¢y € V such that y(ep,es) = 1. In
other words, H =span{ep,es} is a hyperbolic plane in V. Because ~|H is
nondegenerate, we can extend {ep,es} to a v-orthonormal basis ¢ = {eg,eq,...,

eq,es} of V such that the matrix of v with respect to ¢ is K = :f (: f;), where GT = G,

G? =1,and G has signature (3,1). Thus using the basis ¢ the tuple (V,Y,es;7) is the
tuple (V.Y es; K).

Table 4 Possible o(V,K)-

indecomposable affine Affine cotype Dim Index
cotypes L V- (0), g p 3

2. V4(0,0) 4 2

3. V3(0), p 3 2

5. V5(0,0) 2 1
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Table 5 Possible o(V, K)- Type Dim Index
indecomposable,
which appear as a 1. A1(GRP) 4 2
summand in the type A % A§(GIP) 4 2

3. A1(0,0) 4 2

4. A3(0) 3 2

5. A5 (0) 3 1

6. Ay (¢, IP) 2 2

7. Ao(C,RP) 2 1

8. A§(¢IP) 2 0

9. Ag(0) 1 1

10. AT(0) 1 0

Without loss of generality we can begin with an affine cotype V in o(V,K)
represented by the tuple

yo —xG 0 0 0 1
RSY=[75 Y ¥ |,esK=(0 G 0]), (10)
0 —3'G —yp 1 00

where yo € R, X,y €~R4, and I?TG +GY =0, that is, Y € o(R* G). By Proposition 15
we can write V = V+ A, where the possible indecomposable affine cotypes V in
o(V,K) are listed in Table 4, and the possible indecomposable summands of the
o(V,K) type A are listed in Table 5.

Therefore the possible decompositions of the affine cotype V into a sum of an
indecomposable affine cotype V and a sum of indecomposable types is given in
Table 6.

8. Normal Forms

We now give a table of explicit tuples (R® Y,es;K) which represent the corre-
sponding affine cotypes listed in Table 6.

Table 6 Coadjoint orbits of the Poincaré group O(R®, K)

€5

Indecomposable affine cotypes Dim Index
and sum of indecomposable types

L. Vs (0), p+ Ag(0) 5+1 3+1
2. V4(0,0) + Ay (G IP) 442 242
3. V4(0,0) + A5 (0)+ A;(0) 442 2+2
4. V5(0), p + AF(0) 343 242
5. V3(0), 1+ Ay (GIP)+ Ag(0) 3+3 2+2
6. V3(0), p + Ao(¢,RP) + Ag(0) 3+3 2+2
7. Vi(0), p+ Ag(0)+ AG(0)+ AF(0) 343 242
8. Vi(0), p + Ag(GIP)+ Ay (0) 343 1+3
9. Vi(0), p+ Ag(0)+ Ay(0)+ Ay (0) 3+3 1+3
10 V2(0,0) + AF(0)+ Ay (0) 2+4 1+3
11 V2(0,0) + Ay (G,IP) + Ao(C,RP) 2+4 143
12 V2(0,0) + A (¢IP)+ Ay(0)+ AZ(0) 2+4 1+3
13 V2(0,0) + Ao(¢,RP)+ Ay (0)+ A[(0) 2+4 1+3
14 V2(0,0) + Ay (0)+ Ay (0)+ Ay (0)+ Af(0) 2+4 1+3
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In our list of normal forms we use the following conventions. Let ¢ =
{eo,e1,...,eq4,e5} be the standard basis for R® such that the Gram matrix of the
inner product is K = (:5 g g;), where G = (701’ (1)) We call K the standard form of the
inner product v on R® and G the standard form of the Lorentz inner product on R*
with standard basis ¢ = {ey,...,e4}. N

Thus with respect to the standard basis ¢ the matrix of ¥ € o(R*,G) is

0 —z3 z2 b1

2 b o 23 0 —z1 bz
(bT 0>_ -2 21 0 b3 |’

by by by O

where b,z € R3. B
In the list of normal forms below we give the matrix Y and vector v of the little

cotype. We assume that given the little cotype, represented by (R* Y,v;G), the
normal form matrix ¥ € o(R% K) of the corresponding cotype, represented by
(R°,Y, es;K), is

[0 G o)

Yy=[(o0] v |v
o/ o |0

8.1. List of Representatives of the Affine Cotypes given in Table 6

1. Affine cotype: V3 (0), u+ Ay (0).

Sum basis: {p2Y3w, —p2Y*w, p~'Y?w, Yw, w; z%. Conditions: Y’w =Yz =0;
YW, Yhw) = —pi?, y(z,2) = 1.

Little cotype: Normal form basis ¢

1
p2Y3w — Yw), pYPw, 7, —(u Y w + Yw)).

1
VA NG

Normal form matrix Y and vector v:
_ e e 1
Y = V2 V2 = (e tey).
( se 0 et
2. Affine cotype: V4(0,0) + A (i5,IP).

Sum basis: {—z, Yz, Yw,w; u, 5~ 'Yu}. Conditions: Y*w =Y?z =0, (Y> + ) u=
0;~v(Yz,w)=1 and y(u,u) = —1.

Little cotype: Normal form basis ¢

1
V2

(Yw +2), u, 57 Yu, (Yw —2)}.

1
V3
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Normal form matrix Y and vector v:
S e 0
Y = (/801 0); v =J5(er +e4).
3. Affine cotype: V4(0,0) + A;(0) + A, (0).

Sum basis: {—z, Yz, Yw, w; u; v} . Conditions: Y’w=Y>2=Yu=Yv=0;
7(Y27 W) = 17 7(”7“) = ’Y(Vv V) = -

Little cotype: Normal form basis ¢:
1
s

Normal form matrix Y and vector v: Y =0; v = \/‘(el + es).

, %(Yw )

(z+Yw)u,v
4. Affine cotype: V5 (0), 1+ A%(0).

Sum basis: {7 2Y?w, p='Yw, w; u, Yu, Y>u}.Conditions: Y’w = Y3u =0;
YW, Y?w) = 2, y(u, Y?u) = 1.

Little cotype: Normal form basis ¢:

1
{ﬂ_lywv _(u - qu)7 Y

V2

+ Y%u)}.
o~ - (8 s
Normal form matrix Y and vector v: Y = 12 T 2 V= per.

5. Affine cotype: V5 (0), uu + Ay (i, IP) + A (0).

Sum basis: {p 2w, ' Yw, wy u, 37Yu; v}. Conditions: Y?w =Yv =0, and
Y2+ B2)u = 0; v(w, Y2w) = 12, v(u,u) = —1, and ~(v,v) = 1.
I

Little cotype: Normal form basis ¢: {y~ Yw, u, 5 Yu, v}.
Normal form matrix Y and vector v: Y = (’5" o)y v=per

6. Affine cotype: V3 (0), 1+ Ag(a, RP) 4+ Ay (0).

Sum basis: {pu~>Y?w, p~'Yw, w; u, a~'Yu; v}. Conditions: Y3w = Yv =0, and
(Y2 = a?)u = 0; y(w, Y?w) = %, y(u,u) = 1, and 5(v,v) = —1.

Little cotype: Normal form basis & {u'Yw, o~ 'Yu, v, u; w}.

0 er\e
Normal form matrix Y and vector v :Y = ,fg o)y V=er,

7. Affine cotype: V5 (0), 1+ Aj(0) +Aj(0) + A5 (0).

Sum basis: {p2Y?w, p~'Yw, w; u; v; z}. Conditions: Y3w =Yu =Yv =Yz =0;
Yw, Y2w) = 12, y(u,u) = 4(v,v) = =1, 9(z,2) = L.
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Little cotype: Normal form basis € :{u~'Yw, u, v, z}.
Normal form matrix Y and vector v: Y =0; v = pey.

8. Affine cotype: V3 (0), 1+ Ay (i3, IP) + Ay (0).

Sum basis: {—p2Y?w, p~'Yw, w; u, 8~'Yu; v} Conditions: Y’w = Yv =0 and
(Y2 + 8%)u = 0; y(w, Y2w) = —p% and y(u,u) = y(v,v) = —1.

Little cotype: Normal form basis ¢ : {u, ﬂ’lyYAu, v, ' Yw}.

Normal form matrix Y and vector v : Y = (7> ()5 V= Hes,
9. Affine cotype: V3 (0), 11+ Ag(0) + Ag (0) + A (0).

Sum basis: {—p=2Y?w, u~'Yw, w; u; v; z} . Conditions: Y’w = Yu = Yv = Yz = 0;
y(w,Y?w) = —p?, and y(u,u) = y(v,v) = v(z,z) = —1.

Little cotype: Normal form basis ¢ {u, v, z, ui~'Yw}.
Normal form matrix Y and vector v:Y =0; v = pey.

10. Affine cotype: V,(0,0) + A5 (0) + A; (0).

Sum basis: {z, w; Y?u, Yu, u; v}. Conditions: Y’u =Yw =Yv =Yz = 0; y(z,w) =
1, v(u,Y?u) =1, and y(v,v) = —1.

Little cotype: Normal form basis ¢

1
(u—Y?u), Yu, v, —(u+ Y?u)}.

L
V2 V2
Normal form matrix Y and vector v: Y = (ﬁeé "o >; v=0.

11.  Affine cotype: V,(0,0) + A, (i3,IP) + Ao, RP).

Sum basis: {z, w; u, 37 Yu; v, o~ 'Yv}. Conditions: Yz = Yw = 0, (Y2 4+ 3*)u = 0,
(Y2 —a?)v=0;~(z,w) =~(v,v) =1, and v(u,u) = —1.

Little cotype: Normal form basis ¢
{u, 37 'Yu, a~'¥v, v}.
L~ ~ Bez ez . =0
Normal form matrix Y and vector v:Y =\acf o )0 Y .
12.  Affine cotype: V,(0,0) + A, (i3,IP) + Ay (0) + Ag (0).

Sum basis: {z, w; u, 5~ Yu; v; y}. Conditions: Yz = Yw = Yv = Yy = 0; y(z,w) =
Y(y,y) =1 and y(u,u) =y(v,v) = -1

Little cotype: Normal form basis ¢ {u, 3" Yu, v; y; w} .
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Normal form matrix Y and vector v: Y = (“SOEA3 8): v=0,
13.  Affine cotype: V,(0,0) + Ao(a,RP) + Ay (0) 4+ A; (0).

Sum basis: {z, w; u, o~ Yu; v; y} . Conditions: Yz =Yw=Yv=Yy=0, (Y?> -
a®)u=0; y(z,w) =v(u,u) =1 and y(v,v) = y(y,y) = —1.

Little cotype: Normal form basis € {a'Yu, v, y, u}.
Normal form matrix Y and vector v: Y = (02; "J'); v=0.

14.  Affine cotype: V,(0,0) + A, (0) + Ay (0) + AF(0).

Sum basis: {z, w; u; v; y; s}. Conditions: Yz=Yw=Yv=Yy=Ys =0; y(z,w) =
v(s,s) =1 and y(u,u) = y(v,v) =(y,y) = -1.

Little cotype: Normal form basis ¢: {v, u, y, s}.
Normal form matrix Y and vector v:Y =0; v =0.
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