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In this paper we study the mixmaster universe whose evolution is described by a poly-
nomial Hamiltonian. We show that this model is locally integrable. The Taub solutions form
an integrable subsystem. We show that there are no solutions of the mixmaster universe
asymptotic to a partially isotropic gravitational collapse, that is, a collapse where two of the
metric coeflicients are always equal, other than the Taub solutions.

1. Hamilton equations

The Bianchi IX or mixmaster model of the universe is given by the 4-metric

3
Y9 =di’ =Y a(t)op (1)
k=1
on R x SU(2). Here o are left invariant 1-forms on SU(2) such that
do; = %Z&‘ijk()’j/\ak. (2)
3.k

For example, we can take
o1 = siny df — cosy sinfdp,
o9 = cosp df + sine) sinf dyp, 3)
o3 = —dy — cosfdyp,

where (0,p,1) are spherical coordinates for the 3-sphere which is identified with
SU(2). The positive coefficients g, of ‘g are the dynamical variables to be determined
from the Einstein equations. Thus the minisuperspace of the mixmaster model is
Q=R:.
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The autonomous Hamiltonian formulation for the evolution of the mixmaster uni-
verse in T*Q = R% x R® was given first by C. W. Misner [1] in terms of coordinates
2, B4+, and S_ such that

o =exp{2(-2 + . +V3B)},
g2 = exp{2(—2 + s — V36-)}, (4)
g3 = exp{2(—12 - 284)}.
The Hamiltonian is
H = }(—pp +p} +p2) + 3747V, (5)

where pg, p, and p_ are the momenta canonically conjugate to 2, 5, and 3_. Here
the potential energy is

V = Lexp(~88.) — & exp(—20,) cosh(2v/34-) +
+2 exp(44,)[cosh(4v38-) — 1]. (6)
Our aim is to study the Hamiltonian (5) in the variables g; and canonically con-
jugate momenta p;. In terms of ¢; and p; the momenta pg, p;, and p_ are given
by
0q;
P =) Pigs = 2D it

9g
py = sz% = 2p1q1 + 2p2q2 — 4p3gs, @)

0q;
p- = zi:Pi aﬂq_ = 2v3p1g1 — 2vV3 paga,

since the change of variables (4) is a point transformation. Using (4) and (7) we see
that the kinetic energy term in (5) is

1(—p% + P} +92) = 6(p11)* + 6(p2g2)® + 6(p3q3)* —
—12(p1g1)(P2g2) — 12(p2g2)(p3g3) — 12(p191)(P393)

and the potential energy term is

1exp(—402)V = g + @ + a3 — 2(q1g2 + 9293 + q1g3)]-
Hence the Hamiltonian is
H =6(p1g1)* + 6(p2g2)” + 6(p3gs)* —
—12(p1q1)(p292) — 12(p292)(p393) — 12(p141)(p3g3) +
+iaf + @ + 63 - 2q1az + 205 + q1g3)]. (8)

The integral curves of the Hamiltonian vector field Xy of H satisfy the Hamilton
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equations:

g1 = 12q1[p1q1 — p2g2 — P33
¢2 = 12g2[—p1q1 + p2g2 ~ p3gs),
d3 = 12g3[—p1g1 — p2g2 + paga], ©)
1= —12pi[piar — P22 — ps3gs] — 3l — a2 — as),
P2 = —12p3[—p1gy + p2g2 — p3gs] — 3[- @1 + a2 — a3),
ps = —12ps[—p1q1 — p2g2 + psqz] — 3—a1 — @2 + @3],
where the dot denotes differentiation with respect to supertime s (denoted by X
in [2}).
The solutions of (9), which lie in the zero level set of the Hamiltonian H, describe
the evolution of the mixmaster universe.

In order to relate (9) to the BKL equations [3], we first check that

%(Z—i) = 4{(q2 — ¢3)* — a1},
i<@> =4{(qn —2)* - a3}, (10)
ds \ g2
2(2) =4t -0 - )
Substituting
a =€ @=c g =",
we obtain

26 = 4{(e?’ — 1) — e},
28 = 4{(e*™ — e¥7)? — &7}, (11)
2% = 4{(* — )2 — eV},
Comparing (11) with BKL equations in [4] we see that our independent variable s
is twice the BKL time coordinate 7, that is,
dt

ds =dr = 2———. 12
4192493 (12)

2. Local integrability

In this section we show that the mixmaster model is locally integrable.

The function v? = ¢;q2q3 is a measure of the Riemannian volume of space-like
sections of the mixmaster universe. Let o be a function on (H|T*Q)1(0) given by
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o = L HIT'Q)(0)
= [12(q14293) " (p1q1 + P22 + P3gs)||(HIT*Q)~*(0). (13)

It is well known that o is a strictly increasing function of s. This assertion follows by
straightforward calculation. In particular, we obtain

do

= = 288(010208) ' [(P191)" + (p242) + (p3as)*II(HIT* Q)™ (0) 2 0, (14)

which vanishes only when (p1¢1)? +(p2g2)? +(p3g3)? = 0. The second derivative of ¢ at its
critical points vanishes identically, while the third derivative is positive on (H|T*Q)~*(0).

The existence of the function ¢ on (H|T*Q)~1(0), which is strictly increasing along
the integral curves of Xy, leads to the following

THEOREM 1. Every point m = (q,p) € (H|T*Q)~1(0) lies in the domain U of a
chart of (H|T*Q)~1(0) in which all the integral curves of Xy are straight lines. In this
chart distinct lines correspond to distinct integral curves of Xp.

Proof: The vector field Xy has no equilibrium points in (H|T*Q)~1(0). Hence,
for any m € (H|T*Q)"(0), we have Xg(m) # 0. Thus there is a codimension 1
submanifold P of (H|T*Q)~1(0) containing m such that Xy is transverse to P. Since
X (m) spans the kernel of the pull back of w to (H|T*Q)~(0), we see that T,,,P
is a symplectic subspace of (T (T™Q),wn). Therefore by Darboux theorem, P is a
symplectic submanifold of 7*Q near m and we can choose canonical coordinates (z,y)
for P near m.

Consider the map &: R x R* — (H|T*Q)~1(0): (s,2,y) — ¢H(z,y), where o is
the flow of Xy. Then $(0,0,0) = m. Because Xg is transverse to P at m, it follows
that the map & is a local diffeomorphism. Its inverse ¢! is a diffeomorphism of a
neighbourhood U of ¢(m) in (H|T*Q)~!(0) onto its image $~1(U) C R x R It is
called a straightening chart for X, because in the coordinates defined by & the vector
field Xy is given by ?98?’ whose integral curves are straight lines. Straightening charts
exist near nonequilibrium points of an arbitrary vector field on a manifold, see Abraham
and Marsden [5, p. 67].

However, in our case there is a function o which is strictly increasing along all
integral curves of Xy. Thus the image under the map & of distinct straight lines in
&~1(U) are distinct integral curves of Xg. .

The above result is independent of the choice of parametrization of the trajectories of
Xpg. It excludes all forms of recurrence for the integral curves of Xy on (H|T*Q)~(0).
In particular it excludes chaotic behaviour.

There are several notions of integrability for Hamiltonian systems. We say that a
Hamiltonian system (M, H,w) is integrable if it has n = 3 dim M Poisson commuting
constants of motion which are functionally independent on a dense subset of M. If
the Hamiltonian vector fields of the commuting constants of motion are complete, the
system is called completely integrable. The Hamiltonian system (M, H,w) will be called
locally integrable if for every m € M there exists an open neighbourhood U of m
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invariant under the flow of the Hamiltonian vector field of H, such that the induced
Hamiltonian system (U, H|y,wy) is integrable.

To illustrate the notion of local integrability we discuss the extended Hamiltonian
system (M H, ) associated to a given Hamiltonian system (M, H,w). Here evolution
space is M = M x R?, the extended Hamiltonian is H = H — e, and the symplectic
form on the evolution space is @ = w + de A dt. Moreover, ¢ is the parameter along
the integral curves of the Hamiltonian vector field of H and e is the energy variable
canonically conjugate to ¢. The extended Hamiltonian system describes the evolution
of the given Hamiltonian system. Writing e = H gives rise to a canonical embedding
of (M,H,w) as the zero level set of the Hamiltonian H of the extended Hamiltonian
system. Restricting the flow of the Hamiltonian vector field of H to H —1(0) gives
the flow of the Hamiltonian vector field X 5. We have

THEOREM 2. (i) For every> Hamiltonian system (M, H,w) the corresponding ex-
tended Hamiltonian system is locally integrable.

(i) If M =R and w = Y, dx; A dy', where (x,y) are Cartesian coordinates
on R®, and the Hamiltonian vector field Xy is complete, then the corresponding
extended Hamiltonian system is completely integrable.

Proof: (i) Given a point (mg,eg,t9) € M x R?, consider the set
My = {(m,e,t) € H ' (H(mo) — eo)|{t = to}}.

M, is a symplectic submanifold of M = M xR?, which contains the point (mg, eq, ty).
Let V be the domain of a Darboux chart on M, C M which contains (mg, €n, tg),
that is, for some smooth functions f; and ¢* on V we have w|V = 3. df; A dg'.
Let W be the subset of H~'(H(mg) — eo) which is obtained by flowing out from V
along the integral curves of the Hamiltonian vector field of X . Finally, let U be
the set obtained by flowing out from W along the integral curves of the Hamiltonian
vector field X; = 5‘} of the time variable ¢. Since X; and X, commute, it follows
that U is X z-invariant. We can extend the functions f, on V to functions f; on U,
which are X and X, invariant. Clearly, the f: are Poisson commuting, functionally
independent constants of motion of the Hamiltonian system (U, }}0,&0).

(i) If M = R®" and w = ¥, dz; Ady’, then we can take My = R?" x {(eg,t)}.
Since the Hamiltonain vector field Xy is complete, it follows that the Hamiltonian
vector field X; is also complete. Also every integral curve of X intersects M.
Hence U = M. Moreover, the functions z; on My ~ R?" have complete Hamilto-
nian vector fields. Therefore, the Hamiltonian vector fields of the extended functions

Z; are also complete. Consequently, the extended Hamiltonian system (M H. w) is
completely integrable. ]

Let us return to the mixmaster model. The zero energy level (H|T*Q)~1(0) can be
expressed as the union of the expansion phase M¢ = {(q,p) € (H|T*Q)"}(0)| ¢ > 0},
the contraction phase M° = {(¢,p) € (H|T*Q)"1(0)] o < 0}, and the submanifold
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M° = {(¢g,p) € (HIT*Q)"Y(0)] prq1 + paga + p3gs = 0}, which separates these two
phases and corresponds to the maximum expansion.

THEOREM 3. About any point (q,p) € M® (or M¢) there exists an open neighbourhood
in M® (or M°€) invariant under the flow of Xy restricted to M® (or M) which can be
embedded as the zero level of an integrable Hamiltonian system.

Proof. We give the proof for the expansion phase since the argument for the con-
traction phase is the same. Given a point (g,p) € M¢®, let U be a neighbourhood of
(q,p) € M* constructed in the proof of Theorem 1. Denote by V' the invariant neighbo-
urhood of (g, p) obtained by flow out from U along the integral curves of Xy restricted
to M¢. The functions (z,,y*) in U defined in the proof of Theorem 1 can be extended
to X p-invariant functions on V, which will also be denoted by (z,,y?). The functions
(z4,y% o) give global coordinates on V. Since (z,,y®) are constants of motion, the
equations of motion in V are

dz, dy®

= d
do 0 an do
Let M = V x R, and let (z,,y%,0) be functions on M obtained by pulling back the
functions (24, y* ,o) by the projection M =V xR — V on the first factor. Let H be the
projection M = VxR — R on the second factor and define & = Z dz, Ady® +dH Ado.
The Hamiltonian vector field of the Hamiltonian system (M , H,) when restricted to

H~1(0) has integral curves which satisfy (15). The functions Z, are commuting constants
of motion. Hence we have obtained an embedding of V as the zero level set of an

integrable Hamiltonian system (M, H ,@). "

=0. (15)

3. Taub solutions

In this section we show that the equilibrium points of Xy corresponding to partially
isotropic gravitational collapse are contained in a union of integrable, X y-invariant
subsystems which are a union of Taub solutions.

The boundary dQ of minisuperspace @ = R C R? corresponds to the configuration
space gravitational collapse set. In particular, 9Q is the union of the first quadrants of
the coordinate planes in R3. Let C be the set of points (g,p) € R® such that ¢ lies in
JQ, that is,

C = {(g,p) € R®|q1 > 0,92 > 0,93 > 0, and ¢;¢2g3 = 0}. (16)

C will be called the phase space gravitational collapse set. It should be noted that
gravitational collapse can also occur at infinity, for example when some ¢; — oo but
q19293 — 0. Such solutions require separate investigation, which we will not carry out.

The principal advantage of expressing the Hamiltonian H (8) in our variables (g, p)
is that H is defined and analytic on all of R®. Thus the integral curves of Xy can be
used to study the evolution of the mixmaster universe in a neighbourhood of the phase
space gravitational collapse set C.
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Setting one of the ¢; equal to zero in the equations of motion (9), we see that ¢;
equals zero. Thus the phase space gravitational collapse set C is invariant under the
flow of X . Hence, an integral curve of Xy can approach C only if it approaches an
equilibrium point of Xy in C. This implies that motions which lead to gravitational
collapse, that is, which converge to points in C, must do so in infinite s-time.

We now look at the relevant set of equilibrium points more closely. The motions
of physical interest lie in (H|T*Q)!(0). We consider

HIT*Q)~H(0)nC
= {(¢,p) € RS ¢ =0, q; = qx, and p; = p for {i,j,k} = {1,2,3}}.

Let E be the set of equilibrium points of Xy contained in (H|T*Q)~*(0)NC. We
can write

EF=FEyUFE UE;U Ej,
where

Eo = {(g,p) € R%|¢ = 0} (17)
is the total gravitational collapse set and

Ei = {(2,p) € R® — Eol¢i = 0,¢; = qi, and 36p;p; = 36p;ps, = —1} (18)

is a set of partial gravitational collapse. For i = 1,2,3 each of the sets F; has two
connected components: one where p; > 0, and the other where p; < 0.

We now find a symplectic submanifold (M, 2; = w|M;) of the phase space
(R® w = 5", dg; A dp;), which is invariant under the flow of Xy (9) and contains
E;. Moreover, the restricted Hamiltonian system (H; = H|M;, M;, £2;) has an integral
A; which is functionally independent of H; on a dense open subset of Af;. In other
words, the Hamiltonian subsystem (H;, M;, £2;) is integrable.

For each i = 1,2,3, with j and %k in {1,2,3} ~ {i} and not equal to each other,
let

M; = {(g.p) € R®|g; = g, p; = pi}- (19)

From the definition of E; (18) we see that E; C M;.
PROPOSITION 4. Each M; is an Xpg-invariant symplectic manifold.

Proof: We treat only the case i = 1. The other cases are handled in a similar
manner. Introduce new variables

¢t =g +q, pt= %(Pz + p3), (20)
" =q—q, P =3(p2—p3)
Substituting (20) into the equations of motion (9) gives
¢1=2q[p1g1 —p*qg" —p7¢7),
§" = ~12(pr1q1)g* + 1297 (p*q” + p~q*), (21)
i =-12(ma)g” + 12¢"(p*q” +p7 "),
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P =-12pma -9 ¢t —p7¢7 ]~ 3l — ¥,

pT =12(mg)p™ =120~ (07 q” +p7¢") + 301, (22)

p~ = 12(maq)p” — 12p*[ptq” +p ¢t - 347
Since the right-hand sides of (21) and (22) vanish when ¢~ = p~ = 0, it follows that
M, is an invariant manifold of Xpy. In fact M; is parametrized by (q1,q",p1,p").
Since ¢~ and p~ are canonically conjugate, M; is symplectic with symplectic form {2,
= dq; Adpy + dgt Adpt = w|M;. .

COROLLARY. The manifold
My =M, NMyN Mg

is an invariant symplectic manifold of Xy containing E.

Proof: Clearly My is an invariant symplectic manifold of Xg. Since M, can be
parametrized by (g1, p1), it follows that the restriction of the symplectic form w to M,
is 3dg; A dp;. Hence My is symplectic. Clearly, Ey C M,. =

For (g,p) € My the spatial part of the metric ‘g is isotropic since ¢; = gz = g¢s.
Hence “g is a Robertson-Walker metric. However, if p; = p and ¢; = ¢q for 7 = 1,2,3,
then the mixmaster Hamiltonian (9) becomes

Hy = ~18(pg)* - 1¢* < 0.

Hence H;'(0) = {(0,p) € R®|p € R®} = E,, which does not belong to the phase space
T*Q of the mixmaster model.

For (gq,p) € M, U My U M3 two of the three metric coefficients ¢i1,¢2, g3 are equal.
Hence we have partial isotropy of the 3-dimensional metric on SU(2). This is the sub-
system we investigate here.

Restricted to the invariant symplectic manifold (i, £2;) the mixmaster Hamiltonian
H (8) is the Hamiltonian

Hy = 6(p1q1)’ — 2(ma Yot ¢t + §f — saq™ (23)

The integral curves of the Hamiltonian vector field Xy, on M; = {(¢g,p) € R®| ¢~
= p~ = 0} satisfy the Hamilton equations:

¢t = —12(pra1)q",

¢1 = 12q1(p1qr — p*q?), (24)
pt = 12(prg)p™ + 341,
p1= —12pi(p1qr — prqt) — 3@ — ¢T).
We now prove
PROPOSITION 5. The function
Ay = 1[36(p1g: — pTq™)? + 4f] (25)

is an integral of Xp,.
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Proof: Using (24) we compute

Ay =36(p1q1 + prds —ptet — T a1 —pTeY) + adn
=36(ma1 — p ¢~ 12(m1q1)(prr —pYaT) ~ 345 + FqugT +
+12(mg) 1oy — pte™) — i) ¢ — Fq1gT 4+
+12(p1g) (P ¢ M) + 12¢§(prar —pT¢™) = 0. .

Because H; and A; are polynomials, they are functionally dependent when 0
= dH; A dA;. Since this condition defines an algebraic subset of Af;, the functions
H; and A; are functionally independent on an open dense subset of A;. Thus the
Hamiltonian system (H;, My, §2;) is integrable.

Exact solutions s — v(s) = (q1(s),¢"(s),p1(s),pT(s)) of the Hamiltonian system
(Hy, My, w;) which lie on (H|T*Q)"Y(0)NM; NT*Q = H; Y (0)NT*Q were discovered
by Taub [6]. They are given by

0=V
7) = o 2\/%3 —s)’ =
CRE e

, Cosh2y/2ay(s = s sinh 2y 2y ) @)

1 + cosh2v/2a;(s — s*) ’

where s’ and s* are integration constants. Specifically, s' is the time at which ¢,
assumes its maximum value and s* is the time at which ¢,q% reaches its maximum.

4. Geometry of asymptotic solutions

In this section we show that the set of solutions of Xy on (H|7*Q)~!(0), which
are asymptotic to equilibrium points in Fy; U FEy U E3 (18), consists of Taub solutions.

The analysis of the set of solutions asymptotic to the equilibrium points E, re-
quires separate investigation. It should be noted that no solution asymptotic to Ej
can have two of the metric coefficients equal for all the time. Hence, the solutions
asymptotic to F; describe an anisotropic gravitational collapse.

We begin by finding the set of all integral curves of the integrable vector field
Xpg, on M which are asymptotic to the manifold of equilibrium points:

Ey={¢ =p =0and ¢ =0, ¢ #0, 36pp™ +1=0}.
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Parametrize £, by « and v, where

gt =v, v#0, P1=——1— and p* =u, u #0.
36u

In the following we denote by (a,8) the equilibrium point (0, v, — 58z, u) of Xg,. On
M, we introduce new coordinates (&, &2, 71, 72) which bring («, 3) to the origin; namely,

1
= = +
'EI g1, m Y41 36U 3

L=q, n=pt—-u

The Hamiltonian H; (23) in the new coordinates is

1 1 v 1
Hy,= 3(1 + W)ﬁf - 2uvéym + 3;61712 - 5;5%7)1 -
-12 ~-12 L 22 30
12u&16m véimne + 3u€1§z772 + 66177 - (30)

Linearizing Xy, at the origin gives

—12uv 0 0 0
v
— 0 0 0
afe)_| | % l-alt). o
dt 1+24;] 0 12 ’
n -3 Tou? LAY U] U]
0 0 0 0

where A = DX, (0). Using the linear canonical change of variables

1 1 1
‘72uu(1+36u2) 0 1 —5p

1
3 L T T
( = ou ro 0 =P . (32)
n -1 0 0 0 y ¥
0 0 0 1
equation (31) becomes
12uv 0 0 0
0 0 0 0
a1 “1=8"]|. (33)
dt \ y 0 0 -12uw 0 y y
0 0 0 0



LOCAL INTEGRABILITY OF THE MIXMASTER MODEL 85
The eigenvectors w; = Pey = (0,1,0,0) and wy = Pey = (0, 0,56%72,1) of A corre-
sponding to the eigenvalue 0 span the tangent space to E; at (a,3). On E; the
parameters v and v are nonzero. Hence for (a, ) € E; the eigenvectors wy = Pey
and wy = Pez of A corresponding to the nonzero real eigenvalues A = +12uv span
a space which is normal to E; at (a,3). Since the expanding eigenvalue |\ and
contracting eigenvalue —|A| of DXy, (o, ) in the normal direction to F; are larger
in absolute value than any eigenvalue of DXy (o/,') corresponding to eigenvectors
tangential to £, at (o', '), it follows that the manifold E; is normally hyperbolic [7].
Thus, according to [8], the set W*(E;) of all points of M; which are asymptotic to
Ey under the flow o1 of Xy as s — oo is a smooth manifold called the stable
manifold of E,. Similarly, the set W*(F;) of all points of M; which are asymptotic
to By under the flow ¢* of Xy, as s — —oc is a smooth manifold called the
unstable manifold of E;. By definition, the stable manifold of E;

W*(E)) = {P € M, — Ey| lim o(P) e E;} (34)
and the unstable manifold of E,

W*E) = {Pe M — E| lim of"(P)e E}

are invariant manifolds of Xy . In fact, the stable manifold W*(E;) of E; is the
unique invariant manifold of Xy, whose tangent space at the point (a,3) € E| is
the sum of the tangent space to F; at (a, ) and the eigenspace V_,| corresponding
to the eigenvalue —|A| of A at (e, ). Since dimE; =2 and dimV_ )y, = 1, it follows
that dimW?*(E,) = 3. Similarly, the unstable manifold W*(E;) of E; is the unique
invariant manifold of Xy, whose tangent space at the point (a,3) € E; is the sum
of the tangent space to E; at (a,(3) and the eigenspace V|, corresponding to the
eigenvalue |A| of A at (a,8). Again dimW¥(E;) = 3. Another way to show that
W?(Ey) is a smooth manifold goes as follows. For every (o,3) € E;, the stable
manifold W*(a, 8) of the point (a,s) is the unique X, -invariant manifold whose
tangent space at (o, 3) is the eigenspace V_|,| of A at («a,3). Since the Hamiltonian
H; (30) and the change of variables P (33) depend smoothly on the point (o, 3), the
eigenspace V_),| depends smoothly on («, ). Hence the stable manifold W*(a,3)
varies smoothly with («, 5). Consequently, the stable manifold of E;, which is the
disjoint union of W*s(a/,3') as (a,#) ranges over E), is a smooth manifold. A
similar argument shows that the unstable manifold W™*(E;) of F; is also a smooth
manifold.

After these generalities we give an explicit description of the Xy, -stable and
unstable manifolds of E;NT*Q. Because E; C H;'(0) and H, is an integral of X,
from (34) it follows that W*(FE,) U W¥(E,) C H;'(0). To proceed further, we need
the following lemma which describes the asymptotic behaviour of the Taub solutions
of ‘XHl-

LEMMA 6. Let s — y(s) = (q1(s),q7(s),p1(s),p*(s)) be an integral curve of Xy,
in T*Q given by a Taub solution. Then
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7 (00) = lim ~(s)
=(0,v/2a1 exp(2y/2a:1(s"—s")), — £ exp(v/2a1(s"—s")),  exp(v/2a1(s*—s"))), (35)
¥ (—00) = _lim_(s)

=(0, v/2a1 exp(~2+/2ar(s*~s1), L exp(v/2a1(s1 —s")), — & exp(/2a3(s" =s"))). (36)

Proof . We only compute g™ (+o00). The other cases are similar and are omitted. From
(26) we have

exp(2v2a:(s — s7)) + exp(=2v2a1(s — s1))
mZ + exp(2v/2a1(s — %)) + exp(=2v2a1(s — s*)) S

Dividing numerator and denominator of (37) by exp(2v/2a;3) gives

g*(s) =

gt (s) = v2a; x
exp(—2+v2a;s') + exp(—4v/2a1s) exp(2+/2a;sT)
2exp(—2+v2a18) + exp(—2v/2a;s*) + exp(—4v/2a1s) exp(2v/2a;15*)

Taking the limit as s — oo gives the second component of (35). Dividing the numerator
and denominator of (37) by exp(—2+/2a;3) gives

) = VIar exp(2v/2a1s') + exp(4v/2a1s) exp(—2v/2a;st)
1 1 2(exp2v/Zars) + exp(2v2a15*) + exp(dv2ars) exp(—2v2ar5")
Taking the limit as s — —oo gives the second component of (36). "

Using (35) and (36) it is easy to see that
v2(e00) >0 and  3643(e00)v4(ex) + 1 = 0,
where ¢? = 1, that is, y(£00) is in
Ef = {P e E:nT*Q|q*(P) > 0}.

Note that E; is the set of equilibrium points of Xp, which lie in H;1(0) N T*Q. The
manifold E; has two connected components:

Eft ={P e Ef|pt(P)>0}, E{ ={PeEf|pt(P)<0}

Clearly v(+00) € E{" and y(—o0) € E{~. From Lemma 6 we see that every integral
curve of Xp, in Hy '(0) N T*Q which is not an equilibrium point of Xy, converges to
a point in Ef ™ as s — oo, and converges to a point in ET~ as s — —oco. Thus we have
proved

PROPOSITION 7. The manifold

We(ESY) = WH(ES ) = (H'(0) - EN)NT"Q. (38)
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The fact that the stable manifold of E; ™ is equal to the unstable manifold of
E{~ is not surprising since Xy, is integrable on M,. From (23) it follows that

H, = ql[%(36p% + D1 ~ ¢t (B6pip™ + 1))
Consequently, H;'(0)NT*Q is the union of
{q =0, ¢~ =p~ =0 and ¢* > 0} (39)

and

{ _ 2q7(36pipT + 1)

3657 + 1 , ¢_=p =0, and ¢* >0}, (40)
1

whose intersection is Ej. Combining (38) with (39) and (40) we obtain an explicit
description of the set of points in H; *(0) which are initial conditions of solutions of
Xg, asymptotic to an equilibrium point in 7*Q as s — +oc.

Now let us look at the dynamics of the full Hamiltonian vector field Xy on
H-Y(0)nT*Q. Using the equations of motion (21) for the integral curves of Xy in
the coordinates (g.¢g*,q~,p1,p",p7), it is easy to check that

E1={q_=p_=07 Q1=0«, q+#07 and 36p1p++1=0}

are equilibrium points of Xy which lie in H~1(0)NT*Q. Parametrize E; by nonzero
u,v such that ¢ = ¢~ = p~ =0, ¢ = v, p, = —7316-, and pT = u. Introducing
canonical coordinates

1
= = + —
1 q1, m P 360
Sa=qt—v, p=pt—u
& =q7, N3 =p,
which brings the equilibrium point (o, 8) = (0,0.0,—z1,v,0) to the origin, we find
that the Hamiltonian H becomes
~ 1 1 v 2.2

+12uvésns + 6v° + 12%532772 + 1283073 + 12v{2?3§ +
1 1 1 by
—gffﬁl + 55152772 + @5153773 + 652772>-

Hence the linearization DX 4(0) of the vector field X at the origin is

)0

where
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—12uv 0 0 0 0 0
v
e 0 0 0 0 0
0 0 12uw 0 0 1202
A= 1 1
0 0 0 0 0 0
0 0 1 1+ 1 0 0 -12
3 36u? w

Note that A restricted to the space spanned by {eq, ez, e4, e5} equals A (31). Moreover,
the space spanned by {es,eq} is an A-invariant subspace on which its characteristic
polynomial is A2 + 4v2. Thus A has eigenvalues 0,0, 12uv, —12uv, 2iv, —24v. The real
eigenvalues A = +12uw are nonzero on Ef = E; N {g" > 0} and the corresponding
eigenvectors, when projected onto the space spanned by {ei, ez, e4, €5}, are the same as

those of A. Hence H, X 7 and the eigenspaces of the real eigenvalues of A depend
smoothly on the parameters u and v such that («,3) lies in E;. This shows that the
X g- stable manifold

W*(Ef) = {P € T'Q - Bf| lim ¢ (P) € F})
is smooth. A similar argument shows that the X ;-unstable manifold
Wu(E}) = (P eT'Q- Ef| lim_¢F(P)e Ef}
§——00

is smooth. Since the tangent space to Ws(EfL ) at («, ) is the sum of the tangent
space to E; at (a,3) and the space spanned by the eigenvector of A corresponding to
the positive real eigenvalue, we see that the dimension of WS(EI*' ) is three. Because
the tangent space to W*(E;{) at (o, 3) € Ej is equal to the tangent space to the
X 5, -stable manifold W*(E;") considered as a subspace of RS, from uniqueness it follows
that W5(E;") = W*(E). A similar argument shows that W*(E;) = W¥(E;"). Thus
we have proved

PROPOSITION 8. The set of all initial conditions in T*QN H~1(0) of solutions of Xy
which are asymptotic as s — oo to equilibrium points in E corresponding to points of

partial gravitational collapse is equal to the union of the stable manifold W*(E}) and
unstable manifold W*(E]) of Xu.,.

The conclusion of Proposition 8 is consistent with the local integrability of the
mixmaster model. In fact it is an important global qualitative feature of this model.
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