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In this paper we study the mixmaster universe whose evolution is described by a poly- 
nomial Hamiltonian. We show that this model is locally integrable. The Taub solutions form 
an integrable subsystem. We show that there are no solutions of the mixmaster universe 
asymptotic to a partially isotropic gravitational collapse, that is, a collapse where two of the 
metric coefficients are always equal, other than the Taub solutions. 

1. Hamilton equations 

The Bianchi IX or mixmaster model of the universe is given by the 4-metric 

4g = dt2 - kqk(t)u; 

SU(2) such that 

(1) 

(2) 

k=l 

on R x su(2). Here Crk are left invariant l-forms on 

For example, we can take 

LT~ = sin?C,d6’- cos$ sinOd9, 

~72 = cos$d6 + sin$ sin0d9, 

~7~ = -dti - cos 9 dip, 

(3) 

where (0, cp, $) are spherical coordinates for the 3-sphere which is identified with 
SU(2). The positive coefficients gk of 4g are the dynamical variables to be determined 
from the Einstein equations. Thus the minisuperspace of the mixmaster model is 
Q=R;. 
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The autonomous Hamiltonian formulation for the evolution of the mixmaster uni- 
verse in T’Q = RT x R3 was given first by C. W. Misner [l] in 
0, ,B+, and ,LL such that 

41 = exp{2(-Q + P+ + AD-)}, 

42 =ex~+(-fl+p+ -h/J-)), 

43 =e~Q(-fi-2P+)). 

The Hamiltonian is 

terms of coordinates 

(4) 

H = $(-p; + p$ + p2_) + ie-452V, 

where pn, p+ and p- are the momenta canonically conjugate to 
the potential energy is 

(5) 

R, ,0+ and p_. Here 

V = $ exp(-8p+) - 2 exp(-2p+) cosh(26p_) 

+ $ exp(LtP+)[cosh(4&3,/3_) - 11. 

Our aim is to study the Hamiltonian (5) in the variables qi 

+ 

(6) 

and canonically con- 

jugate momenta pi. In terms of qi and pi the momenta pn, p+, and p_ are given 

by 

Pf2 = CPig = -2CpiQiy 
i i 

p+ = cpi* = 
W+ 

2PlQ + 2P2Q2 - 4p3q3, 
i 

p_ = xpiz% = 
w- 

2hPc?l - 2&2q2, 

i 

(7) 

since the change of variables (4) is a point transformation. Using (4) and (7) we see 
that the kinetic energy term in (5) is 

+<-P”, + P: + P:) = 6@lqd2 + 6(P2q2j2 + 6(p3q312 - 

-wP1dP2Q2) - wP2q2NP3Q3) - wPlqlxP3Q3) 

and the potential energy term is 

$ exp(-4fl)v = $71” + 42” + 432 - 2t4142 + q2q3 + 4143)l. 

Hence the Hamiltonian is 

H = 6(prqr)2 + 6(P2q2)2 + 6(psqs)2 - 

-wP1aP2q2> - wP2q2xP3Q3) - mIPl!71)cP3Q3) + 

+&12 + 422 + d - 2(!71q2 + 4243 + q1c73)l. (8) 

The integral curves of the Hamiltonian vector field XH of H satisfy the Hamilton 
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equations: 

41 = 12n[p1q1 - p2q2 - 

42 = %72[-P1Q1 + P2Y2 

43 = 12q3[-Plql - p2q2 

Pl = -%Q[p1q1 - Pacl2 

P3fJ311 

- P3Q31, 

+ P3Q3lr 

- P3fJ31 - $1 - q2 - al, 

77 

$2 = -12P2[-Plql + Y242 - P3Q31 - $41 + q2 - 931, 

Ij3 = -1&3[-P1% - P242 + P3Q31 - g-41 - q2 + 431, 

where the dot denotes differentiation with respect to supertime s (denoted by X 
in [2]). 

The solutions of (9) which lie in the zero level set of the Hamiltonian H, describe 
the evolution of the mixmaster universe. 

In order to relate (9) to the BKL equations [3], we first check that 

Substituting 

we obtain 

d 41 -(-) =4{G12-Y3)2-q;l~ 
ds 41 

ql = e20, q2 = e2b, q3 = e2y: 

2Cy = 4{(e2” - e2y)2 - e40}, 

2/j = 4{(e2” - c2y)2 - e4’}, 

2~ = 4{(c2” _ $s)a _ e4~], 
(11) 

Comparing (11) with BKL equations in [4] we see that our independent variable s 
is twice the BKL time coordinate T, that is, 

dt 
ds = dr = 2dq142q3. (12) 

2. Local integrability 

In this section we show that the mixmaster model is locally integrable. 

The function v2 = qlq2q3 is a measure of the Riemannian volume of space-like 
sections of the mixmaster universe. Let g be a function on (HIT*&)-‘(O) given by 
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u = $(v-“I(HIT*Q)-‘(0)) 

= EQ4wms)-1(Plql + zmz + psa>lltW*Q)-l(W (13) 

It is well known that u is a strictly increasing function of s. This assertion follows by 
straightforward calculation. In particular, we obtain 

da 
- = 288(qlqzq&1[(p1q1)2 + (P2qz)2 + (Pm)211WI~*Q>-1(0) 2 0, 
ds (14) 

which vanishes only when (plq1)2 + (p2q2)2 + (p3q3)2 = 0. The second derivative of u at its 
critical points vanishes identically, while the third derivative is positive on (HIT*Q)-‘(0). 

The existence of the function 0 on (HIT*Q)-l(0), which is strictly increasing along 
the integral curves of XH, leads to the following 

THEOREM 1. Every point m = (q,p) E (HIT*Q)-‘(0) lies in the domain U of a 
chart of (HIT*&)-l(O) in which all the integral curves of XH are straight lines. In thk 
chart distinct lines correspond to distinct integral curves of XH. 

Proof: The vector field X H has no equilibrium points in (HIT*Q)-l(0). Hence, 
for any m E (HIT*&)-‘(O), we have XH(~) # 0. Thus there is a codimension 1 
submanifold P of (HIT*Q)-l(O) containing m such that XH is transverse to P. Since 
XH(m) spans the kernel of the pull back of w to (HIZ’*Q)-l(0), we see that T,P 
is a symplectic subspace of (T,(T*Q), w,). Therefore by Darboux theorem, P is a 
symplectic submanifold of T*Q near m and we can choose canonical coordinates (z, y) 
for P near m. 

Consider the map @: R x R4 --f (HIT*Q)-l(0): (s,z, y) H gf(x, y), where ‘pr is 
the flow of XH. Then @(O,O, 0) = m. Because XH is transverse to P at m, it follows 
that the map @ is a local diffeomorphism. Its inverse G-l is a diffeomorphism of a 
neighbourhood U of @s(m) in (HIT*Q)-‘(0) onto its image F’(U) C R x R4. It is 
called a straightening chart for X H, because in the coordinates defined by Cp the vector 
field XH is given by -&, whose integral curves are straight lines. Straightening charts 
exist near nonequilibrium points of an arbitrary vector field on a manifold, see Abraham 
and Marsden [5, p. 671. 

However, in our case there is a function u which is strictly increasing along all 
integral curves of X H. Thus the image under the map Qi of distinct straight lines in 
F’(U) are distinct integral curves of XH. n 

The above result is independent of the choice of parametrization of the trajectories of 
XH. It excludes all forms of recurrence for the integral curves of XH on (HIT*Q)-‘(0). 
In particular it excludes chaotic behaviour. 

There are several notions of integrability for Hamiltonian systems. We say that a 
Hamiltonian system (M, H, w) is integrable if it has 72 = i dim M Poisson commuting 
constants of motion which are functionally independent on a dense subset of M. If 
the Hamiltonian vector fields of the commuting constants of motion are complete, the 
system is called completely integrable. The Hamiltonian system (hl, H, w) will be called 
locally integrable if for every m E M there exists an open neighbourhood U of m 
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invariant under the flow of the Hamiltonian vector field of H, such that the induced 
Hamiltonian system (U, H/u, WV) is integrable. 

To illustrate the notion of local integrability we discuss the extended Hamiltonian -- 
system (M, W, S) associated to a given Hamiltonian system (M, H, w). Here evolution 
space is 111 = AI x R2, the extended Hamiltonian is g = H - e, and the symplectic 
form on the evolution space is Z = w + de A dt. Moreover, t is the parameter along 
the integral curves of the Hamiltonian vector field of H and e is the energy variable 
canonically conjugate to t. The extended Hamiltonian system describes the evolution 
of the given Hamiltonian system. Writing e = H gives rise to a canonical embedding 
of (M, H, w) as the zero level set of the Hamiltonian H of the extended Hamiltonian 

system. Restricting the flow of the Hamiltonian vector field of g to E-‘(O) gives 
the flow of the Hamiltonian vector field XH. We have 

THEOREM 2. (i) For every\HumiZtoniun system (M, H, w) the corresponding ex- 
tended Hamiltonian system is locally integrable, 

(ii) If A4 = R2?l and w = Cidxi A dyi, where (x, y) are Cartesian coordinates 
on Rzn, and the Hamiltonian vector field XH is complete, then the corresponding 
extended Hamiltonian system is completely integrable. 

Proof: (i) Given a point (?no, eo, to) E Al x R2, consider the set 

A{0 = {(m, e,t) E &l(H(mo) - eo)l{t = to}}. 

Alo is a symplectic submanifold of G = Ar x R”, which contains the point (mo, el), to). 

Let V be the domain of a Darboux chart on Al, C c which contains (VQ, eo, to), 
that is, for some smooth functions fi and gi on V we have d/V = C, dfi A dy”. 

Let W be the subset of &l(H(mo) - eo) which is obtained by flowing out from V 

along the integral curves of the Hamiltonian vector field of XR. Finally, let 6 be 
the set obtained by flowing out from W along the integral curves of the Hamiltonian 
vector field Xt = 2 of the time variable t. Since XH and Xt commute, it follows 

that fi is Xfi-invariant. We can extend the functions fi on V to functions fi. on 6, 

which are X, and X, invariant. Clearly, the f? are Poisson commuting, functionally 

independent constants of motion of the Hamiltonian system (6, go, +>. 
(ii) If A4 = R2” and w = C, dxi A dyi, then we can take hf” = R2” x {(e”, to)}. 

Since the Hamiltonain vector field XH is complete, it follows that the Hamiltonian 
vector field X_h is also complete. Also every integral curve of Xg intersects AI,,. 

Hence 6 = IV. Moreover, the functions x, on AfO N R27a have complete Hamilto- 
nian vector fields. Therefore, the Hamiltonian vector fields of the extended functions 
Fi are also complete. Consequently, the extended Hamiltonian system (hl, g.2) is 
completely integrable. n 

Let us return to the mixmaster model. The zero energy level (HjT*Q)-l(O) can be 
expressed as the union of the expansion phase Me = ((9,~) E (HIT*Q)-l(0)I cr > 0}, 
the contraction phase hf” = {(q,p) E (HIT*&)-‘(0)I CT < 0}, and the submanifold 
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MO = {(~,p) E (HIT*Q)-l(0)) plql + p2q2 + p3q3 = 0}, which separates these two 
phases and corresponds to the maximum expansion. 

THEOREM 3. About any point (q, p) E Me (or MC) there exists an open neighbourhood 
in Me (or MC) invariant under the flow of XH restricted to Me (or MC) which can be 
embedded as the zero level of an integrable Hamiltonian system. 

Proof: We give the proof for the expansion phase since the argument for the con- 
traction phase is the same. Given a point (q,p) E Me, let U be a neighbourhood of 
(q,p) E Me constructed in the proof of Theorem 1. Denote by V the invariant neighbo- 
urhood of (q,p) obtained by flow out from U along the integral curves of XH restricted 
to Me. The functions (z,, y”) in U defined in the proof of Theorem 1 can be extended 
to XH-invariant functions on V, which will also be denoted by (za, y”). The functions 
(z,, ya, g) give global coordinates on V. Since (z,, y”) are constants of motion, the 
equations of motion in V are 

dz, = 0 and dy” 0 
du 

-=. 
da (15) 

Let E = V x R, and let (&, p”, 5) be functions on G obtained by pulling back the 

functions (z,, ya, a) by the projection % = V x R 4 V on the first factor. Let g be the 

projection G = V x R + R on the second factor and define W = C, dz,Adya +d@~da. 

The Hamiltonian vector field of the Hamiltonian system (M, g,i;r) when restricted to 
g-l(O) has integral curves which satisfy (15). The functions P, are commuting constants 
of motion. Hence we have obtained an embedding of V as the zero level set of an 

integrable Hamiltonian system (G, ii, Z). n 

3. Taub solutions 

In this section we show that the equilibrium points of XH corresponding to partially 
isotropic gravitational Collapse are contained in a union of integrable, XH-invariant 
subsystems which are a union of Taub solutions. 

The boundary 6’Q of minisuperspace Q = R3> C_ R3 corresponds to the configuration 
space gravitational collapse set. In particular, aQ is the union of the first quadrants of 
the coordinate planes in R 3. Let C be the set of points (q,p) E R6 such that q lies in 
6’Q, that is, 

C = {(q,p) E R61ql 2 O,q2 2 O,q3 L 0, and qlqzq3 = 01. (16) 

C will be called the phase space gravitational collapse set. It should be noted that 
gravitational collapse can also occur at infinity, for example when some qi + 03 but 
qlq2q3 + 0. Such solutions require separate investigation, which we will not carry out. 

The principal advantage of expressing the Hamiltonian H (8) in our variables (q,p) 
is that H is defined and analytic on all of R6. Thus the integral curves of XH can be 
used to study the evolution of the mixmaster universe in a neighbourhood of the phase 
space gravitational collapse set C. 
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Setting one of the qi equal to zero in the equations of motion (9) we see that 4?, 
equals zero. Thus the phase space gravitational collapse set C is invariant under the 
flow of XH. Hence, an integral curve of XH can approach C only if it approaches an 
equilibrium point of XH in C. This implies that motions which lead to gravitational 
collapse, that is, which converge to points in C, must do so in infinite s-time. 

We now look at the relevant set of equilibrium points more closely. The motions 
of physical interest lie in (HIT*Q)-l(0). We consider 

(HIT*&)-l(O) n C 

= {(q,p) E R% = O,q, = q/x> and pj = pry for {i,j,Ic} = {1,2,3}}. 

Let E be the set of equilibrium points of X H contained in (HJT*Q)-‘(0) n C. We 
can write 

E=EouEluEauEg, 

where 
Eo = {(q,p) E R61q = 0) (17) 

is the total gravitational collapse set and 

Ei = {(q, p) E R6 - Eel qi = 0, q,i = qk, and 36pipj = 36pipk = - 1) (18) 

is a set of partial gravitational collapse. For i = 1,2,3 each of the sets Ei has two 

connected components: one where pi > 0, and the other where pi < 0. 
We now find a symplectic submanifold (IV&, f& = ul A&) of the phase space 

(R”,w = xi dqi A ctpa), which is invariant under the flow of XH (9) and contains 
Ei. Moreover, the restricted Hamiltonian system (II, = HIAfi, AI,, &) has an integral 
Ai which is functionally independent of Hi on a dense open subset of A!i$. In other 
words, the Hamiltonian subsystem (H,, A&,, fii) is integrable. 

For each i = 1,2,3, with j and Ic in {1,2,3} - {i} and not equal to each other, 
let 

hfi = {(q,P) E R%j = %,P, = Pk}. (1% 

From the definition of Ei (18) we see that Ei C Mt. 

PROPOSITION 4. Each Mi is an XH-invariant symplectic manifold. 

Proof: We treat only the case i = 7. The other cases are handled in a similar 
manner. Introduce new variables 

Q + =qz+q3r p+ = 1 
2h + P3L 

q- = q2-q3, P- = 9P2 -P3). 

Substituting (20) into the equations of motion (9) gives 

41= n71[p1q1-Pfqf -p-q-l, 

4+ = -qPm)q+ + mr(P+q- +p-qf), 

4- = -qPlql)q- + =q+(p+q- +p-qf), 

(20) 

(21) 
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$1 = -12P1[P,Q - p+q+ -p-q-l - +[?I1 - q+1, 
lj+ = 12(piqi)p+ - 12p-(pfq- + p-q+) + $41, (22) 
._ 

P = 12(piqi)p- - 12p+[p+q- + p-q+1 - $q-. 

Since the right-hand sides of (21) and (22) vanish when q- = p- = 0, it follows that 
Mi is an invariant manifold of XH. In fact Mi is parametrized by (ql, qf, pI,p+). 
Since q- and p- are canonically conjugate, MI is symplectic with symplectic form L’i 
=dqlAdpl+dq+Adp+ =wlM1. m 

COROLLARY. The manifold 

MO = A41 n Mz n MS 

is an invariant symplectic manifold of XH containing Eo. 

Proof: Clearly A40 is an invariant symplectic manifold of XH, Since MO can be 
parametrized by (41, pl), it follows that the restriction of the symplectic form w to M0 
is 3 dql A dpl. Hence MO is symplectic. Clearly, E0 g MO. m 

For (q,p) E A40 the spatial part of the metric 4g is isotropic since q1 = q2 = q3. 
Hence 4g is a Robertson-Walker metric. However, if pi = p and qi = q for i = 1,2,3, 
then the mixmaster Hamiltonian (9) becomes 

H,, = -18(pq)2 - $4.’ IO. 

Hence &-l(O) = ((0, p) E R” 1 p E R3} = Eo, which does not belong to the phase space 
T*Q of the mixmaster model. 

For (q,p) E MI U M2 u M3 two of the three metric coefficients ql, q2, q3 are equal. 
Hence we have partial isotropy of the 3-dimensional metric on SU(2). This is the sub- 
system we investigate here. 

Restricted to the invariant symplectic manifold (A4i, 0,) the mixmaster Hamiltonian 
H (8) is the Hamiltonian 

Hl = qPl!71)2 - Q@lq*)(p+q+) + glf - $w2+. (23) 

The integral curves of the Hamiltonian vector field XH1 on MI = {(q, p) E R6/ q- 
= p- = 0) satisfy the Hamilton equations: 

ti+ = -qPlql)q+, 

41 = l&l(PlQl - P+q+h 

P+ = 12(Plc?l)Pf + fq1, 
(24) 

Pl = -12PltPlql - P+q+) - gq1 - q+j. 

We now prove 

PROPOSITION 5. The function 

AI = ;[36(plql - p+q+)2 + q;] 

is an integral of XH1. 

(25) 
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Proof: Using (24) we compute 

& = 36(Plql + ~141 - Ij+q+ - p+4+)(plql - p+q+) + 9141 

= 36(p,q, - p+q+)[-I2(plql)(plql - p+q+) - $4; + &q+ + 

+I2(Plql)(Plql - P+q+) - 12@lql)(P+q+) - i414+ + 

+I2(FM)(P+q+)l + I2&M - P+q+) = 0. m 

Because H1 and Al are polynomials, they are functionally dependent when 0 
= dH1 A dAl. Since this condition defines an algebraic subset of M1, the functions 
HI and Al are functionally independent on an open dense subset of M,. Thus the 
Hamiltonian system (HI, MI, L?,) is integrable. 

Exact solutions s h y(s) = (ql(s),qf(s),pl(s),pf(s)) of the Hamiltonian system 
(Hl,Ml,wl) which lie on (HIT*Q)-l(0)nhf~nT*Q = H;‘(O)nT*Q were discovered 
by Taub [6]. They are given by 

s+(s) = d% 
cash 2474s - s+) 1 1 + cosh2JZ;ET(s - s*) ’ 

a(s) = dz 
cash 2&(s - s+) ’ 

pf(s) = ; 
sinh 2&(s - s’) 

cash 2,.&$s - s+) 

pi(s) = i - sinh2&(s - st) + 

(26) 

(27) 

3 (28) 

+ cash 2G(s - s+) sinh 2&(s - s*) 

1 + cosh2JZ;l;(s - s*) I ’ 
(29) 

where s+ and s* are integration constants. Specifically, s+ is the time at which q1 
assumes its maximum value and s* is the time at which qlqf reaches its maximum. 

4. Geometry of asymptotic solutions 

In this section we show that the set of solutions of XH on (HIT*Q)-I(O), which 
are asymptotic to equilibrium points in El U E2 u E3 (18), consists of Taub solutions. 

The analysis of the set of solutions asymptotic to the equilibrium points EC1 re- 
quires separate investigation. It should be noted that no solution asymptotic to E. 
can have two of the metric coefficients equal for all the time. Hence, the solutions 
asymptotic to Eo describe an anisotropic gravitational collapse. 

We begin by finding the set of all integral curves of the integrable vector field 
XN, on Al, which are asymptotic to the manifold of equilibrium points: 

El = {q- = p- = 0 and q1 = 0. q+ # 0, 36p1p+ + 1 = 0). 
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Parametrize El by u and w, where 

4+ 
1 

=ZJ, w#O, pl=-z andp+=u, u#O. 

In the following we denote by (a, /3) the equilibrium point (0, V, -&, u) of XH~. On 
Mr we introduce new coordinates (G, .$,qr, ~2) which bring ((I, /3) to the origin; namely, 

<l = Ql> 

1 
71 = Pl + Z’ 

(2 = Q27 772 = p+ -u. 

The Hamiltonian HI (23) in the new coordinates is 

-12ec2m - 12vh?19?2 + 

Linearizing XH~ at the origin gives 

(30) 

-12uv 00 0 
V 

00 0 

0 12UV -e 
(;)=A( :)- (31) 

0 00 0 

where A = DXH,(O). Using the linear canonical change of variables 

1 

72~ 

equation (31) becomes 

36u2 
-1 
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The eigenvectors w1 = Pe, = (0, l,O, 0) and w 2 = Pe, = (0, 0, &, 1) of A corre- 

sponding to the eigenvalue 0 span the tangent space to El at (cu, p). On El the 
parameters u and ‘u are nonzero. Hence for (ct., /3) E El the eigenvectors ~1:~ = ‘PP, 
and w4 = Peg of A corresponding to the nonzero real eigenvalues X = 5121111 span 
a space which is normal to El at (a, ,0). Since the expanding eigenvalue /X/ and 
contracting eigenvalue -IX/ of DXH~(CY,O) in the normal direction to El are larger 
in absolute value than any eigenvalue of DXH,(~‘,P’) corresponding to eigenvectors 
tangential to El at ( a’, 0’) it follows that the manifold El is normally hyperbolic [7]. 
Thus, according to [8], the set W’(EI) of all points of Ali which are asymptotic to 
El under the flow cpfl of XH, as s + cx is a smooth manifold called the stable 
manifold of El. Similarly, the set W’“(EI) of all points of Mi which are asymptotic 
to El under the flow pkrl of X,, as s + --oc: is a smooth manifold called the 
unstable manifold of El. By definition. the stable manifold of El 

W(El) = {I’ E hl, - El1 ,$&I’) E El} 

and the unstable manifold of E, 

(34) 

are invariant manifolds of XH,. In fact, the stable manifold W”(Ei) of El is the 
unique invariant manifold of XH1 whose tangent space at the point (Q, ,a) E El is 
the sum of the tangent space to El at (~,p) and the eigenspace V_,xl corresponding 
to the eigenvalue -IX] of A at (a,@. Since dimEI = 2 and dimV_lxl = 1, it follows 
that dim W”(E1) = 3. Similarly, the unstable manifold 14’“(El) of El is the unique 
invariant manifold of XH~ whose tangent space at the point (a,,$) e El is the sum 
of the tangent space to El at (Q, p) and the eigenspace vxi corresponding to the 
eigenvalue 1x1 of A at (a, p). Again dimW”(Ei) = 3. Another way to show that 
W(EI) is a smooth manifold goes as follows. For every (cw,/?) E El, the stable 
manifold WR(~, 0) of the point (o,p) is the unique Xrf,-invariant manifold whose 
tangent space at (a,S) is the eigenspace V_,,, of A at (a, 0). Since the Hamiltonian 
Hi (30) and the change of variables P (33) depend smoothly on the point (N, ;j), the 
eigenspace V_ Ix, depends smoothly on (CY, a). Hence the stable manifold W’“(o. $) 
varies smoothly with (a,,!?). Consequently, the stable manifold of El, which is the 
disjoint union of W’(cJ!P’) as (cu’,/3’) ranges over El, is a smooth manifold. A 
similar argument shows that the unstable manifold W’“(Ei) of El is also a smooth 
manifold. 

After these generalities we give an explicit description of the XN*-stable and 
unstable manifolds of El nZ’*Q. Because El C Hcl(0) and Hi is an integral of ‘Xi{, , 
from (34) it follows that Ws(E1) u W”(E~) C H,l(0). To proceed further, we need 
the following lemma which describes the asymptotic behaviour of the Taub solutions 
of XH,. 

LEMMA 6. Let s + y(s) = (ql(s), q+(s),pl(s):p+(s)) be an integral czme of XI-,, 
in T*Q given by a Taub solution. Then 
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=(O, &exp(2&(s*-s+)), -f exp(&(s+-s*)), i exp(JZ;El(s*-s+))), (35) 

=(O, &exp(-2&(s*-s+)), f exp(&(s+-s*)), -i exp(&(s*-s+))). (36) 

Proof: We only compute ~+(&cs). The other cases are similar and are omitted. From 
(26) we have 

q+(s) = J2a, 
exp(2&(s - s+)) + exp(-2&(s - s+)) 

2 + exp(2fi(s - s*)) + exp(-2&(s - s*))’ 

Dividing numerator and denominator of (37) by exp(2Gs) gives 

(37) 

qf(s) = J2a, x 

exp( -2&s+) + exp(-4&s) exp(2&s+) 

’ 2 exp(-2&s) + exp(-2&s*) + exp(-4&s) exp(2&s*) ’ 

Taking the limit as s --$ 00 gives the second component of (35). Dividing the numerator 
and denominator of (37) by exp(-2&s) gives 

q+(s) = &z 
exp(2&s+) + exp(4&s) exp(-2-s+) 

2(exp 2&s) + exp(2&s*) + exp(46s) exp(-2&s*) 

Taking the limit as s ---t -CCI gives the second component of (36). n 

Using (35) and (36) it is easy to see that 

Yz(EW) > 0 and 36ya(~~)y~(soo) + 1 = 0, 

where s2 = 1, that is, $&co) is in 

Elf = {P E El nT*Qlq+(P) > 0). 

Note that Et is the set of equilibrium points of X H1 which lie in H;‘(O) f’ T*Q. The 
manifold ET has two connected components: 

Elf+ = {I’ E Elflp+(P) > 0}, Elf- = {P E Elf/p+(P) < 0). 

Clearly y( +oo) E EC+ and y(-00) E E r-. From Lemma 6 we see that every integral 
curve of XH~ in H;l(O) fl T’Q which is not an equilibrium point of XH~ converges to 
a point in ET+ as s t 00, and converges to a point in E+- as s ---f --oo. Thus we have 
proved 

PROPOSITION 7. The manifold 

W(E,++) = W”(E,+-) = (@(O) - E,+) n T*Q. (38) 
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The fact that the stable manifold of Ef+ 1s equal to the unstable manifold of 
Ff- is not surprising since XH~ is integrable on MI. From (23) it follows that ‘1 

HI = q1[i(36pT + l)ql - ;q+(36plp+ + l)]. 

Consequently, H;‘(O) n T*Q is the union of 

and 

{ql = 0, q- = p- = 0 and qf > 0} (39) 

41 = 
2q+(3hp+ + 1) 

36~; + 1 > q- = P- = 0: and qf > 0 (40) 

whose intersection is Ef. Combining (38) with (39) and (40) we obtain an explicit 
description of the set of points in H;l(O) which are initial conditions of solutions of 
XH, asymptotic to an equilibrium point in T*Q as s ---) *KI. 

Now let us look at the dynamics of the full Hamiltonian vector field XH on 
H-l(O) n T*Q. Using the equations of motion (21) for the integral curves of XH in 
the coordinates (q,q+, q-,pl,p+,p-), it is easy to check that 

El = {q- = p- = 0, q1 = 0, q+ # 0, and 36p,p+ + 1 = 0) 

are equilibrium points of X H which lie in H-l(O) nT*Q. Parametrize El by nonzero 
11, v such that q1 = q- = p- = 0, q+ = vu, pl = -&, and p+ = u. Introducing 
canonical coordinates 

El = 41, 71 =Pl +& 

52 = q+ - I’, Q = p+ - lJL. 

t3 = 4-, 773 = P-t 

which brings the equilibrium point (cy, p) = (O:u.O, -&.u,O) to the origin, we find 
that the Hamiltonian H becomes 

ii=@+&) <f - 12~~~~77~ + &&v2 + ;(l + 36a2)E; + 

+12@3n3 + 67.1’ + 127~&~ + 12&n277s + 127&77~ + 

-+$I + $2~ + $37/3 + 6?7? 
> 

Hence the linearization OX,(O) of the vector field XB at the origin is 

where 
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-12uv 0 0 0 0 0 
V 

3u 
0 0 0 0 0 

0 0 12uv 0 0 129 

-f(1+&) O 0 
V 

-12uv -- 
3u 

0 

Note that 2 restricted to the space spanned by { ei, e2, e4, es} equals A (31). Moreover, 
the space spanned by {es, ee} is an J-invariant subspace on which its characteristic 

polynomial is X2 + 4v 2. Thus 2 has eigenvalues O,O, 12uv, -12uw, 2iw, -2iv. The real 
eigenvalues X = &12 uz) are nonzero on E, + = El n {qf > 0) and the corresponding 
eigenvectors, when projected onto the space spanned by {ei, e2, e4, es}, are the same as 
those of A. Hence fi, Xe and the eigenspaces of the real eigenvalues of 2 depend 
smoothly on the parameters u and w such that (a, ,@ lies in Elf. This shows that the 
Xe- stable manifold 

@“(E,+) = {I’ E T*Q - E,fl &-y&P) E E,+} 

is smooth. A similar argument shows that the XB-unstable manifold 

@“(E,+) = (P E T*Q - E,fl ,$-I~ c,;(P) E E,+} 

is smooth. Since the tangent space to %‘“(EF) at (a,,@ is the sum of the tangent 

space to Elf at (cu, p) and the space spanned by the eigenvector of 2 corresponding to 

the positive real eigenvalue, we see that the dimension of @“(ET) is three. Because 

the tangent space to @“(EC) at (a, ,0) E Elf is equal to the tangent space to the 
XH1-stable manifold W”(E,f) considered as a subspace of R6, from uniqueness it follows 

that 6@(E,f) = WS(Ec). A similar argument shows that @“(EC) = W%(E,f). Thus 
we have proved 

PROPOSITION 8. The set of all initiaE conditions in T* Q n H-l (0) of solutions of XH 
which are asymptotic as s + fee to equilibtium points in Et corresponding to points of 
partial gravitational collapse is equal to the union of the stable manifold W”(E:) and 
unstable manifold W%(E+) of XH,. 

The conclusion of Proposition 8 is consistent with the local integrability of the 
mixmaster model. In fact it is an important global qualitative feature of this model. 
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