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This paper presents a Hamiltonian treatment of nonholonomically constrained 
mechanical systems. We assume that the total energy of the systems is a sum of 
kinetic and potential energies and that the constraints are linear in velocities. We 
prove a nonholonomic version of Noether’s theorem and treat a special case of the 
nonholonomic reconstruction problem. The entire theory is illustrated by a disc, 
which rolls on a plane without slipping. 

1. Phenomenological constraints 

Constraints in dynamics are restrictions on the phase space of the system. They 

may appear for several different reasons. Phenomenological constraints are introduced 
instead of unknown forces to describe observed motions. For example, constraints forcing 
a body to move on a given surface or a no slip condition in the motion of a rolling disc are 
phenomenological constraints. The notion of phenomenological constraints also involves 
an assumption on the unknown forces, which will be discussed below. 

We consider a dynamical system with configuration space Q. The constraints are 

given by h- il~d~pendent functions fi, . . . , fk on the tangent bundle TQ of configurat,ioIl 

space. The motions q(t) of our system are restricted by the constraint conditions 

fa(4(t)) = 0 'da=1,2 . . . . .A-. (1) 

Foreachu= I,... , k let @a be a l-form on TQ such that for every w E T, (TQ), 
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where 7r : TQ --f Q is the tangent bundle projection, and Tr : TTQ + TQ is its tangent 
map. The idea is that the forms only need to be compatible with the constraint functions 
in the base directions. We assume that the l-forms & are linearly independent, that is, 

($1 A $2 A . A $‘k # 0. (3) 

This assumption together with equation (2) seems to suggest that our considerations 
exclude holonomic constraints. This is not the case. Purely holonomic constraints, given 

by the functions h, : Q + IR, can also be discussed by identifying the set on which the 
constraint functions vanish with the set of u E TQ such that (dh, 1 u) = 0. 

The kinetic energy of the system defines a Riemannian metric y on Q. The motion of 

our system can be determined if we know all the forces acting on it, assuming Newton’s 
law. Differentiating (1) with respect to t and splitting the second derivative of q(t) into 
its horizontal and vertical parts relative to the Levi-Civita connection corresponding to 

the metric g gives 

where 3 is the acceleration of the motion. Hence, the components of the acceleration 

in the direction of the l-forms $a are completely determined by the constraint equations. 

Thus, whatever the external forces acting on the system, the constraints provide a reac- 
tion force of the form A” &(4(t)) (where A” are Lagrange multipliers and the summation 

convention is understood) such that the total force in the direction of the l-forms & 

gives rise to the acceleration determined from (4). The other components of the reaction 
force of the constraints cannot be determined from the constraint equations alone. Hence 
they have to be specified together with other external forces. Therefore, we assume that 
the total force acting of the system is of the form F + A” &, where F is a known external 

force. This gives rise to the equations of motion 

D2q - = F+X”qS,, 
dt2 

where the Lagrange multipliers A” are determined from the constraint equation (2). 

In all known examples in dynamics fr , . . . , fk are linear fUn&ions of the velocities 

(possibly inhomogeneous). Nonlinear constraints seem to appear in the theory of electri- 
cal circuits. Since we are studying constrained mechanical systems, we assume here that 
the constraint functions fa are given by l-forms xa on Q, namely 

fa(u) = (Xa I u) VUETQ, 

so we may as well assume 

4a = r*x,. 

Moreover we assume that the known forces come from a potential, that is, 

(6) 

(7) 

F = -z*dV. (8) 
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This allows us to rewrite the equations of motion (5) in Lagrangian form 

where 

L(w, q) = $ g(?J, U) - V(q) 

2. Velocity space formulation 

In [l] we use the Legendre transformation 

C : TQ + T*Q : (w,q) 4 (p,q) . 

where 

(9) 

(10) 

t)o describe the theory of linear nonholonomic constraints in the cotangent bundle T”Q 

to configuration space. In order to find the Hamiltonian of this theory we have to express 

(a, q) in terms of (p, q), that is, we need to find the inverse of the Legendre transformation. 
For the mechanical systems under consideration the Legendre tranformation is a linear 
map in velocities depending on parameters. For a nonholonomic system with a large 

number of degrees of freedom, the computation of its inverse can be quite cumbersome. 
To avoid this, one can work directly on TQ using the Legendre transformation to pull 

back the canonical symplectic form wo on the cotangent bundle. In this way we obtain a 
Hamiltonian description of the nonholonomic system on P = TQ with symplectic form 
w = fZ*wg. It should be noted that the content of the theory is independent of the choice 

of description. On the other hand, the tangent bundle approach simplifies the transition 

to situations where the Legendre transformation is degenerate. On (P, w) introduce the 
energy function 

E = 4 g(v, v) + V(q). 

We can write the Lagrangian equations of motion (3) in Hamiltonian form as 

(12) 

(13) 

Here < is a vector field on P which is tangent to the motions and ?r : P + Q is t,he 

tangent bundle projection. As in [l] we introduce the constraint manifold 

M={(q,v)EP~(&(q)/v)=O Vu=1.2 . . . . . k} (14) 

and the distribution 

H={uETMI(~*~,Iu)=O Vu=l,....I;}. (15) 

The following theorem gives the basic results of the Hamiltonian formulation of no~~l~olo- 
nomically constrained systems. 
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THEOREM 1. [l] 

1. The restriction WH of w to H is nondegenerate. Moreover, at points of M 

TPIM=H@H,. (16) 

Here H, denotes the w-symplectic perpendicular of H and TPlM is the space of tangent 

vectors to P whose base point lies in M. 

2. The motion of the nonho1onom.k system (M, H,wH, E) takes place on the con- 

straint manifold M. The vector field [ describing this motion lies in H. 

3. The restriction of (13) to H gives 

<JwH=dHE. (17) 

Here dHE denotes the restriction of dE to vectors in H. Equation (17) uniquely deter- 

mines the vector field <, since < E H. 

4. The Lagrange multipliers A” are uniquely determined by the restriction of (13) 

to H,. 

3. Symmetries and conservation laws 

In the absence of nonholonomic constraints there is a correspondence between syrn- 

metries and conservation laws given by the first Noether theorem [a]. In the presence 
of nonholonomic constraints the relationship between symmetries and conservation laws 

seems to be much more obscure. In [l] we have found conserved quantities generating 

canonical transformations which do not preserve the constraints as well as symmetries not 

giving rise to conserved quantities. In several examples of completely integrable systems 
with nonholonomic constraints there are constants of motion which appear as constants 

of integration of a system of linear differential equations (see $6 equation (36)). There 
is no apparent relation between these constants and any obvious symmetry, despite the 
fact that they are linear in momenta. An attempt to understand constants of motion in 
a nonholonomic system has led us to the following nonholonomic Noether theorem. 

For every function f on (P, w) we denote by <f the Hamiltonian vector field of f, 

namely, 

Ef _.I w = df . (18) 

Using (16) the restriction of <f to M can be decomposed into components <fH in H and 

E:’ in H,, namely, 

.$=E~-t#“. (19) 

THEOREM 2. A function f on P is a constant of motion if and only if <fH preserves 

the energy function, 

LEfHE = 0. (20) 
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Proof: Since H is symplectic and < lies in H, it follows that [I”_ J(<-I w) = 0. 
Hence 

L<f = E-J df = W(<flW) = -&l(<_JW) 

= -(#+sIH,)i(5Aw) = -+l(pW) 
= -<f” 1 (dE + Aan*+,) = -#-I dE = -L+E. 

Thus L< f = 0 if and only if Lry E = 0. 0 

4. Reduction of symmetries 

The problem of reduction of symmetries of nonholonomic systems has been studied 
in [l]. Here we summarize the main results. 

Let G be the symmetry group of the theory, that is, G is a Lie group which preserves 
the symplectic form w, the energy function E, the constraint manifold M and the dis- 
tribution H. Assume that the space %? = M/G of G-orbits on M is a manifold with 
projection map p : M --+ a. Performing reduction amounts to pushing forward all the 
structures on M to the orbit space 2 via the mapping p. The nondegenerate 2-form WH 
does not push forward under p unless it annihilates all vectors tangent to the fibers of p. 

Therefore let us introduce the following distributions: 

V = kerTp, 

U = {u~H(w~(u,v)=O~v~VnH}, 
(21) 

and p = Tp(U). 

THEOREM 3. [l] 

1. The vector field < describing the motion lies in the distribution U and projects to 
a vector field f which lies in p. 

2. The 2-form wu given by restricting WH to U pushes forward under the map p to a 
nondegenerate 2-form q on p. 

3. The energy function E pushes forward under p to a function i? on a such that 

(22) 

In Section 2 we have described a mechanical system with nonholonomic constraints in 
terms of a quadruple (M, H, w H, E) with distributional Hamiltonian equations of motion -- 
(17). Reduction of symmetry leads to an analogous quadruple (M, H,q,E) with a 
smaller number of degress of freedom. Moreover, this nonholonomic reduction preserves 
the form of the equations of motion, see (22). 

5. Reconstruction 

One of the main uses of reduction of symmetries is to find solutions of the equations 
of motion. Since the reduced equations have fewer dependent variables, the hope is that 
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they may be easier to solve than the original equations. Qnce solutions of the reduced 
equations are known, it remains to lift them to solutions of the original equations. This 
lifting problem is called the problem of re~onstr~~~tion. In order to discuss recorlstr~l~tio1~ 
let us introduce the distributions K = UnV and I&‘&,, = {U E H] WH(U, w) = Cl ‘xfdu? f IV>. 
In other words, tVU, is the ~~-perpendicular of W in H. In proposition 1 below we give 
the symplectic relations linking the distributions K, U and U,, . 

1. Since U C H, it follows that K = U fl V 17 H = (Y n Hf,, fl (V f7 H). Hence K 
is we-isotropic. K is also ~~invariant since it is defined in terms of V, H and WH which 
are G-invariant. 

2. K C ker Tp = V by definition. Since Ff = Tp(U), it follows that the mapping 
T,p : ~~~~~~ fl ker Tp) -+ gPtP) is an isomorphism for every p E M. But UP n ker Tp = 

VP n VP = KP. EIence T,p : U,,/K, -+ ?IP(P) is an isomorphism. 
3. K = (VnH),,n(VnH) = UC?U,, = (U+U,,),,. Hence (U+U,,)/K is 

wH-symplectic. 
4. That EC C U 5. (U + UW,) C_ H is obvious. Also U =I K = U i’7 V;, implies that 

u (I: VU,, that is, U is tiH=isotropic. If U = (U + U@,), then EJw, C U, that is, U is 
#~-coisotropic. cl 

Suppose that we have a solution curve Z : [to, &I) -+ %f of the reduced equa~tions (221, 
that is, 

Given p f ~-~~~~~~)~ we want to lift F to a curve c : [to, tl) --+ hf through pI that is, 
~$0) = p and 

Z(t) = J(4)) & E Ito, a I (29 

where E satisfies (17). We shall discuss this problem under the following 

Hypotheses. 
1. p : M -+ %f is (locally) a left principal G bundle. 
2. K is an involutive distribution on M. 

Let us first consider the special case when VllH = {O). Then U = Hb The distribution U 
can be interperted as a partial connection for the bundle p : M --+ a covering ‘Et-. In this 
case the curve f: is the horizontal lift of the curve c through p. Thus the reconstruction 
problem is equivalent to that of finding a horizontal lift of a curve in z. 
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Suppose now that V I? H # (0). I n order to find the required lift c of E let us first 
choose any lift C : [to, tl) + M of z through p, that is, Z((te) = p and the tangent vector 
to Eis contained in U. 

g(t) E H v’t E [to, tl) . 

Along P-‘(WO, tl)) h c oose a G-invariant complement B to K in U, that is, 

(B @ K)l~-~(c([to,ti)) = Ul~-~(~([to,tr)) (26) 

and 

g(t) E B v’t E [toA). (27) 

Such a choice is always possible for tl sufficiently close to to. We also choose a G-invariant 
complement D of K in V f~ H, that is, 

(D@K)lp-‘@([to&)) = VnHlp-‘@([toA)). (28) 

Since D and B are complementary to K in V n H and U respectively and K = V n H n U, 
it follows that D n B = (0). The idea here is that B is a model for p and D is a model 
for the “symplectic piece” of V. 

PROPOSITION 2. D, B and D $ B are wH-symplectic. 

Proof: Since HP(,) is isomorphic to U,/K, for every p E M, it follows that B is 
wH-symplectic. Similarly D is we-symplectic since K = (V n H) n (V n H),, and D, is 

isomorphic to (V, n H,)/K, = (V, fl H,)/ ((V, n HP) n (V, n H,),,). 

To show that D@ B is wa-symplectic, suppose that x E D and z E B are vectors such 
that zsz E (D@B),, n(D@B). Thus for every ‘u. E D and 21 E B, WH(U+TJ,X+Z) = 0. 
SinceDCVnH,U,,CBandBCD,,, it follows that ~~(21, z) = WH(V, x) = 0. 
Hence w&u, x) + WH (v, z) = 0 for every u E D and every ‘u E B. Hence x = z = 0 
because D and B are wa-symplectic. 0 

Let C be a complementary space to the wH-perpendicular of D $ B in H, that is, 
C=(D@B),,. Clearly C is wH-symplectic and complementary to D $ B in H. Thus 
we get a G-invariant decomposition 

H/p-‘(Z([to,tl)) = B@C@ D. (29) 

Moreover Klp-‘@([to, tl)) is a maximal WH-isOtrOpiC subspace of C. The reader will 
notice that the above construction of B, C, and D is just a distributional, G-invariant 
version of the familiar Witt decomposition from symplectic linear algebra. 

By hypothesis K is involutive. Let Bi i = 1,. . . k be local coordinates for a typical 
integral manifold of K which have be extended to a local coordinate system for M. This 
amounts to giving a local product structure N --+ IR” x IRm-” for an open set N in M. 
Here m is the dimension of the manifold M. Let C” be a basis of the Lie algebra of G and 
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let <$, be vector fields on M corresponding to the action of the one-parameter subgroup 
generated by c”. The vector fields (a@, , . . ,l&,) span K and can be expressed as linear 
combinations of the vector fields C&, namely, de, = fJaC&, In N II p-‘(c( [to, ti)) we can 
extend the vector fields (a~,,. . . , &I,) to a ww-symplectic basis (a~,, . . . , deli, ~1,. . . ,771~) 
of C. 

Using the decomposition of H given by (29) we can split WH into components wg, WC 
and WD along B, c and D, that is, WH = wg + WC + WD. Since the vector field <, which 
determines the motion of the system, lies in H it can also be split into components <e, 
[c and ED along B, C, and R, namely, < = &j + <c + [D. Since < lies in U, it follows 
that &, = 0. 

The solution curve c which we want is contained in P-i(~([te,ti)). Hence we can 
decompose equation (17) into its B, C and D components obtaining 

<B--IWB = dBE, (30) 

EcJwc = dcE, (31) 

<DJtiLf = dDE. (32) 

The right hand side of the above equations denotes the restriction of dE to the distribu- 
tions B, C, and D, respectively. Since the orginal curve z satisfies the reduced equations 

(22), equations (23), (27) and (29) imply that ,$(Z(t)) = g(t) satisfies equation (30). 
Both sides of equation (32) are identically zero, because 50 = 0 and E is G-invariant. 
Thus we need only to satisfy equation (31), which we call the reco~st~ct~o~ equation. 
We can express 5~ in terms of the symplectic basis (as,, . . . , C&, ,ql>. . . ,vh) of C, Since 
c, B and D lie in TM and the vectors 71,. . . ,771~ do not, it follows that 5~ is a linear 
combination of the vectors (80~). . . . a~,) spanning K. In other words 

<c = &Ye, + . . . + e,ae, , (33) 

where the coefficients 6, are the time derivatives of the coordinates &. Evaluating the 
reconstruction equation (31) on the basis (a@, , . . . , i&, , ~1,. . . , qk) of C we obtain 

ti, = (dE, q;) (34) 

for i = 1,. . . , k. 

THEOREM 5. (dE, vi) are ~~~de~e~de~t of 64, . . . : & for every i = 1,. . . , k. 

Proof: We compute 

-&W vi) = 
.7 

be3 (dE, vi) = (La+ dE, vi) + (dE, La,J rli) 
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The last equality above is a consequence of the following argument. Since E is G- 
invariant, Lf,,,$ E = 0. Because vi is also G-invariant. Lqt E is G-invariant. Hence 

Lf& &i-E) = 0. 0 

Hence the reconstruction equation (34) decouples and may be solved by quadrature. 
We note that in all cases which we are aware of, the distribution h’ is involutive. For many 
classical examples, K is either zero or one-dimensional, so the hypothesis is vacuous. 

6. The rolling disc 

We illustrate the above theory by discussing the problem of a rolling disc. Consider a 
disc of radius r and uniformly distributed mass m rolling without slipping on a horizontal 
plane under the influence of a uniform downward vertical gravitational field of strength 
g. The configuration space of the disc is the open subset & of IR2 x SO(3) defined 
by the inequality 0 < 0 < r, where 0 is the angle between the horizontal plane and the 
plane of the disc. The presentation here follows Kemppainen [3]. Let (2, y) be rectangular 
coordinates in the horizontal plane and let (0, cp, $) be Euler angles parameterizing SO(3) 
(see Goldstein [4]). The Lagrangian of the rolling disc is 

L = f m (~2 + U; + r2 z$ cos20) + 4 A (v,” + tug sin’0) 

++ C (v$ + oP cos 0)2 - mgr sin 0. 

where A and C are the moments of inertia of the disc relative to an axis in the plane of 
the disc and an axis perpendicular to the disc, respectively. 

The constraint functions are 

fr = v, cosip+v, sincp-rvssin0, 

f2 = -0, sincp+uycoscp$rv~cosOt-rv~. 

The constraint manifold M is defined by {jr = 0 & fz = 0). Since on M we express the 
velocities vu, and vY in terms of the remaining variables, it follows that M is parameterized 
by (x, y/, 0, ‘p, 1//, ve, vP, v$). The constraint l-forms (P~ are given by 

iol = coscpdx+sinpdy-T sinOd0, 

$72 = -sin~d~+cos~~~+rcosOd~~r~~. 

The distribution H on M is spanned by the vector fields 

f& = r sin0 coscpd, + r sinOsincp& + 80, 

c9 = r cost3 sincpd, -r cosOcosrpd, -tap, 

cab = r sincpd, - rcospd,fd+, 

and a,,, &,, a,+. A calculation shows that H is not integrable and that the smallest 
integrable distribution containing H is the tangent bundle TM of A4. 

The rolling disc is invariant under the action of the group G = E(2) x SO(2), where 
E(2) is the group of Euclidean motions on lR2 and SO(2) acts on the plane of t,he disc 
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by rotations. The distribution V tangent to the orbits of G on M is spanned by the 
vector fields a,, a,, a, and 8,~. The space li? of G orbits on M is parameterized by 
(0, ug, vV, v+) and the orbit mapping is 

Because the energy function E is invariant under the action of G, we find that the reduced 
energy function is 

E= 1 2+ 1 

2(A + mr2)” 2(C + mr2) pi + 
& (pip - P* cos @)2 + mgr sin 6, 

where 

PS = (A + mr2)uo, 

Pi0 = (C + mr’) (v+ + vP cos 0) cos 0 -I- A all sin20, 

p* = (C i- mr2)(zf$ + vP ~0~0). 

The intersection of V with H is a distribution spanned by the vector fields & and & 
The distribution U defined in (21) projects onto T%. Hence E = TM. Thus wF on H 

is a 2-form on fl;T, which we denote by 15. A calculation shows that 

w = de f\ dp* - 
A+mr2 

mr2 pe sin0 
dpP A dpe . 

Note that FJ is almost symplectic, that is, it is nondegenerate but not closed. The reduced 
equations of motion are given by 

$-Ki=d~. 

fg zz. 

A +lmr2 PO ’ 

66 = f?J$P, - Pyi CON2 - &PW(P~ - P$ ~0s @I - m9r ~0s 0, 

PY = 
mr2 P@ 

A(A + mr2) i 
cot @(P, - Pzit cm Q) - c +Amr2 sinBp+ , 1 

fi$ = 
mr2 ~6 

A(A + mr2) 
csc qp, - p$ cos l9) . 

Using 8 as an independent variable we obtain 

(35) 

d&. _ mr2 mr2 sin B 

d@ -;ri-COte(P,-P*cos~)- C+mr2P*r 

dp$ m? 

dB= A 
- csc 6 (pP - pz1, cos e) 
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Differentiating the second equation in (35) and substituting both equations into the 
equations of motion gives the second order linear equation 

-+cot& - d2p+ Cmr2 

de2 d6 A(C+mr2)P”=” 

which is changed into the standard form of a hypergeometric equation by the substitution 
z = cos28, namely 

Cmr2 

4A(C + mr2) 
pq =o. 

The solution p$ (0) of (36) is a linear combination of two hypergeometric functions. The 
coefficients of these linear combinations are the constants of motion refered to in section 
3. The function ~~(0) is found by differentiating p@(8) because 

Pip = $ 
dP@ sinOdB fp~cost9. (37) 

It remains to find the function 19(t). We use the fact that pe = (A + mr2)e and that the 
reduced energy E is conserved to obtain a first order differential equation for 8(t), which 
we then integrate. 

Having solved the reduced dynamics on M (at least up to quadrature), it remains to 
find the motion on M. Compare the discussion in [5]. We know that the original dynamics 
is tangent to the distribution U, that is e(m) E U, for every m E M. Moreover we know 
that dim U = dim= and U n V = (0). Thus the distribution U may be viewed as a 
connection on the principal G-bundle p : M -+ a. The problem of reconstructing the 
dynamics is precisely the problem of finding the horizontal lift of a parameterized curve 
in a. First, change variables back to the velocity variables. Given that we are writing 
p : M --+ % as a trivial bundle with fiber coordinates {x, y, ‘p, r/j} and that we have 
expressed U as span{qe, nP, q+, &,, }, where the vector fields 770, qp, and 71 are given by 

~~=rsinOcoscpdZ+rsinOsincpdV+d~+... 
7jip=rcosf3sincpdZ-rcos8coscpd,+d,+... 
7]$ = rsincpd, - 7-c0scpay+ati+... 

(38) 

and the omitted terms involve only the variables 8, vg, vP, uq. Since t(m) E U,,, we have 

1=~~+~~~+?I17~+f~a~~ 

If c’(t) is an integral curve of r in % then the lifting problem is solved once we compute 
the integral given by the separable ordinary differential equations 

?I = (dlL,Q, 
(i, = (dp, 0 > 
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and then the integrals given by the separable equations 

i = (dz, <) = (dz, epg + . . .) 
= rsin0coscp8+rcos8sincp~+rsincp1CI, 

Y = (dY,E) 

= rsinOsincpB - rcos8coscp@ - rcoscp7j. 

Finally, we observe that the order in which the above integrations are performed reflects 

the solvability of the group G. 
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