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Differential Structure of Orbit Spaces

Richard Cushman and Jedrzej Sniatycki

Abstract. 'We present a new approach to singular reduction of Hamiltonian systems with symmetries.
The tools we use are the category of differential spaces of Sikorski and the Stefan-Sussmann theorem.
The former is applied to analyze the differential structure of the spaces involved and the latter is used
to prove that some of these spaces are smooth manifolds.

Our main result is the identification of accessible sets of the generalized distribution spanned by
the Hamiltonian vector fields of invariant functions with singular reduced spaces. We are also able to
describe the differential structure of a singular reduced space corresponding to a coadjoint orbit which
need not be locally closed.

Introduction

We consider a proper Hamiltonian action
(1) ®:GXxP—P:(gp)— Pgp)=D(p) =g p

of a Lie group G on a connected finite dimensional paracompact smooth symplectic
manifold (P, w) with a coadjoint equivariant momentum map J: P — g*. Here g* is
the dual of the Lie algebra g of G. The usual approach to reduction is to choose
a € g* and then to study the space J~!(a)/G, of orbits of the isotropy group
G, = {g € G| Ad;_l a = a} on J !(a). For a free action, ]~ '(a)/G, is a
quotient manifold of J~!(«) endowed with a symplectic form which pulls back to
the restriction of w to J~!'(a) [14], [13]. For proper actions, the space J~'(0)/G
is a stratified space with symplectic strata [2], [6], [5], [24]. Sjamaar and Lerman
[24] have shown that the strata of J=1(0)/G are projections of the sets in J~1(0)
consisting of points which can be joined by piecewise integral curves of Hamiltonian
vector fields of G-invariant functions. The stratification of J~!(a) /G, for a # 0 has
been studied in [3].

In this paper we study the differential structure of the space P = P/G of G-orbits
on P. We begin with aspects of the structure which do not depend on the symplectic
form w on P. Let m: P — P be the G-orbit map. If the action of G on P is free
and proper, then P is a manifold, and 7: P — P is a (left) principal fibre bundle
with structure group G. If the action of G is proper but not free, then P need not
be a manifold. In this case P is a stratified space. Smooth strata of P are connected
components of the projections of the sets

(2) Py ={p€P|G, =K},
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where G, denotes the isotropy group of p under the G-action @ [8]. Stratified spaces
are defined within the category of topological spaces. Hence, the description how the
smooth strata fit together is given by links, which are defined up to local homeomor-
phisms [9].

The space P of the G-orbits in P is also a differential space in the sense of Sikorski
[23]. Its differential structure is given by the space C*°(P) of functions on P which
pull back under the G-orbit map 7: P — P to smooth G-invariant functions on P. In
the category of differential spaces we obtain a finer description of the local differential
geometry of P.

Since the action of G on P is proper, we can introduce a G-invariant Riemannian
metric g on P [19]. Let ver TP be the set of vectors in TP tangent to G-orbits on
P and let hor TP be its g-orthogonal complement. If the G-action on P is free then
ver TP and hor TP are distributions on P, and hor TP defines a connection on the
principal bundle 7: P — P. Hence the tangent bundle TP of P is isomorphic to the
fibre product of the vector bundles ver TP and hor TP over P, that is,

(3) TP = ver TP xp hor TP.

If the G-action is not free, then neither ver TP nor hor TP are distributions, because
their dimensions may vary from point to point. However, both ver TP and hor TP
are differential spaces and the fibre product decomposition (3) holds at every point
p € P. Clearly, ver TP is G-invariant. Because the metric g is G-invariant, it follows
that hor TP is also.

Let U be the prolongation of the G-action ® to TP. In other words,

(4) U: Gx TP — TP: (g,u) — T®,(u).

If the G-action on P is free, the space (TP)/G of G-orbits of W is the fibre product
of smooth bundles (ver TP)/G and (hor TP)/G over P whose total space is the space
G-orbits on ver TP and hor TP, respectively, and whose base space is P. In symbols

(5) (TQ)/G = (ver TP)/G x5 (hor TP)/G.

In addition, (ver TP)/G is naturally isomorphic to the adjoint bundle P[g] and
(hor TP)/G is naturally isomorphic to the tangent bundle TP of P. Thus (5) reads

(6) (TP)/G = Plg] x5 TP,

see [4] and [7], where the dual decomposition (T*P)/G = P[g*] x5 T*P is investi-
gated.

In this paper we analyze the structure of each factor on the right hand side of (5)
when the action of G on P is proper but not free. We show that (ver TP)/G and
(hor TP)/G are differential spaces with smooth projections v, : (ver TP)/G — P
and Thor : (hor TP)/G — P and smooth inclusions iy, : (ver TP)/G < TP/G and
thor: (hor TP)/G — TP/G. We show that the fibre product decomposition on the
right hand side of equation (5), is valid at every point of P. A similar interpreta-
tion can be given to equation (6). Smooth sections of the fibration 7y, correspond
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to infinitesimal automorphisms of the action of G on P, which induce the identity
transformation on P. In order to emphasize the fibration 7, : (hor TP)/G — P, we
introduce the notation T¥P = (hor TP)/G. We show that for each p € P, the fibre
TyP = Tor(P) is a direct sum of the (Zariski) tangent space T;P of P and a cone
T5P. For this reason, we refer to TP as the tangent wedge of P at p. The space TP
is locally diffeomorphic to P. In particular, the tangent cone T;T) carries information

describing the links at p of the stratification of P.

Next we investigate the structure of the orbit space P induced by the coadjoint
equivariant momentum map J: P — g*. Motivated by the results of Sjamaar and
Lerman [24], we consider the generalized distribution E on P locally spanned by
Hamiltonian vector fields of G-invariant functions on P. A subset L of P is called an
accessible set of E if every pair of points in L can be joined by a piecewise integral
curve of vector fields locally spanning E. A theorem of Stefan and Sussmann [26],
[27] ensures that accessible sets of E are immersed submanifolds of P. Moreover, the
partition of P by accessible sets of E is a smooth foliation with singularities. We show
that each accessible set L of E is a connected component of J~!(a) N Px for some
a € g* and some compact subgroup K of G. It should be noted that the standard
proof that J~!(a) N Px is locally a manifold is fairly involved. Here, all technical
points of the proof are taken care of by the Stefan-Sussmann theorem [26], [27].

The smooth foliation with singularities on P given by accessible sets of E projects
to a partition of P. Each set of this partition of P is a smooth submanifold of P
endowed with a symplectic form. For each p € P, the information about how the
smooth parts of P fit together in a neighbourhood of f is encoded in the tangent cone
at p.

The space C*°(P) has the structure of a Poisson algebra induced by the symplectic
form w on P. Since w is G-invariant, it follows that the space C°°(P)® of G-invariant
smooth functions on P is a Poisson subalgebra of C>°(P). Hence, the differential
structure C°(P) inherits the structure of a Poisson algebra. This makes our approach
analogous to Poisson reduction studied by several authors [1], [12], [17], [18]. The
main difference between our approach and theirs is our systematic use of the category
of differential spaces and the Stefan-Sussmann theorem. We obtain a description of
geometry of the spaces under consideration up to a diffeomorphism, while stratifi-
cations are studied up only to a homeomorphism. Moreover, we resolve the problem
of differential structures of J~!(0)/G for nonlocally closed coadjoint orbits O C g*.

2 Symmetry Type

In this section we describe the partition of P by sets of points with the same symmetry
type. For the action ® of G on P, we shall use the notation

D(g, p) = Bg(p) = Pp(g) =g - p-
For each p € P, the isotropy group G,, of p is

G, =1{g€ G| (g p) =p}
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Because the action @ is proper, G, is a compact subgroup of G for each p € P. Let K
be a compact subgroup of G. The set of points of symmetry type K is

Px={peP|G,=K}.

Theorem 2.1 Let M be a connected component of Py and let 1py: M — P be the
inclusion map. Then

i) M is a submanifold of P and wy; = (},;w is a symplectic form on M.

ii)  For each smooth G-invariant function f on P, the flow @, of the Hamiltonian vector
field Xy associated to f preserves M.

iii)) When f is a smooth G-invariant function on P, the restriction to (M,w) of the
Hamiltonian vector field X is a Hamiltonian vector field on (M, wyy) associated to
the restriction of f to M.

Proof i) The proof ofi) can be found in [10], [5].

ii) Since f is G-invariant, § - ¢;(p) = ¢:(g- p) forallg € G, and p € P. Hence
if g € Gy, theng € G, (. Since ¢, is a local diffeomorphism, we find that, if
8 € Gy (p)s theng € G-, ) = Gp. Hence Gy, () = Gy and ¢(p) € Py for all
p € M. Since ¢,(p) and p are in the same connected component of P, it follows
that ¢,(p) € M for all p € M. This proves ii).

iii) Since M is a symplectic submanifold of P for each p € M, the symplectic
annihilator T, M of T,M, defined by

(7) T/M = {u € T,P | w(p)(u,v) =0Vv € T,M},

is a symplectic subspace of T,P complementary to T, M, that is,

(8) T,P = T,M ® T, M.

Let f be a G-invariant function on P. Let ¢; be the flow of the Hamiltonian vector

field Xy, which satisfies the equation Xy | w = df. Since ¢, preserves M, X is
tangent to M. Hence for every u € T,'M,

(df(p) | u) = w(p)(Xs(p),u) = 0.

Therefore for every v € T,M, (X¢ 1 w)v = (df | v), which implies that X¢ I wy =
d(f|m)- This proves iii). [ |

The normaliser of K in G is
NK ={geG|gKg ' =K}

For every p € P, Gy, = gGpg~'. Hence g € G preserves Py if and only if g € NX.
Let Ny be the subgroup of N¥ preserving the component M C Py, that s,

Ny={geN|g-peMVpecM}
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Note that K is a normal subgroup of Nj;. The subgroup N, contains the connected
component of the identity of NX and is a closed subgroup of G. Let n be the Lie
algebra of Nj,. For each ¢ € nand each p € M, we have

exp(t€) - p = ®(exp(t), p) = P, (exp(ts)) € M.
Hence X¢(p) = T.®,(&) € T,M. For each k € K, there exists k' € K such that
k- exp(t€) = exp(t€) - k’. Hence
i@y (exp(t€)) ) = Pu(exp(te) - p) = ®(k,exp(t€) - p) = @ (kexp(tE), p)
— B(exp(tK', p) = B (exp(t), k' - p) = D(exp(t€), p)
= B, (exp(t6))
Therefore
9) T, &1 (X(p)) =X (p) VkeK,£€n, andp € M.
The quotient group Gy = Ny /K is a Lie group which acts on M by
(10) Py Gy x M — M: ([g], p) = @(g, p),
where [g] € Gy is the coset containing ¢ € Ny;.

Theorem 2.2 The action @y of Gy on M is free and proper.

Proof The action @, is free by construction of Gy;. To prove properness we argue
as follows. Suppose that the sequence {p,} of points in M converges to p € Px and
let {[g,]} be a sequence of elements of Gys such that ®y([g,], p») — p’ € M. Then
D(gu, pn) = Pum(lgul, pn) — p’. By properness of the action of G on P, there is a
subsequence {g,,, } in Ny converging to g € G such that ®(g, p) = p’. Since Ny is
closed, the limit g lies in Njy and p € M. Hence, the subsequence {[g,, ]} converges
to [¢g] € Gy and @y;([g], p) = p’. Thus the action ®); is proper. [ |

Corollary 2.3 The space M = M /Gy of Gy-orbits on M is a connected manifold.
The space m(M) C P = P/G has the structure of a smooth manifold induced by the
natural bijection Ty : m(M) — M.

Proof Since the action of Gy on M is free and proper, M = M/Gyy is a smooth
manifold. Let my: M — M be the Gys-orbit map. Since M is connected and 7y, is
continuous, it follows that M is connected.

For each p € M, w(p) = G - p is the orbit of G through p. The intersection of
G - p with M is the unique Gy-orbit mp(p) = Gy - p through p. In other words,

T(p)"NM=G-pNM =Gy -p=7mm(p).
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Consequently, the map
™M:M—=aM): Gy-p— G- p,
is bijective. Moreover, 7; induces a manifold structure on 7(M). [ |

It should be noted that, we can have 7(M) = w(M’) with M # M’. This happens
if M' = g - M for some g € G. The manifold structures of 7(M) obtained from M
and M’ coincide. The manifold 7(M) is called a stratum of P. In the following we
shall identify 7 (M) with M, and shall refer to M as a stratum of P.

For each p € P, the action ® | (K X P) of K on P induces a K-action \Ilf on T,P.
In more detail, given p € Pk for each k € K we have ®;(p) = p. Hence the tangent
at p of @ defines an action \III; on T,P. The tangent space T,Px consists of vectors
v € T,P which are invariant under this induced action. In other words,

TyPx = {v € T,P | Ux(v) = U (k,v) = T,®x(v) = vVk € K}.

For every u € TP, the average of u over K is

(11) ﬁ:/\llk(u)dkz/quDk(u)dk,
K K

where dk denotes Haar measure of K normalised so that vol K = 1. Let
(12) Ty Px = {u € T,P|u=0}.
Note that the G-invariant metric g on P is K-invariant. We have

Lemma 2.4 For every K-invariant metric k on P, the space TPLPK is the k-orthogonal
complement of T, Px. Moreover, T;-PK C ker df for every K-invariant f € C*°(P).

Proof Let k be a K-invariant metric on P. For every u,v € T,P, and k € K, we have
k(\I/k(u), \Ilk(v)) = k(u,v). If v € T, Pk, then ¥ (v) = v for all k € K. Hence,

k(u,v) =k (/ Wi (u) dk, v> = / k(\I/k(u),v) dk = k(u,v)
K K

forall v € T,Px.

Suppose u is k-orthogonal to T),Px. Then, k(u,v) = 0 and, therefore, k(%,v) = 0
for all v € T, Pk. This implies that 7 is k-orthogonal to T,Px. But, # is K-invariant,
which implies that @ € T}, P. Therefore, % = 0 and u € T;-PK.

Conversely, suppose that u € TPLPK, which means that 7 = 0. Hence, for every
v € T,Pk, k(u,v) = k(u,v) = 0, which implies that u is k-orthogonal to T, Px. This
proves the first statement of the lemma.

If f € C*°(P) is K-invariant, and u € T;-PK, then

{df | u) = (@i f | u) = (df | TOx(w)) = (df | r(u))
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for all k € K. Averaging over K, we get (df | u) = (df | @) = 0. This implies that
TPLPK C ker df. |

In the following we shall need the slice theorem for proper actions due to Palais
[19]. We state it here for completeness. A slice through p € P for an action ®: G x
P — P: (g,p') — g- p'isasubmanifold S, of P containing p such that

1. S, is transverse and complementary to the orbit G - p through p at the point p,
that is

TyP = T,S® To(G - p).
2. Forevery p’ € S), S, is transverse to G - p, that is
TP/P = TP/S+ TP/(G . p/)

3. S, is Gp-invariant.
4. Forp' € S,andg € G,ifg-p’ € Stheng € G,,.

Consider the G,-action ¥, = T® | (G, x T,P) on T,P and the G,-action &, =
® | (G, x P) on P. Let exp,: TpP — P be the exponential map determined by the
G-invariant Riemannian metric g on P. This map is a local diffeomorphism from a

neighbourhood of 0 € T,P onto a neighbourhood of p € P with the property that,
for every g € Gand every v € T,P,

expg.p(\I/gv) = CIDg(expP V).

Thus exp, intertwines the G,-action ¥, with the G,-action ®,. Here we have used
the notation ¥, instead of (¥,),.

Theorem 2.5 Since the G-action ® on P is proper, for each p € P there is a neighbour-
hood V), of zero in hor T, P such that S, = exp (V) is a slice at p for the G-action ®.

Proof See [19] or [8].
It follows from Theorem 2.1, that we have a G-invariant partition of the manifold
P into smooth manifolds M, given by

(13) pP= U U M,

Kcs.G Mcc. Py

where K runs over compact subgroups of G and M over connected components of
Px. Its projection by the orbit map 7: P — P gives rise to a corresponding partition
of the orbit space

(14) P= ) U M,

Kcs.G Mc.c. P

where M = m(M). The orbit space P is a (topological) quotient space of P. Corol-
lary 2.3 ensures that each set M is a manifold. Its manifold topology is the same
as the topology induced by the inclusion map t5;: M — P. We want to describe
how the manifolds M fit together in P. In order to do so, we employ the notion of a
differential space.
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3 Differential Spaces

In this section we review the notion of a differential space introduced by Sikorski [23]
to describe the differential structure of the orbit space P, and then prove that strata
M are submanifolds of P.

A differential structure on a topological space Q is a set C*°(Q) of continuous
functions on Q which has the following properties.

I.  The topology of Q is generated by functions in C*°(Q), that is, the collection
{f~(V) | f € C*°(Q) where V is an open subset of R}

is a subbasis for the topology of Q.
II. Forevery F € C*(R") and every fi,..., f, € C*°(Q), F(fi,..., fu) € C*=(Q).
IL If f: Q — R is a function such that, for every p € Q there is an open neigh-
bourhood U of p in Q and a function f; € C*°(Q) satisfying f|U = fy|U, then
fec=(Q),

A topological space Q endowed with a differential structure C*°(Q) is called a dif-
ferential space [23, Sec. 6]. An element of C*°(Q) is called a smooth function. Thus
C>(Q) is the set of smooth functions on Q. From property II it follows that C*°(Q)
is a commutative ring under addition and pointwise multiplication.

Example 3.1 1f Q is a smooth manifold, then the collection of smooth functions on
Q, defined in terms of the manifold structure of Q, is a differential structure on Q
[23].

Let N and Q be differential spaces with differential structures C°°(N) and C*°(Q),
respectively, and let 1: N — Q be a continuous map. We say that yu is smooth if
fou e C®(N) for every f € C*°(Q). Furthermore, a smooth map pi: N — Qisa
diffeomorphism if it is invertible and p~!: Q — N is smooth.

Theorem 3.2  For every subset Q of a differential space N the inclusion map vq: Q —
N induces a differential structure on Q. A function f: Q — R is in C*°(Q) if and
only if, for every q € Q, there is an open neighbourhood U of q in N and a function
fu € C®°(N) such that f | (QNU) = fy | (QNU). In this differential structure on
Q, the inclusion map 1q: Q < N is smooth.

Proof See [23].

A differential space (N7 C°°(N)) is a manifold of dimension n if, for each p € N,
there exists a neighbourhood U, of p in N and functions fi, ..., f, in C*°(N) such
that (filu,, ..., fulu,): Up — R" is a diffeomorphism onto an open subset of R".
A subset Q of a differential space N is a submanifold of N if it is a manifold in the
differential structure on Q induced by the inclusion map Q < N.

Let C°°(N) be a differential structure on N. For each p € N, a tangent vector
to N at p is a linear mapping v: C*°(N) — R satisfying Leibniz’ rule: v(fi f,) =
v(fi) L(p) + filp)v(fa) forall fi, o € C°(N). In other words, tangent vectors at
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p € N are derivations at p of smooth functions on N. The space of vectors tangent at
p to N is a vector space and will be denoted T,N. If N is not a manifold then dim T\,N
may depend on p € N. The space of all tangent vectors to N will be denoted by T'N.

Let u: N — Qbe a smooth map between differential spaces N and Q. The derived
map Tp: TN — TQ associates to each vector v € T, N avector Tu(v) € T, ;) Q such
that

(Tpu) f=v(fop) YfeCQ.

For each p € N, the restriction of Tz to T,N is a linear map Tpu: TN — Ty Q.
A smooth map u: N — Q between differential spaces N and Q is an immersion
if Typ: TN — T, Q is injective for all p € N. The map u is a submersion if
Tpp: ToN — Ty Q is surjective.

Proposition 3.3 If N is a closed subset of a smooth paracompact manifold Q then
smooth functions on N extend to smooth functions on Q.

Proof Let f € C*°(N)and {U, | p € N} be a covering of N by open sets in Q such
that for each p € N, there exists an open set U, containing p and a function fy, €
C>(Q) satisfying fy,|U, NN = f|U,NN. Since N is closed in Q, its complement N*
is open in Q and the family {U, | p € N} UN' is an open covering of Q. Let {¢, }
be a partition of unity subordinate to this covering. Each ¢, € C*°(Q) has support
in some U, orin N'. Moreover ) ¢, = 1. Let g = > @a fu, , where the sum is
taken over « such that the support of ¢, has nonempty intersection with N. Clearly,
g € C*(Q). Since N' N M = g, it follows that g|M = f. [ |

If N is not closed in Q, and {p,} is a sequence of points in N convergingto p ¢ N,
then we can construct a smooth function f on N such that f(p,) — coasn — oo.
Hence f cannot be the restriction to N of a function on C*>°(Q).

Theorem 3.4 Let P = P/G be the space of G-orbits of a smooth proper action ® of a
Lie group G on a smooth manifold P with orbit map w: P — P. Then P is a differential
space with differential structure C*(P) consisting of functions f: P — R such that
* f € C°(P).

Proof Property 1. It suffices to show that given p € P and an open neighbourhood
U of p in P, there is a smooth function f on P such that £ ~1(0, 1) is an open neigh-
bourhood of p contained in U. Let p € 7~ '(p) and let S, be a slice to the G-action
onPatp. ThenV = S, N p~'(U) is an open neighbourhood of p in S,. There is a
smooth G,-invariant nonnegative function fon S, whose support is a compact sub-
set contained in V which contains p and whose range is contained in [0, %]. Define
the function f by f(®,(v)) = f(v) for every ¢ € Gand everyv € V. Then fisa
smooth G-invariant function on P with support contained in G - V and whose range
is contained in [0, %]. Thus f induces a smooth function f on P such that f~1(0,1)
is an open subset of U containing p.
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Property II follows immediately from the fact that property II holds for the ring
C>(P)C of G-invariant smooth functions on P.

We now prove property IIL. Let f: P — R be a function such that for each p € P
there is an open neighbourhood U of p in P and a smooth function f7 on P so that
fIU = f7|U. Now 7* f: P — R is G-invariant and

7 fla~H(O) = 7* 7|1 (O).
But 7* fir € C>°(P)C. Hence 7* f € C>°(P)Y, which implies that f € C>(P). [ ]

Lemma 3.5 Let M be a connected component of Px. For each Gy-invariant function
fu € C>®(M) and every p € M, there exists a neighbourhood U of p in P and a
G-invariant function f € C*°(P) such that f{MNU = fu[M NU.

Proof Let Sbe aslice through p for the action of G on P. Then SNM is a slice through
p for the action of Gy on M. Since S N M is closed in S we can extend fi/|S N M to
a smooth function }‘; on S. The isotropy group K of p is compact and it acts on S.
By averaging over K, we can construct a neighbourhood V' of p in S and a smooth
K-invariant function fs on S with compact support such that f5|VNM = fi,|V N M.

The set U = G - V is G-invariant and open in P. We define a function f on P
as follows. If p’ ¢ U then f(p') = 0. If p’ € U, then f(p') = fs(g - p’) where
g € Gissuchthat g- p’ € S. If g is another element of G such that g - p’ € §,
then gg=! maps g - p’ € Stog- p’ € S, which implies that gg=' € K. Hence
fs(g-p") = fs((gg " )(g-p")) = fs(g- p’) because fs is K-invariant. Therefore f is
well defined.

Next, we want to show that f is G-invariant. If p’ ¢ U, theng - p’ ¢ U for all
g€ Gand f(g-p')= f(p')=0.If p’ € Uand g- p’ € S then, foreveryg € G,
g-p' €Uand(gg g p’ €S. Therefore, since Sis a slice gg ' € K, which implies
that gg~! € K. Hence

f@-p)=rf(@ g p') = fslg-p) = flp".

Therefore, f is G-invariant.
Since SN M is a slice at p for the action of Gyy = Nyy/Kon M, if p’ € MNU
there exists ¢ € Gy such that g - p’ € SN M. Hence,

fp") = fs(g-p") = fulg- p") = fu(p")

because fus is Gy-invariant. Therefore, f is a G-invariant smooth function on P such
that f[lU "M = fy|U N M. [ |

Let M be the space of Gy orbits on M and my: M — M the orbit map. Since
the action of Gy on M is free and proper, connected components of M are quotient
manifolds of the corresponding connected components of M.

Theorem 3.6 The map Ty;: M — P: Gy - p — G - p is smooth. It induces a diffeo-
morphism Ty : M — w(M), where the differential structure on (M) is induced by the
inclusion map (M) < P. Hence, w(M) is a submanifold of P.
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Proof Let ¢y: M — P be the inclusion map. Then, 7y; o my = 7 o ¢jy. Moreover,
for each f € C*°(P), 1}, f € C*°(M) is the restriction of f to M. If f is G-invariant,
then ¢}, f is Gp-invariant.

Let f € C®°(P), then f = m*f € C*°(P) is G-invariant. Therefore, t};7*f €
C>(M) is Gy-invariant and it pushes forward to a function fyy € C°(M) such
that i7" f = 7 fu. But uim*f = wiil,f. Hence, miik,f € C>(M) which
implies that 7}, f € C>°(M). Thus, Zy;: M — P is smooth. Hence, the induced map
Ty : M — (M) is smooth with respect to the differential structure on (M) induced
by its inclusion in P.

Clearly, 7ys: M — P is a bijection of M onto w(M). Hence, the induced map
Tm: M — w(M) is invertible. In order to show that 1) is a diffeomorphism, it
suffices to show that its inverse 7, L. 7(M) — M is smooth. In other words, it
suffices to show that, for each function fM € C®(M), (Tgl)*fM is in C*® (W(M)) .
Here C* (7T(M )) is the differential structure of 7(M) induced by the inclusion map
w(M) < P.

Since 73, fu is a Gy-invariant function on M, Lemma 3.5 ensures that, for every
p € M, there exist an open G-invariant neighbourhood U of p in P and a G-invariant
function f’ € C*°(P) such that f'|U N M = 7}, fu|[U N M. Let f € C*°(P) be the
push forward of f’ by 7. In other words, 7* f' = f'.

The orbit map 7: P — P is open. Hence, U = w(U) is open in P. Given p’ €
Unm(M)let p’ € UN M be such that w(p’) = p’. Then, 1p(p’) is p’, considered
as a point in M. So my(p') = WM(LM(p/)) =17,/ (p'). We have

(@) fu(p")

JEM(ZJQI(IS/)) = f_M(WM(PI))
mfu(p’) = f'(p") =7 f'(p).

Hence, (73,')* fu|lU N w(M) = f'|U N 7(M), where f’ € C°°(P). This implies that
(TA}l)*fM e C® (W(M)) . Hence, TA;l is smooth.

Since Tpr: M — w(M) is a diffeomorphism in the differential structure on (M)
induced by the inclusion map (M) < P and connected components of M are man-
ifolds, it follows that connected components of (M) are submanifolds of P. This
completes the proof of Theorem 3.6. ]

Observe that Theorem 3.6 is almost a restatement of Corollary 2.3 in the category
of differential spaces. The main difference is the statement that M = (M) is a
submanifold of P. Here we used the identification of M with w(M) given by the
diffeomorphism 7y;: M — w(M). This ensures that the partition (14) is a partition
of the differential space P into submanifolds.

In Theorem 3.4 we have shown that the G-orbit space P of a smooth and proper
action ® of a Lie group G on a smooth manifold P is a differential space. According
to Theorem 3.6 it is partitioned into submanifolds M. We now discuss how these
submanifolds fit together. This requires some further preparation. In the next three
sections we verify the decomposition given by (5), then discuss the notion of the
tangent wedge, and finally describe the links of the stratification of P.
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4 Lifted Action

We start by looking at the lifted action U: G x TP — TP (4). Since the G-action
® on P is proper, it follows from Proposition 3.3 that the space (TP)/G of G-orbits
on TP is a differential space, and the orbit mapping p: TP — (TP)/G of the lifted
action W is smooth. Proposition 3.4 implies that ver TP and hor TP are differen-
tial spaces. Let pye,: ver TP — (ver TP)/G and pphor: hor TP — (hor TP)/G be
the restrictions of p to ver TP and hor TP, respectively. Denote by C*°(ver TP) and
C°(hor TP) the differential structures induced by the inclusions jye, : ver TP — TP
and jhor: hor TP < TP. Similarly, let C* ( (ver TP)/G) and C*® ( (hor TP)/G) be
the differential structures induced by the inclusions ¢y, : (ver TP)/G < (TP)/G and
thor : (hor TP)/G — (TP)/G.

Lemma 4.1 The mappings pyer: ver TP — (ver TP)/G and phor: hor TP —
(hor TP)/G are smooth.

Proof By Proposition 3.4, for every function f € C*°((ver TP)/G) and every v €
(ver TP)/G, there exists a neighbourhood U of ¥ € (ver TP)/G and f7 €
C*>((TP)/G) such that

f1(UN(verTP)/G) = fz | (UN (ver TP)/G).

Let U = p. (U), fu = pi fo> and f = pk,, f. Proposition 2.3 ensures that fi; €
C(TP). Moreover,

(15) flWUNverTP) = fy | (UNver TP).

Since {U} forms a covering of (ver TP)/G, the collection {U = p,.}(U)} forms a
covering of ver TP. Thus from (15) and property III, it follows that f = p¥, f €
C>(ver TP). Hence, the map pye: ver TP — (ver TP)/G is smooth. A similar
argument proves the smoothness of pno;: hor TP — (hor TP)/G. [ |

Let 7: TP — P be the tangent bundle projection map. It intertwines the lifted
G-action ¥ on TP with the G-action ® on P, that is, T(\Ilg(u)) = <I>g(7'(u)) for
every ¢ € G and every u € TP. Hence, 7 induces a smooth map 7: (TP)/G —
P/G = P between differential spaces. The maps 7y, : (ver TP)/G — P and e :
(hor TP)/G — P, defined by myer = 0 T 0 tyer and Thor = T O T O Lhr, TeSpectively,
are smooth maps between differential spaces, because the maps 7, 7, tye; and ¢y, are
smooth.

Next we study the differential space (ver TP)/G. Denote by Gauge(P) the group of
diffeomorphisms of P which commute with the G-action ® and induce the identity
transformation on the G-orbit space P. Let gauge(P) be the set of infinitesimal gauge
transformations. The elements of gauge(P) are smooth G-invariant vector fields on
P with values in ver TP.

Theorem 4.2 Let X € gauge(P). Then the vector field X on P is complete.



Differential Structure of Orbit Spaces 727

Proof Letg € P, where X(q) # 0, and suppose that t — ¢;(q) is the integral curve ~y
of X starting at g. Then there is a positive time f; such that «y is defined on [—#, #,].
Since X € gauge(P), the integral curve +y lies on the G-orbit through g. Thus there is
ago € Gsuch that

©01,(q) = g0 - q = Py (q).

Now

©2,(q0) = @1, (01,(D) = ©1,(80 - @) = g0 - 1, (),

since X is G-invariant. Therefore by induction, for every n € Z, we have

Punn(@) = 80" 01, ()

Hence the integral curve + is defined for all + € R, that is, the vector field X is
complete. ]

From Theorem 4.2 it follows that gauge(P) is the Lie algebra of the gauge group
Gauge(P). Note that gauge (P) consists of smooth G-invariant sections of the bundle
Tyer = TO jyer: ver TP — P. There is a natural bijection between smooth G-invariant
sections of the bundle 7, and smooth sections of 7y : (ver TP)/G — P. Thus the
first summand (ver TP)/G in (5) is closely related to the Lie algebra gauge(P).

5 Tangent Wedge

In this section we study T"P = (hor TP)/G, which is the second summand in (5).
For each p € P, T} P is the tangent wedge of P at p.

Foreach p € P, p € m'(p) and each g € G, we have hor T,.,P = ¥, (hor T,P).
Hence,

TE’F = phor (hor Tr—1(5P) = (hor Tr—1(5P)/G = (hor T,P)/G,.

For any N C P we have used the notation TyP to denote {v € T,P | p € N}.
Theorem 2.6 ensures that there is a neighbourhood V', of zero in hor T, P such that
Sp = exp,(V,) is aslice at p for the action of G on P. By definition of a slice, V), is

W, -invariant and U = 7(S,) is a neighbourhood of p = 7(p) in P=P/G.

Theorem 5.1 For each p € P, there is a neighbourhood of 0 in Tl‘gl_’, which is diffeo-
morphic to a neighbourhood of p in P.

Proof Using the notation above, consider the map ¢ = 7 o exp,: V, — U. First
we note that ¢ is continuous. From the facts that V,, is G,-invariant and the map
exp,, intertwines the Gp-actions ¥, and @, it follows that ¢ is G,-invariant. Conse-
quently, ¢ induces a map ¥: V,,/G, — U, which is a homeomorphism, since exp,
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induces a homeomorphism between V,, /G, and S,/G,, and S,,/G, is homeomor-
phic to U, see [5].

Next we show that the map ¢ is smooth. Suppose that f € C>°(U). Then f =
m*f € C*(n~!(U)). Hence for every p € m~'(p), the function f|S, on the slice
Sp is smooth. Because S, = exp, V), and the exponential map exp, is smooth, the
function expy, f on V/, is smooth. Consequently, the mapping ¢ is smooth. Since ¢ is
G,-invariant, it induces a smooth map @: V, /G, C (hor T,P)/G, — U C P. The
map @ is invertible and has a continuous inverse, which we denote by o.

All we have to do is to show that ¢ is smooth. Towards this goal, let f €

C=(V,/Gp), then f = pit, f € C=(V,,), which implies that h = ((exp,)™!) " f €
C*°(Sp). Since h is G,-invariant, it extends to a smooth G-invariant function he
C>®(G- SP)G, which corresponds to a smooth function 1 on C* (W(Sp)) =C>(U).
From f € C*(V,/G,) we see that o f is a continuous function on U and hence that
7*(c* f) is a continuous G-invariant function on G - Sp,. To finish the argument we
need to show that 7* (¢ f) is a smooth function. This follows from:

Lemma 5.2 We have
(16) ™ (c* f) = h.

Proof We use the notation of the preceding argument. Let p’ € G- S), and p"" =
g p'. Then

h(p") =hig-p') =h(p") = ((exp,)™") "f(p") = f((exp,)~"p"")
= procf ((exp,) ™' p"") = f(pror(exp,)~'p"") = f((p"),

where ¢: S, — V,,/G, is the mapping pnor © (exp,) ™"
The following computation shows that ¢(1(p'’)) = w(p"’). For everyg,h € G,
we have

(00) = B pnor (ex0;, ' (p") ) =7
za(exp;;(@g(p”) ) (\I’h oexp, (P (p”)))

- (p(eXp@;*P(q’hg(P”))) = (Pu(p")) =7(p").

(Tgpo exp, '(p")

Consequently,
ha'") = F(v@") =" F(#(v@) ) = o*f(nta") =" (7).,
which implies, h= 7*(o* f). This proves Lemma 5.2. ]
From Lemma 5.2 it follows that for every f € C*>(V,/G,) the map oc*f=h¢c

C>(U). Hence o is smooth. Since 0 = g~ ': U — V,,/G, and @ is smooth, we see
that V,,/G,, is diffeomorphic to U. This proves Theorem 5.1. ]
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For every p € Pk the tangent space T, P has a decomposition
(17) T,P = T,Px x T, P,

where T;-PK is the g-orthogonal complement of T\, Px in T, P. The space T,Px con-
sists of \Il§ -invariant vectors in T),P. Since the metric g is K-invariant, Lemma 2.4
shows that TPLPK consists of vectors u € T, P whose \III; -average over K vanishes.

Lemma 5.3 We have the following decomposition
(18) hor T,,P = (hor T,,Px) x (hor T, P).

Proof Letu € hor T,,P and write u = %+ (u— %) where % is the \115 -average of u over
K, see (11). Since hor T},P is G,-invariant, it is \IJI; -invariant. Consequently, both u
and u lie in hor T),P. But (\Ilg)kﬂ = u for every k € K, which implies that u € T,Px.
Hence u € (hor T,P) N T,Px = hor T;,Px. Also (u—u) = 0, which implies that
u—1u € hor TPLPK = (hor T,P) N TPLPK. Thus

hor T,P = (hor T),Px) + (hor TPLPK).

If u € (hor T,Px) N (hor T;-PK), then %7 = 0 and (\Ilg)ku = u, for every k € K.
Consequently,

u:/udk:/(\I!I;)kudk:ﬂzo.
K K

Thus (18) holds. [ |

For p € Px we have denoted by M the connected component of Px containing p,
M = n(M) and p = n(p) € M. Then the tangent space T5M, which is isomorphic
to (hor T, Px) /K, is a subset of the tangent wedge T;VP since hor T, P is contained
in hor T,P and K = G,,. Let

(19) TSP = (hor T, Px)/K.

Clearly, TSP is independent of the choice of p € 7~'(p). We refer to T5P as the
tangent cone to P at p. The decomposition (18) gives

TP = TyM x TSP,

In other words, the tangent wedge to P at p is the direct sum of the (Zariski) tangent
space to the manifold M at p and the tangent cone to P at p.
The following result characterizes the (Zariski) tangent space T;M to M at p.

Theorem 5.4 Let i57: M < P be the inclusion map. Then for each p € M the map
Tpizr: TsM — T3P is an isomorphism of vector spaces.
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Proof Clearly, the map T;i3; is a monomorphism of vector spaces. To show that it
is onto, consider a derivation u € T;P. For p € w~!(p), let S, be a slice at p for
the G-action ® on P. Then U = 7(S,) is a neighbourhood of p in P. Let s, be
the restriction of the G-orbit map 7 to S, and let Sx = S, N Px. Then T},S, has a
decomposition

TpSp = TSk & T Sk

Derivations at p of the space of smooth K-invariant functions on S, form a subspace
(T; Sp)K of T;Sp which annihilates the space TPLSK (see Lemma 2.4). Let T;Sk €

T;Sp be the annihilator of T}f— Sk- We have the decomposition
* o * K
T,Sp = T, Sk x (T,;S,)".

The derivation u € TP at p lifts to a derivation # at p on the space of K-invariant
smooth functions on S,,. Since a derivation at p is a linear function on the space of
tangent covectors to S, at p, we can consider # to be the linear function u: (T; Sp)K —
R. Letu: T,;S, — R be an extension of u such that

(20) (@] dyf)y =0, Vdyf €TSS

Since (T}S,)* and TS, are isomorphic, it follows that # € T,S,. Moreover, equa-
tion (20) implies that # is contained in the subspace T),Sx of T,S,. Hence there is
a unique vector v in TSk such that T,es, (v) = @, where t5.: Sk — S, is the in-
clusion map. Clearly, i/ is a derivation at p of C*°(S,), which coincides with 7 when
restricted to C“(SP)K, that is, Tpﬂ'sp(ﬂ) = u. Hence u = TPWSP(TPLSK(V)). But
Ts,0ls, = L3fOTs,, where s, : S — M is the restriction of 7 to Sk. This implies that
u = Tpugr( Tyms, (v)) , where Tyms, (v) € TsM. Hence the map Tjigp: TsM — TP
1s onto.

Corollary 5.5 The tangent wedge T"P to P at p is the product of the (Zariski) tangent
space to TP and the tangent cone T3P to P at p, that is,

TYP = T;P x TSP.

6 Links

Information how the manifolds M in the partition of P fit together in a neighbour-
hood of a point p is encoded in the tangent wedge T;’T’ of P, because it is locally
diffeomorphic to P. It is known that P is a stratified space (see [8] and [9]), that is,
the manifolds M, called strata, fit together in a special way forming a stratification
of P. In particular, each of point of the stratum M has a neighbourhood which is
homeomorphic to the product of a smooth manifold and a neighbourhood of a ver-
tex of a cone [9]. This conical neighbourhood is called a link of the stratum M in the
stratification of P. In this section we identify the links of the stratification of P with
certain subsets of the tangent cone.
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Let S, be a slice at p € Pk for the G-action ® on P, and M be a connected com-
ponent of Px containing p. Suppose that p’ € cl(M)\ M (where cI(M) is the closure
of M) is contained in the open set m(Sp) of P. From the properties of a slice it fol-
lows that p’ € w(Px-), where K’ is conjugate in G to a subgroup of K not equal to
K. Without loss of generality we may assume that K’ is a subgroup of K not equal
to K. Let p’ € Pxr N cl(Px) N'Sp. Since p’ € S, it follows that p’ = exp, v for
some v € hor T, P. From the fact that the map exp,,: hor T,P — P intertwines the
K-action \IJ§ on hor T, Q with the K-action ®K =@ | (KxP)onPand p’ € Py, it
follows that K is the \I/Ip( -isotropy group of v. Let

(hor T,P)x: = {w € hor T,P | ¥, (k, w) = w for every k € K'},
and let

WIIf’K/ = hor T, Px U (hor T,P)k-.

Lemma 6.1 For every u € hor TPk, every w € Wff ’K/, and every s € R, we have

u+sw e W{f’K’. Ifu € hor TyPx, w € (hor T,P)g/, and s # 0, then u + sw €
(hor T,P)k .

Proof Since K’ is a subgroup of K not equal to K and the K-action \Il§ on T,P is
linear, for every u € hor T, Pk, every w € (hor T,P)x:, every s € R, and every
k € K’, we have

\I/I;(k, u+sw) = \Ilg(k, u) + s\Ilg(k, W) = U+ sw.
Hence, the \IIE -isotropy group of u + sw contains K’. Conversely, if k € K \ K’ then

\IJI;(k, u+sw) = \Ilg(k, u) +s\IJI;(k, w)=u +s\I/§(k, w) #£ u+ sw,

if s # 0. Hence, u+sw € (hor T, P)k/ forevery u € hor T,Px, everyw € (hor T,P)k-
and every s # 0.

Ifu, w € hor T}, Pk, then u+sw € hor T, Px for every s € R. Hence u+sw € Wf’K/
for every u € hor T, Qx, every w € Wf"K/, and every s # 0. ]

Let

v, X =wy "t Nhor Tj Py.

Lemma 6.2 Vf"K/ is a cone with vertex at 0 € hor T, Pk. In addition,
(21) Wllf"K/ = hor TyPx % Vf’Kl,

where hor T, P is identified with hor T,Px x {0} and (hor T,P)x is identified with
hor TPk x (VA" {0}).
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Proof Letv € Vf’K/. Then either v € hor T,,Px N hor TIJ;PK orv € (hor T;,P)g/ N

hor TPLPK. In either case sv € Vllf K’ foreverys € Rand Ov = 0 € T,P. Hence Vf’K/
is a cone with vertex 0 € T, P.

Equation (18) implies that every vector w € hor T,Px U (hor T;,P)x+ can be de-
composed uniquely as w = u + v with u € hor T,Px and v € hor T,Pg. More-

over, v = —u +w € hor T,Px U (hor T,P)x:. Hence, v € Vf"K/. Conversely, if
(u,v) € hor T,Qg x Vf’K/, then u + v € hor T;,Px U (hor T,P)k-. This shows that
hor T, Px U (hor T),P)x+ = hor T,Pg x VII,(’K/.

Ontheonehand, ifv =0 € VIIf’K/ and u € hor T),Px, then u+0 = u € hor T}, Px.
On the other hand, if v is a nonzero vector in V{f ’K/, then u + v € (hor T,P)k- for
all u € hor T,Px. Hence, hor T,Qx = hor T,Qg x {0} and WIIf’K/ = hor T, P x
(V< \ {0} n

The quotient (T;TJ)K/ = (V;-(’K/)/K is independent of the choice of p € 7 1(p).
It is a cone contained in TP with vertex at 0. It follows from Lemma 6.2 and The-
orem 5.1 that the exponential map exp,,: T;,P — P restricted to hor T,P composed
with the G-orbit map m: P — P maps a neighbourhood of 0 in T;M x (T5P)k/

homeomorphically onto a neighbourhood of p in M iﬁ This describes precisely
the link at p between the stratum M and the stratum M’ of P.

7 A Momentum Map

In this section we study the refinement of the partition of P given in (13) by level sets
of an equivariant momentum map.

First we discuss momentum maps. Recall that an action ® of a Lie group Gon a
connected symplectic manifold (P,w) is symplectic if it preserves the form w. For
a symplectic action Lycw = 0 for all ¢ € g, where X¢(p) = T.®,(£). Hence,
d(X¢ 1 w) = 0 which implies that locally X¢ | w = d J¢ for some function J¢ on P.
A symplectic action is Hamiltonian if there exists a momentum map J: P — g* such
that J; = (J | £) for each £ € g. ] is coadjoint equivariant if J( ®,(p)) = Ad;q J(p)
for every (g, p) € G x P.

If the momentum map J: P — g* is not coadjoint equivariant, then it is equivari-
ant with respect to an action on g*, which is defined as follows. For each p € P the
map

Gp: G— g g J(Qg(p)) — Adfi J(p)

does not depend on the choice of the point p. Thus 7, defines a mappingo: G — g*
which is a g*-cocycle, that is, for every g, h € G

o(gh) =o(g) + Ad;_l o(h).
Let

(22) A:Gxg"—a*: (g, h) — Adfrl a+o(g).
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Then A is an action of G on g* called the affine coadjoint action. A momentum map-
ping J is equivariant with respect to the action A, that is, for every (g, p) € G x P

J(®4(p)) = A (J(p)).
From the beginning we have assumed that the action ® of G on (P, w) has a coad-
joint equivariant momentum map J. However, analogous results to the ones we have
used hold if J were equivariant with respect to an affine coadjoint action. In partic-

ular, the regular reduction theorem holds when the momentum map is equivariant
with respect to an affine coadjoint action [11].

Theorem 7.1 The action of Gy on (M, wyr) has a momentum map Jy: M — iy
which is equivariant with respect to the affine coadjoint action

A: Gy x gy — ayg ([g]o ) = A

For every G-coadjoint orbit O C g* with ]~ (0) N M # &, there exists an orbit Oy of
the action A such that

J7HO) N M = Jiy (Om).
Proof Letx: T — g, u: f — n,and v: n — g be inclusion mappings and A: n —
gy the natural projection map. Their transposes are the mappings x*: g* — f*,
pern* — 0% g* — n* and \*: g}, — n*, respectively. Let J|y: M — g* be the

restriction of J to M.
To complete the proof of Theorem 7.1 we need several lemmas.

Lemma 7.2 k*o J|y: M — ¥ is constant.
Proof For every £ € g, we have X Jw = dJe. Moreover, { € f implies that
Xé(p) = Oforall p € M. Hence d(k* o J|y) = * o dJ|y = 0, and k* o J|y is

constant on M. [

Since p*: n* — t* is onto and k* o J|yr: M — I* is constant, there exists a
constant map jy: M — 1n* such that

1o jm = K" o Jm
Lemma 7.3 There exists a unique map Jyr: M — g, such that
(23) XoJu=v"o]Jlm— ju.
Proof We have

prow oljlu—jm) =r"0Jlm—kK"Jlm=0.
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The existence of a unique lift Jy;: M — g3 of (v* o J|y — jm): M — n* follows
from the exactness of the sequence

(24) 0 — gl 2ot L 0. -

Continuing with the proof of the first assertion in Theorem 7.1, we now show
that the map Jy: M — g}, is a momentum map for the action of Gy on M. For
each £ € n C g, the action of the one parameter subgroup exp tA(§) of Gy on M
coincides with the action of the subgroup exp t£ of G. This latter action is generated
by the Hamiltonian vector field X¢ of Je restricted to M. Hence

XS Jwy =d{Jly | v(&) =d{v* o J|m | €)
=d(\ o Ju+ jm | &) = (dN o Ju) [ &)+ (djm | §)
=d(Ju | M&)).

Thus X¢ is the Hamiltonian vector field of (J; | A(€)). Hence Jy; is a momentum
map for the action Gy on M. This completes the proof of the first assertion in The-
orem7.1.

Remark 7.4 'We note that the momentum map Jj: M — g}, need not be coadjoint
equivariant. However, there exists a gj;-cocycle o: Gy — g3, such that the map

(25)  A: Gu x gy — Gy (18], ) = Am([g], 1) = Adjgy—1 p+ o ([g])

is an action of Gy on gy, and Jy([g] - p) = A ( ]M(p)) .

We now find an explicit expression for the cocycle A*o, which will not be used
in the remainder of the proof. Comparing equations (23) and (22) we see that for
Een,

(o([g)) | M©) = (Jm(lg] - p) — Ad{g-1 Jm(p) | M)
= (Adg-1 jm(p) | €) = (im(g - p) [ ) = (jm | Adg € — &)
= (Adg—1 jm — jm | €).
Hence
(26) X (o(lg) = Adg-1 jum — ju- n
Recall that n is the Lie algebra of Ny. For each ¢ € n, the vector field X¢ is tangent
to M. For each p € M, let
(27) m(p) = {¢ € g| X(p) € TyM},

where T;’M is the symplectic annihilator of T,M, see (7).
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Lemma 7.5 Foreach p € M, m(p) is independent of p and
n+m(p) = g.

Proof Recall that the tangent space T,M = T, Pk consists of vectors v € T, P which
are invariant under the action \I/Ip( of K on T),P. In other words,

T,M = {v € T,P | Ui(v) = U} (k,v) = T,®(v) = vV k € K}.

Moreover, for every £ € 1 we have Xé(p) € T,M.

Since w is G-invariant and T, M is Wi-invariant, it follows that oM is also Wy-
invariant. For every u € TP, let u be the average of u over K (see (11)). Since u
is Wy-invariant, it belongs to T,M. If u € TyM, thenu € T,yM because T,/ M is
Vy-invariant. Hence if u € Ty M, it follows that u € T,M N T, M = {0}. Thus

(28) TyM =Ty Px ={u € T,P|u=0},
see (12).

For each £ € g, let

£= /K T.L(E) dk,

where Ly: G — G: g — kg is left translation by k. The map
g— T,P: ¢ 0—>X5(p)

is equivariant, that is, XTelig( p) = Tp'@k(Xf( p)) . Since this map has kernel {, it
follows that

m(p) ={¢cg|fect}

For every £ € g, we have £ = £ + (£ — €), where (¢ — £) = 0. This implies that m(p)
is independent of p. Since T, Ly = € for all k € K, it follows that TP<I>k(XE( p)) =
Xg(p) for k € K. So Xg(p) € TyM, that is, £ € n. Moreover (¢ — £) = 0 € £, which
implies that £ — & € m(p). Hence g = n+ m(p). [ |

We continue with the proof of the second assertion of Theorem 7.1. If p, p’ €
J7H(O)NM then J(p') = Ad;_l J(p) = J(g-p) forsome g € Ny. Since,g-p = [g]-p,
where [g] is the coset of ¢ in Gy = Nyy/K, equation (23) yields

Ao Ju(p') = v o J(p') — jmu = v* o Adg-1 J(p) — jm
=v*oJ(g-p)— jmu= (Ao ullgl-p)+jm) — jm
= X0 Ju(lgl - p) =X oA (Iu(p)).
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Since ker \* = 0, it follows that
Iu(p’) = A[g](]M(P)) .

This implies that Jy;(p') and Jy(p) are in the same orbit Oy of the affine coadjoint
action A of Gy on gj; (see (25)), that is,

(29) JHO)NM C Ty (Owm).

Conversely, if p, p’ € ]&I(OM), then Ju(p) = A[g](]M(p’)) where ¢ € Ny
Therefore,

v*o J(p) =v* o Ady-i J(p').
But v*: g* — 1* is the transpose of the inclusion mapping v: 1 — g. So
kerv* =n°={acg*|(a|§) =0VE e n}.
This implies that
J(p) — Ad;,l J(p') € n°.
Hence for every £ € 11, we have

(J(p) — AL, J(p") | €) = 0.

On one hand, differentiating this equation in a direction u tangent to ;' (Qy) at p,
we get

(30) (T, (J(p) — Ay J(p") (w) [ £) =0

foreveryu € T, ]A}l (Op) and every € € n. On the other hand, from (27) we see that
X&(p) € T;’M for £ € m(p). But

(TyJ(w) | &) = dJ*(p)u = wm(p)(X*(p),u) =0,
for all u € T, J;' (On) and € € m(p). Therefore
(31) (Tp(J(p) — Ay J(p))) (w) | €) =0
for every u € T, Jy;'(Oy) and every & € m(p). Since n + m(p) = g, equations (30)
and (31) imply that J(p) — Ad;-: J(p’) is independent of p € Jy;'(Opr). Moreover,

g € Ny implies that g - p’ = [g] - p’ € J3;' (Oamr). Hence taking p = g - p/, we get

J(p) — Ads J(p') = J(g - p') — Adi- J(p') =0,
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because ] is coadjoint equivariant. Thus J(p) and J(p') are in the same coadjoint
orbit 0. Therefore,

T (Om) C T7HO) N M.

Taking into account the inclusion (29) we obtain ]A}l(OM) = J7YO) N M. This
completes the proof of Theorem 7.1. ]

For another proof see Section 2.3 in Ortega [16]. We have included a complete
proof because it introduces concepts and techniques we need in the paper.

Recall that M = M/Gyy is the space of Gy-orbits on M and that my: M —
M: p — Gy - p the Gy-orbit map. Since the action of Gy on M is free and proper,
M is a quotient manifold of M. Let L be a connected component of J~!(a) N M
and L its projection to M. Let t;: L — M and t;: L — M be the inclusion maps
and let 7;: L — L be the map induced by the restriction of m: M — M so that
TLOLL =Ll OTM.

Theorem 7.6 L is a connected submanifold of M endowed with a symplectic form wr
such mfwr = tjwy.

To prove Theorem 7.6 we need the following three lemmas.

Lemma 7.7 For each o € §*, every connected component of the set w( J~' () N M)
is of the form (L), where L is a connected component of ]! (a) N M.

Proof J ' (a) N M = ]Ajll(,é’) for some 8 € g};. Hence, connected components
of J7'(a) N M are connected components of ]j\}l(ﬁ). If L and L' are connected
components of ]A]l (B) then 7y (L) and mys(L’) are connected. Suppose that 7y (L) N
(L") # &. Then thereexist p € L, p’ € L’ and g € Gy such that p = g - p’.
Let L’ = g-L'. Then L' is a connected component of J;,'(3) and p € L' N L.
Therefore, L’ = L and my(L) is a connected component of WM(]A_dl(ﬁ)) C M.
Since 1p: M — w(M) is a diffeomorphism, it follows that a connected component

ofﬂ(]_l(a) ﬂM) = TM(WM(]IQI(,B))) is of the form 7 (L) = TM(ﬂ'M(L)) , where
L is a connected component of I&l(ﬁ) =J Ya)N M. [ |

Lemma 7.8 L is a symplectic manifold. The ring C*° (L) consists of functions fy: L —
R such that mj; o fr € C*> ( ]A]l(ﬁ)) . A symplectic form wy on L is uniquely defined by
MW = WM.

Proof Since the action of Gy on M is free, (§ is a regular value of Ji;: M — gj.
Hence, ]A}l(ﬁ) is a closed submanifold of M.

Let Gu, € Gy be the isotropy group of 8. The action of Gy on M restricted to
G, induces an action of Gy, on Jir (B). Since the action of Gy is free and proper,
and Gy, and J;;' () are closed, it follows that the action of Gy, on Jy;'(3) is free
and proper. The regular reduction theorem for a momentum map equivariant with
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respect to an affine coadjoint action ensures that connected components of the orbit
space Jy;' (3)/Gu, are symplectic manifolds [11].

Points 0f7rM( ]A}l(ﬁ)) are Gys-orbits Gy - p through points p € ]A]l(ﬁ). The map
WM(]A}I(ﬁ)) — I (3)/Gum,: Gy - p = G, - p is a bijection. Hence, it induces in
each connected component L of 7y, ( ]A}l (B )) the structure of a symplectic manifold.
A function f;: L — Ris in C*°(L) if and only if 7}, o f; € Cw(]&l(ﬁ)). The
symplectic form wy on L is uniquely defined by 7wy = tjwp. ]

Lemma 7.9  For each Gy, -invariant function f € C*>( ]A}l(ﬂ)) and every p € L,
there exists a neighbourhood U of p in M and a Gy-invariant function fy € C>*(M)
such that fILNU = fy|LNU.

Proof Let f € C™( ]{41(5)) be Gyy,-invariant and p any pointin L. Let S, be a slice
at p for the action of Gy on M. Since the action of Gy on M is free, WA}I (WM(SP))
is homeomorphic to S, X Gy, which is an open Gy-invariant neighbourhood of
p € M. We can choose S;, so that S, N L is a slice at p for the action of Gy, on
]A}l(ﬂ). Let Sz/? be an open subset of S, containing p such that its closure cl(SI’)) is
contained in S, and let U = 71';11 (ﬂ'M(S}’,)) which is homeomorphic to Sl’J x Gy
Since Jy: M — g} is continuous, it follows that I;Il(ﬂ) is closed in M. Hence, L
is closed in M as a connected component of ]A}l (B). Therefore, S, N Lis closed in S,,.
Let fs,nr be the restriction of f to S, N L. Then fs,n; can be extended to a
smooth function fs, on S,. We can extend fs, to a G-invariant function fy on
U =my, (WM(SI',)). Since f is Gy, -invariant, it follows that fy|[U NL = f|U N
L. Using a G-invariant partition of unity subordinate to the Gys-invariant covering
{71';11 (WM(SI’,)) T (WM(SP \ cl(SI’))) ) }, where cl(S;,) is the closure of S;) in S,
we can construct a smooth Gy -invariant function fyy on M such that fy|[U N L =
fluNL. n

Proof of Theorem 7.6 Lemma 7.7 implies that L is connected. From Lemma 7.8, it
follows that L is a symplectic manifold. Following the argument given in the proof of
Theorem 3.8, from Lemma 7.8 we obtain that the manifold differential structure of
L coincides with the differential structure induced by the inclusion map ¢;: L — M.
Hence, L is a submanifold of M. [

We have obtained the following refinement

(2) r=J U U U ot

KcsG Mc.c.Px a€3* Lec. MNJ~ ()

of the partition (13). Here K c.s. G, M c.c. Px, and L c.c. M N J~!(a) mean that the
union is taken over compact subgroups K of G, connected components of sets Px of
symmetry type K, and connected components L of M N J~!(«), respectively. Since
the partition (32) is G-invariant, it induces a partition of the orbit space

(33) F:UL
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where T = 7(L), and L is a connected component of the intersection of a level set
J~!(a) of the momentum map with a connected component M of Px.

Remark 7.10  Note that each L is a connected submanifold of P. To see this observe
that we have already shown that L is a connected submanifold of M. Theorem 3.8
ensures that M is a submanifold of P. Hence, L is a submanifold of P.

We now investigate the geometry of the partition (32). For each function f €
C*°(P), the Hamiltonian vector field X is defined by Xy | w = df. Noether’s
theorem implies that X preserves the momentum map J if and only if the function
f is G-invariant. Hence, the Hamiltonian vector fields of G-invariant functions are
tangent to each L making up the partition (32). Following the approach of [24]
and [3] we are going to characterise each of these manifolds as an accessible set of the
generalized distribution E C TP spanned by Hamiltonian vector fields of G-invariant
functions. In order to do so, we have first to review some of results of Stefan [26] and
Sussmann [27].

8 Foliations with Singularities

Let M be a finite dimensional paracompact smooth manifold. A subset L of M is said
to be a k-leaf of M if there is a differentiable structure on L such that

1. with this differentiable structure L is a connected k-dimensional immersed sub-
manifold of M,

2. if N is an arbitrary locally connected topological space and x: N — M is a con-
tinuous map such that x(N) C L, then the induced map x: N — L is continuous.

It follows from the properties of immersions that if x: N — M is a differentiable
mapping of manifolds such that x(IN) C L then x: N — L is also differentiable. In
particular, the differentiable structure on L which makes L into an immersed sub-
manifold of M is unique. Since M is paracompact, every immersed connected sub-
manifold of M is separable. So L does not admit a differentiable structure of a con-
nected immersed submanifold of M of dimension other than k.

A smooth foliation with singularities of a manifold M is a partition of M into
smooth leaves such that, for every p € M, there exists a local chart ¢ of M with
the following properties.

1. The domain of ¢ is of the form U x W, where U is an open neighbourhood of
0 € Rk, W is an open neighbourhood of 0 € R™=* and k is the dimension of the
leaf L, through p while m = dim M.

2. ¥(0,0) = 0.

3. If L is a leaf of the foliation, then L N (U x W) = (U x V), where V| =
{weW |¥(0,w) € L}.

A generalized distribution on M is a subset D C TM such that, there exists an open
covering {U,} of M and smooth vector fields X, ,... ,X{‘fa on U, which span the
restriction of D to U,,. Note that the definition of a generalized distribution does not
require that the vector fields Xj; , ... ,Xf2 be linearly independent.
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An accessible set of a generalized distribution D on M is a maximal subset L of
M such that every pair of points in L can be joined by a piecewise integral curve of
vector fields {X}, ,..., X3 }.

Theorem 8.1 Accessible sets of a generalized distribution on M form a smooth foliation
with singularities on M. In particular, every accessible set of D is a leaf of M and thus it
admits a unique differentiable structure of a connected immersed submanifold of M.

Proof See [26] and [27].

Corollary 8.2  Every pair of points in an accessible set of a generalized distribution D
on M can be joined by a piece-wise integral curve of vector fields with values in D.

In Section 7 we introduced a generalized distribution E on P locally spanned by
the Hamiltonian vector fields of G-invariant functions. Theorem 8.1 ensures that
accessible sets of E define on P a smooth foliation with singularities. In particular,

(34) p=J 1,

Las.E

where L a.s. E means that the union is taken over accessible sets L of E.

Theorem 8.3 For each p € P, the accessible set L of E through p is the connected
component of M N J~1(a) containing p. Here M is a connected component of P, K is

the isotropy group of p, and oo = J(p).

Proof It follows from Noether’s theorem that, for each G-invariant function f on
P, the Hamiltonian vector field Xy of f preserves the momentum map J. In other
words, E C ker d]. Moreover, it follows from Theorem 2.1 that the restriction Ej; of
E to M is contained in TM. Hence, Eyy C TM N kerd] = kerd ]y, To complete the
proof of Theorem 8.3 we need the following:

Lemma 8.4 Ej; = kerdJy.

Proof The pull back wys of w to M is a symplectic form on M. For p € M, consider
u € TyM Nkerd]y. The covector u _I wyr annihilates every vector tangent at p to the
orbit Gyy.

Let S, be the slice at p for the action of Gy; on M. Then Gy - S, is a neighbour-
hood of the orbit Gy - p in M. From the definition of a slice it follows that T,M =
T,(Gp - p) @ T,S,. Since u _| wyy annihilates T, (Gy - p), it follows that u 1wy = ¢
for some € T} S,. There exists a compactly supported (Gu)p-invariant function fs
on S, such that ¢ = dfs(p). Let f be a function on M such that f | (Gy - Sp) = fs
and f vanishes on the complement of Gy - S, in M. Then, f is Gy-invariant and
df(p) = ¢ = u Jwy. Hence, u is the value at p of the Hamiltonian vector field X
of f. ]
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Lemma 8.4 implies that connected components L of MM J~!(a) are accessible sets
of the generalized distribution E on P. This completes the proof of Theorem 8.3. H

From Theorem 8.3 it follows that for a smooth proper Hamiltonian action of a Lie
group G on a symplectic manifold (P, w) the two smooth foliations with singularities
given by (32) and (34) coincide. To show that partition (32) is a smooth foliation with
singularities we have used the hypotheses that the action of G on (P,w) is smooth,
proper and Hamiltonian. On the other hand, the partition (34) is a smooth foliation
with singularities provided the action of G on M is smooth and symplectic. Thus,
it is well defined in the absence of a momentum map and for actions which are not
proper.

9 Coadjoint Orbits

Let O C g* be a coadjoint orbit. In this section we discuss the structure of J~1(0) C
Pand 7r( J! ((f))) C P. Theorem 7.1 asserts that, for every connected component M
of Px and every coadjoint orbit O C g*, there exists an orbit Oy C g, of an affine
coadjoint action of Gy such that J=}(O) N M = ]ATI](OM). Here Jyi: M — gy, isa
momentum map for the free and proper action of Gy on M.

Proposition 9.1 Every connected component of an orbit Oy of an affine coadjoint ac-
tion Gy X Gy — Gjy is a leaf of g}, In particular, connected components of Oy are
immersed submanifolds of g}

Proof For each ¢ € gy, let X¢ be the vector field on g}, corresponding to the action
of exp t£. The vector fields {X¢ | £ € gy} span a generalized distribution on g}, with
orbits Oy being accessible sets. Theorem 8.1 implies Proposition 9.1. ]

Proposition 9.2 For each Gy-orbit Oy C giy, connected components of Jy;' (Oar)
are leaves of M. In particular, each connected component Q of Jy;'(Onr) has a unique
differential structure of a smooth manifold of dimension dim Q = dim Oy + dim M —
dim g3, such that the inclusion map Q — M is an immersion.

Proof Since the action of G); on M is free and proper, every point of M is a regular

point of J;. Hence, dimkerd/yy = dimM — dim g}, is constant and ker d ]y is

an involutive distribution on M giving rise to a foliation of M by level sets of J. In

particular, ker d ]y, is spanned locally by smooth Gy-invariant vector fields on M.
For every Gys-orbit Oy C gy

(35) 7' 0w = | GuJu' ).

BEOM

Hence, connected components of J~'(0y) are accessible sets of the generalized dis-
tribution spanned by ker d Js and the vector fields on M which generate an action by
one parameter subgroups of Gys. By Theorem 8.1, each connected component Q of
J71(Op) is a leaf of M having a unique differential structure of a smooth manifold
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of dimension dim Oy + dim M — dim g}, such that the inclusion map Q < M is an
immersion. u

A manifold Q contained in a manifold M carries two differential structures: the
original manifold differential structure of Q, which we denote by C5°(Q), and the
differential structure C$°(Q) induced by the inclusion map ¢o: Q < M described in
Theorem 3.2. If the inclusion map ¢o: Q < M is an embedding, both differential
structures coincide. If tg: Q <= M is an immersion but not an embedding, then
C(Q) is a proper subset of Ci7 (Q).

Proposition 9.3 Let Q be a connected component of J~'(Opr). The restriction mq:
Q — P of the G-orbit map w: P — P to Q is smooth in both differential structures
C(Q) and C*(Q).

Proof Let f € C*(P). Since C*(Q) C C(Q), it suffices to show that Waf =
fo mQ € C(Q). However, fo mq is the restriction to Q of f = fom e C(P).
Hence, f o mq is in C°(Q). [ |

Proposition 9.4 Let Q be a connected component of J~1(O) N M. Then m(Q) = (L)
for some connected component L of ]~ ' () N M contained in Q.

Proof Theorem 7.1 ensures that there exists an orbit Oy; C g}, such that J='(9) N
M = ]j\}l (Op). As before, we denote by M the space of Gys-orbits on M, my: M —
M the orbit map, and zy;: M — P the inclusion map. Equation (35) shows that
WM(]A}I(OM)) = ﬂ'M(]A}](ﬂ)) forany 8 € Opy.

By Remark 7.10 applied to the action of Gy on M, connected components of
7TM( I;Il(ﬁ)) are of the form my,(L), where L are connected components of ]A_dl(ﬁ).
Since Q is connected, m(Q) is connected. Hence, ma(Q) C ma(L’) for some con-
nected component L of J;,'(3). This implies that there exist p € Q, p’ € L and
g € Gysuchthatp = ¢-p’. ThenL = g - L' is a connected component of
Ju' (A€, 8) C T, (On) such that LN Q # @, and pu(Q) C pum(L). Since Q
is a connected component of ]A}l (Op) and L is connected, L N Q # @ implies that
L C Q. Hence, my (L) C my(Q).

Since (L) is a subset of m);(Q) and vice versa, it follows that m(Q) = ma(L).
Applying the map 7y1: M — P: Gyr - p — G - p to both sides of this equality we get

m(Q) = tm(mm(Q)) = tm(mm(L)) = m(L),
which completes the proof. ]

Corollary 9.5 For each coadjoint orbit O C g*, each compact subgroup K of G, each
connected component M of Px, and each connected component Q of J~1(0) N M, 7(Q)
is a symplectic submanifold of P.
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Proof There is a connected component L of J~!(a) "M such that 7(Q) = 7 (L), and
m(L) carries a symplectic form tw; which does not depend on the choice of L such that

7(Q) = w(L). [ |

It should be noted that Corollary 9.5 does not require that the orbit O be locally
closed (see [20] for an example of a nonclosed coadjoint orbit).

10 Reduced Poisson Structure

As before, we consider a connected symplectic manifold (P, w) with a proper Hamil-
tonian action ®: G x P — P of a Lie group G on P. The symplectic form w on P
induces in C*°(P) a Poisson bracket { , } such that

(36) {f o} = wXp, Xp)

forall fi, f, € C*(P). The Poisson bracket is antisymmetric, bilinear, satisfies the
Jacobi identity

(37) {fh{f%ﬁ}}+{f27{f37f1}}+{f37{f1vf2}} =0,

and Leibniz’ rule

(38) {f, ofsy = 2-Ah sy +{h. o} /5

for all fi, fo, 5 € C*°(P). A commutative algebra endowed with a bilinear anti-
symmetric bracket operation which is a derivation and satisfies the Jacobi identity
is called a Poisson algebra. The algebra (C >*(P), ) with the Poisson bracket (36) is
called the Poisson algebra of (P, w).

Since the action of G on P preserves w, it follows that the Poisson bracket { , } is
G-invariant. In other words, if f; and f; are G-invariant, then { f;, f,} is G-invariant.
Hence, the algebra C°°(P) of G-invariant functions on P is a Poisson subalgebra of
C>(P).

We denote by P = P/G the space of G-orbits with orbit map 7: P — P. In
Theorem 3.4 we have shown that the space C*°(P) of all functions on P which pull
back under the G-orbit map 7 to a smooth G-invariant function on P is a differential
structure on P.

Proposition 10.1 The Poisson bracket { , } on C*°(P) induces a bracket { , }p on
C>°(P) such that (C>(P),{, }p,") is a Poisson algebra.

Proof The Poisson bracket { , }5on C>°(P) is defined as follows. Let f_7 h e Cc>(@P).
Ateach p € Plet

{f.1}5(m(p)) = {f,h}(p),

where 7* f = f, 7*h = hwith f,h € C°°(P)°. Moreover, { , } is the usual Poisson
bracket on the space of smooth functions on the symplectic manifold (P, w). To see
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that the Poisson bracket { , } is well defined, suppose that fis another smooth
G-invariant function on P which induces the function f on P. Then

O=n"f-n"f=f—f

on P, since 7 is surjective. Hence {f,h} = {f,h}, which implies that { f, h}5 does
not depend on the choice of representative of f. Since { , } is skew symmetric, the
same argument shows that { f, 1} does not depend on the choice of representative
of h either. Hence { , }5 is well defined.

From the fact that (C*°(P)°,{ , },:) is a Poisson algebra, it follows that

(C>°(P),{, }p,") isa Poisson algebra. [

Let L be an accessible set of the generalized distribution E on P spanned by the
Hamiltonian vector fields of G-invariant functions and let ¢; : L — P be the inclusion
map. If f is a G-invariant smooth function on P then its Hamiltonian vector field X
is tangent to L. For every h € C*(P), {f,h} = w(Xs, Xy) = —Xy 1 dh. Hence, the
pull back ¢ {f, h} of { f, h} to L depends on h only through ¢} h.

Proposition 10.2  For each leaf L of the generalized distribution E on P, the pull backs
i f of smooth G-invariant functions f on P to L form a Poisson algebra on L with Poisson
bracket { , }¢ defined by {1} fi,1; 2} = ¢} {fi, fo}. The pull back map f — 1} fisa
Poisson algebra homomorphism with kernel consisting of smooth G-invariant functions
on P which vanish on L.

Proof Since

i ths by =~ (X Jdf) = g (Xp, Jdfr),

and fi, f € C°°(P)C, the argument before the statement of the proposition shows
that ¢7{fi, o} depends on f; and f, only through their pull backs to L. Hence
{1} fi, 1} 219 is well defined. Clearly, it is bilinear and antisymmetric. Moreover,
it satisfies the Jacobi identity (37) and Leibniz’ rule (38) because they are satisfied by
{1k

From the definition of the bracket { , }¥ it follows that the restriction to L of
functions in C>°(P)® is a Poisson algebra homomorphism. Moreover, the kernel of
the restriction to L consists of functions which vanish on L. ]

Let N, = {g € G| g- L = L} be the stability group of L. The restrictions to L of
G-invariant functions on P are N;-invariant functions on L.

Lemma 10.3 Every Ny -invariant smooth function f on L can be extended to a smooth
G-invariant function f on P.

Proof Let f; € C°°(L) be Ni-invariant. For each p € L C P, let S, be a slice through
p for the action of G on P. Since L = M N J~!(«) is closed, its intersection with Spis
closed in S,. Hence, f; restricted to S, N L can be extended to a K-invariant function
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on S,. We can construct a G-invariant neighbourhood U, of the orbit G - p and a
smooth G-invariant function fy, on P such that fy,|u,nr = flu,n- Using a G-
invariant partition of unity on P (see [19]), we can construct a G-invariant smooth
function f on P such that f|; = f;. [ |

Let L = w(L) be the projection of L to P. By Remark 7.10, L is a submanifold
of P. Theorem 7.6 ensures that L is endowed with a symplectic form wy such that
7fwr = tjwwm, where mp: L — L is the projection and ¢;: L — M is the inclusion
map. Let {, }; be the Poisson bracket on L defined by the symplectic form w;. In
other words, { fz, h; }; = wr(Xz, X;, ) for every fr, hy in C=(L).

Proposition 10.4  The pull back of smooth functions on L by the projection map =y :
L — L induces a Poisson algebra isomorphism

7";3 (Coo(z)a{7 }f7 ) - (COO(L)NL’{’ }E’)

Here C>°(L)Nt is the space of Nt-invariant functions on L. Similarly, the pull back
of smooth functions on P by the inclusion map t;: L — P induces a Poisson algebra
homomorphism

i (OB ) = (€D )

Proof For fr, hy in C*°(L) the pull backs f; = 7} fy and h; = W%Ef are Ny -invariant
functions in C*°(L). By Lemma 10.3, they can be extended to G-invariant functions
fand hon P. Let f and h denote the push forwards under 7 of f and h to P, respec-
tively. Then, fr = o fand by = L%E. Moreover, for each p € L,

i () = (i (wr(g X)) ) () = miwr (X,(p), Xulp)
= {fu, h}{ (p) = {] fr, mihz}i (p)-
Hence, 7} is a homomorphism of Poisson algebras (C>(L), {, }7,.) and (C(L)™:,
{, }¢,.). Since kermj = {0} and every function in C> (L) pushes forward to a

function in C*°(L), it follows that 7} is an isomorphism.
Since iz o = w oty

(7L G BD) (p) = (@™ {f, 1) (p) = (L ({f, 1)) (p)
= {ifo b} (p) = {fi, u}7 (p) = {m} fr, wi b} (p)
= (i {fr, he}D)(p) = (wi {5 f, orh}n) (p).
Therefore, 7ij (c3{f, h}) = mj {1} f,th}y for every f,h € C>°(P). Since ker; =

0, it follows that 12{f, hy = {i2f, L%E}Z for every f,h € C*°(P). Hence, ¢} is a
homomorphism of Poisson algebras (C>(P), {, },-) and (C=(L),{, }7,-). ™
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In the approach to reduction via coadjoint orbits one considers the Poisson al-
gebra structure on J~!(0) induced by the inclusion J~!(Q) < P and the Poisson
algebra structure on 7r( ]71(0)) = J71(9)/G induced by the orbit map 7 [1]. Let
Q be a connected component of J~1(0) N M. By Proposition 9.2, Q is an immersed
submanifold of M, and therefore of P. It carries two differential structures: the mani-
fold structure C;° (Q) and the structure C°(Q) induced by the inclusion ¢q: Q — P.
In general, C°(Q) is a proper subset of C5°(Q), since functions in C°(Q) need not
extend to smooth functions on P unless Q is closed in P.

If L is an accessible set of E such that EN Q # & then L C Q. Hence, for ev-
ery fi, o € C®(P) and p € Q, {fi, 2}(p) depends on f; and f, through their
pull backs ¢, fi and ¢, f2 to Q (see the proof of Proposition 10.4). Hence, the map
Lat C>(P) — C?°(Q) enables us to push forward the Poisson bracket on C*°(P) to a
Poisson bracket on ¢, ( C>® (P)) . The Poisson bracket at p € Q of two functions ¢, fi
and ¢, f in 1§, (C>°(P)) depends only on their first jets j;(bzfl) and j,(t5f2) at p.
However, j;)<L5(C°°(P)) ) = jp(C(P)) = j,(Ci(P)). Hence, we can extend
the Poisson bracket on ¢7, (C‘X’(P)) , induced by 1: C*°(P) — C°(Q), to a Poisson
bracket on C°(Q) and then to one on C;°(Q) so that i, ( C°°(P)) is a Poisson subal-
gebra of C7°(Q) and C7°(Q) is a Poisson subalgebra of C;°(Q). We shall denote this
bracket by {, }o.

Let No = {g € G | g+ Q = Q} be the stability group of Q. The restrictions to
Q of G-invariant functions on P are N-invariant functions on Q. Since the Poisson
bracket { , }g on Q is Ng-invariant, the spaces C°(Q)Me and C5°(Q)Ne of No-
invariant functions are Poisson subalgebras of C{°(Q) and C;°(Q), respectively. Let
{, }8 denote the restrictions of { , }q to L(*Q(C‘X’(P)G) , C®(Q)Ne and C°(Q)Ne.,
According to Proposition 9.4, 7(Q) = (L) = L for an accessible set L of E contained
in Q. We denote by 7r: Q — L the map such that iy o mp = g, where mq is the
restriction of 7: P — Pto Qand ¢;: L — P is the inclusion map.

Proposition 10.5  The pull back of smooth functions on L by the projection map gy :
Q — L is a Poisson algebra isomorphism

m (€4 h) = (a(e*®)9). 016,

Proof For f € C°(I) the pull back f; = 7} ff € C°(L)™. By Lemma 8.4, it
can be extended to G-invariant function f on P. Let fq be the restriction of f to Q

and f the push forward of f to P. Then, f, = wof = mof,and fp = o f. Hence,

71:&?3 = WZI(L%]E) = 75f = fo. So fo € ¢5(C=(P)). Clearly, fo = 0 only if
fi = 0. Hence, ker 7T5Z =0.

Conversely, let f € C*°(P)C. Then f; = i f € C*°(L)™ pushes forward to fr €
C*(L) such that fo = 15 = Wasz. Hence, 7/ maps C>®(L) onto L*Q(C‘X’(P)G) )

This implies that WZI is an isomorphism of the commutative algebras (COO(I), )

and 1§,(C>(P)“,-) . An argument analogous to that in the proof of Proposition 10.4
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implies that ng preserves the Poisson bracket. Consequently, it is an isomorphism
of Poisson algebras. ]

It follows from Proposition 10.5 that the coadjoint orbit approach to reduction
does not introduce anything essentially new on the level of the reduced Poisson alge-
bra, except for complications due to the existence of orbits which are not closed or
even locally closed.

For each f € C°°(P) gives rise to an inner derivation 7}; of the Poisson algebra

(C>=(P),{, }p,-) defined by
Yih={f,h}p forallh e C®({).

We can extend the notion of an accessible set of a generalized distribution to differ-
ential spaces. A curve c: [t',t""] — P is an integral curve an inner derivation Yf if
%ﬁ(c(t)) = Yfﬁ(c(t)) for every t € [t/,t""] and every h € C>(P). We say that a
continuous curve c: [t',t"'] — P is piecewise an integral curve of inner derivations if
there is a partition of the interval [¢', t'/] into a finite number of subintervals [t;, f;41],
i = 1,...,n, such that the restriction ¢;: [t;,t;.1] — P of the curve c to [t;,t;41] is
an integral curve of an inner derivation of C°°(P). A subset of P is an accessible set of
inner derivations if every pair of its points can be joined by a piecewise integral curve
of inner derivations.

Theorem 10.6 The subsets L of the decomposition (32) are accessible sets of inner
derivations of the Poisson algebra (C*(P),{ , }7,").

Proof See [24].
Theorem 10.6 shows how the structure of P given by partition (32) is encoded in
its Poisson algebra.

11 An Example

In this section we give an example illustrating the above theory.

Let Q be the standard 2-sphere $* = {x € R’ | (x,x) = 1} embedded in R’
with the standard Euclidean inner product ( , ). Define an ' = R/27Z action
®: S! x §? — S$% on $? by restricting the linear orthogonal S! action

B cost sint 0
(39) B:S' xR = R (t,x) > Rex= | —sint cost 0| x
0 0 1

to $2. The action ® is free except at the fixed points (0,0, +1) € S°.
To construct the orbit space of the action ®, we use invariant theory. The algebra

of -invariant polynomials on IR? is freely generated by

(40) o1=x3 and o= x% + x%.
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The algebra of ®-invariant polynomials on S* is generated by o; and o, subject to
the relation

(41) olt+oy=1, 0,>0,

which defines the orbit space S /S' = S? as a semialgebraic variety in R? (with coor-
dinates (0}, 0,)). The orbit map of the action ® is

(42) 78— x> (Ul(x),az(x)).

The orbit space S? is a differential space with differential structure C*°(S?) given by
restricting smooth ®-invariant functions to 2. Using a theorem of Schwarz [21], it
follows that 7 is a smooth map between differential spaces. In addition, $? is home-
omorphicto [—1,1].

The lift of the action ® to the tangent bundle

TS = {(x,y) € R x R’ | (x,x) = 1, {x,y) = 0}

of §? is the action

(43) U: ' x TS* — TS*: (t,x,y) — (Rx, R, )

The lifted action preserves the 1-form ¥ = (y,dx)|rs: on TS? and hence the sym-
plectic form = —dv. Moreover, ¥ is a Hamiltonian action on (TS?, ) with
momentum

(44) J: TS> = R: (x, ¥) = X1¥2 — %21,

since X 119 = J, where X = (xza%1 — X B%z)hsz is the infinitesimal generator of the
action .

We now give a decomposition of T'S? into a fiber product of W-invariant vertical
and horizontal differential spaces. We begin by defining the vertical subspace. At
every X € S2, the fiber 7 !(%) of the ®-orbit map is the S'-orbit O, = {R;x | t € S'}
of the action ® through x. Let T, O, the vertical subspace of T,S>. The collection of
vertical subspaces is

(45) ver TS? = {(x,y) €ETS | y€ span{(—xz,xl,O)}}.

To specify the horizontal subspace at x, we endow §? with the Riemannian metric,
which is the pull back of the Euclidean metric on R® (coming from the Euclidean
inner product) by the inclusion map. The horizontal subspace of T,S* at x is the
orthogonal complement T O, to T, O, with respect the Riemannian metric on S2.
The set of all horizontal subspaces is

(46)
hor TS? = {(x, NES R |ye (span{x})L N (span{(—xz,xl,O)}) l}

_ (x’y) c TSZ | y c span{ (X1X3,X2X3, 7(X% +X§)) },X3 7& +1
Span{(17070)7 (07 1,0)},X3 - :t]-
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Both ver TS? and hor TS? are differential spaces with differential structure induced
by the inclusion mappings jyer: ver TS? < TS* and jhor: hor TS? < TS?, respec-
tively. Let 7: TS> — S$%: (x,y) — x be the tangent bundle projection. Then the
projection maps Tyer = T O jyer: Ver TS? — S? and Thor = T © jhor: hor TS? — §?
are smooth maps between differential spaces. Thus we obtain the fiber product de-
composition

(47) TS? = ver TS? X hor TS%.

To construct the orbit space of the lifted action ¥, we again use invariant the-
ory. The algebra of polynomials which are invariant under the lifted action ¥ (43) is

generated by
01 = X3 0’4:)/%"')/%"'}/%
(48) oy =%+ X3 05 = X1Y2 — X2 )1
03 = )3 O0s = X1)1 1 X2)2
subject to the relations
1= 0'% + o)
(49) 0=o0¢+ 0103

2 2 2 2
05 +o0¢ =03(04 —03), 02>0,(04 —035) > 0.

Equation (49) defines the orbit space TS? = (TS?) /S' as a semialgebraic variety in
R® (with coordinates (071, ..., 0¢)). The orbit map of the lifted action ¥ is

(50) p: TS* = T2 CRC: (x,y) — (01(x, ), ..., 06(x,9)).

The orbit space TS? is a differential space and the orbit map p is a smooth map
between differential spaces.

Since both ver TS? and hor TS? are ¥-invariant, the decomposition (47) gives rise
to the decomposition

(51) TS? = (ver TS*)/S' x5 (hor TS?)/S".

The differential stuctures on (ver TS?)/S!' and (hor TS?)/S' are induced by the in-
clusion maps tyer: (ver TS?)/S' — (TS?)/S' and upor: (hor TS?) /St — (TS?)/S!,
respectively. Since the tangent bundle projection 7 intertwines the lifted action ¥
and the action ®, that is, T(\I!t(x, y)) = @(T(x, y)) , it induces a smooth mapping
7: TS? — $2. Consequently, the projection maps Tyer = 7 0 tyer : (ver TS?) /St — §2
and Thor = 7 0 ther : (hor TS?)/S' — §2 are smooth.

We would like to give a geometric description of the decomposition (51). We
begin by describing the orbit space TS2. Eliminating the variables o, and o from
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g3

Figure I: The solid canoe V.

the third equation in (49), we see that TS? is the semialgebraic variety in R* (with
coordinates (o1, 03, 04, 05)) defined by

(52) 0'32)+O'§:(170'%)O'4, lo1] < 1,04 > 0.
To visualize the orbit space TS2, consider the Z,-action generated by
(53) (01,03,04,05) > (01,03, 04, —05).
The algebra of Z,-invariant polynomials on TS? is generated by
01,03,04and T = aé.

The orbit space! V = (TS?) /7, is the semialgebraic variety in R* (with coordinates
(Uly 03,04, T))

(54) T+0i=(1—-0)oy, |o| <1,04>0,7>0.

The boundary 9V of V is the semialgebraic variety C in R*

(55) o3 =0 —al)os o] <1,04>0,7=0,

which we call the canoe. The canoe is homeomorphic to IR* with conical singular

points at (£1,0,0,0). We will refer to the orbit space V as the solid canoe (see Fig-
ure 1). The solid canoe is homeomorphic to a closed half space in R® with conical

! Another way to obtain V is the following. Consider the O(2)-action on S? generated by the SO(2) =
S'-action ® and the reflection (x1, x2,x3) — (x1, —x2,x3). Lift this action to an O(2)-action T on TS?.
The space (TS?)/O(2) of O(2)-orbits on TS? is precisely V. Note that the action T is Hamiltonian on
(TS%, Q) with momentum f: J2.
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singular points (£1, 0,0, 0) on its boundary. By construction TS? is a twofold cov-
ering of the solid canoe V, which is branched along the canoe. Thus TS? is homeo-
morphic to R?, being the union of two closed half spaces glued together along their
common boundary by the identity map. TS has conical singular points (£1, 0,0, 0).

Next we describe (hor TS?)/S!. First we determine the image of hor TS* under
the orbit map p (50). Suppose that x; # =1, then using the definitions of hor TS?
and the map p, we find that

P(Xl,xzvxs,xlxaxﬂs, —(x] +x§)) = (01,02, —02,02,0,0102).
Hence p(hor TS? \ {x; = #1}) lies in the subvariety V of TS? defined by
o3 =0—0})ay, |o|<1,04>0,04=—03,05=0.

Topologically V is (—1,1) x R and is (Zariski) open subset of (hor TS?)/S!. When
X3 = :tl,
p(O, 0, :tl, Y1, Y2, 0) = (:l:l, 0, 0, Ty, 0, 0)

Hence the image of (hor TS?) N {x; = =1} under p is the subvariety W of TS?

defined by
2

o3 =(1— ooy, o1 ==+1,04>0,05=0.
Topologically, W is the union of two half lines {(+1,0,04,0) | o4 > 0}. Thus
(hor TS?)/S" is the canoe € (55). Note that the Zariski tangent space to € at the
singular points (£1,0,0,0) is {0}; whereas the tangent cone at (£1,0,0,0) is the
half line {(41,0,04,0) | o4 > 0}. Thus (hor TS?)/S! is a geometric realization of
the bundle of inner tangent vectors to the orbit space S2, see [15].

To describe (ver TS?)/S' geometrically, we will use the Lie algebra of the gauge
group Gauge(S?) of the fibration 7: §> — $2. Recall that a smooth map &: R> — R?
is equivariant under the S'-action ® (39) if and only if

(56) 7(®(x) = & ().

If 3 restricts to a diffeomorphism ¢ of S, which induces the identity map on S?,
then ¢ is a gauge transformation. The collection of all gauge transformations forms
a group Gauge(S?) called the gauge group. We now determine the gauge group. In-
finitesimalizing (56) gives

0=—

-~ | =~
7 D ,0p0P(x) = 7 d; (Y(x)) ,

t=0 t=0

- d
0<P(x) = E

t=

thinking of the mapping & as an S'-invariant vector field Y on R®. Thus

0=LxY = [X,Y],
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where X(x) = % li—oR:(x) = —x, a% + xzaixz is the infinitesimal generator of the S'-

action ®. A straightforward calculation shows that the vector field Y can be written
as

0 0
fl(x3,xf +x§) (xla—xl +x28_x2>

0 0
+ folxs, X +x3) <x2 —x1—> +f3(x37x%+x§)87»
3

a_xl 3x2

for some f; € C*°(R?) fori = 1,2, 3. As an equivariant mapping @ of R® into itself,
the vector field Y is

P(x) = (afr +x2f2, %1 — X1 /2, f3)-
In order that % induce a map ¢ of S? into itself, we must have
1= +0)(fF+ )+ 7
A short calculation shows that ¢ induces the map
?: 8 = 81 (01,02) = (61,02) = (filor,02),02(fE + (o1, 02)),

where _f_l = 7* f;. The map @ is the identity map on S? if and only if f; = &, and
(f£ + f})(o1,02). Thus the gauge group is

{p € Diff($*) | p(x) = (x1 i + X2 o, %2 fi — X1 fo, X3)

where f; = gi|$*, g = &i(x3,%0 +x3) € C¥°(R*) and f? + f7 = 1}.
Set f; = cosf and f, = sinf, where § = ©|S*> and © = O(x3,x} + x3) € CZ(R?).
Then we can write ¢ € Gauge(S?) as ¢(x) = Ryuyx. From this representation
one easily sees that the gauge group is abelian. Since a one parameter subgroup of

Gauge(S?) is given by ¢, (x) = Ryg(x)x, its infinitesimal generator is the smooth vector
field

(57) Z(x) = % pi(x) = 9(96)% Rix = 0(x)X(x).
0

t= t=0

Note that Z(0, 0, +1) = 0. Thus the Lie algebra gauge(S*) of the gauge group is the
subalgebra of the Lie algebra X(S?) of smooth vector fields on S* which satisfy (57).
In fact, every infinitesimal gauge transformation Z is S!-invariant, since

(®:2)(x) = T, Z(®,(x)) = 0(®,(x)) ®_X(®,(x)) = 0(x)X(x) = Z(x).

Therefore each Z € gauge(S*) corresponds to a unique S'-invariant section of the
bundle ver TS> — S%. Thus Z induces the smooth mapping

Z: 82— (ver TS?)/S': (01, 07) (01,0752(01702)02,5(01,02)02)?
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Aos

Figure 2: The solid canoe as the sum of the slit canoe and the canoe.

where 7% = 6. Hence the image of Z is contained in the semialgebraic subvariety U
of TS? defined by

o =(1—-0})os, |o| <1,05=0,04>0.

Since Z(+1,0) = (£1,0,0,0,0,0), the only part of the half lines {(41,0, 04, 0) |
o4 > 0} of U which lie in the image of Z are the points {(£1,0,0,0)}. Because
every point of W = U \ {(%1,0,04,0) | o4 > 0} lies in the image of Z for some
Z € gauge(S?), we may identify (ver TS*)/S! with W. Geometrically, (ver TS?)/S" is
a slit canoe, namely, the canoe (55) with its bow and stern cut out.

We now give a visualization of the decomposition

(58) TS = (ver TS*)/S' x5 (hor TS*)/S".

We apply the 7Z,-action (53) to the decomposition (58). The Z,-orbit space of TS is
the solid canoe V (54). Every point in the interior of V lies on a leaf L,

o+ =(0—o0})ay, o <l,00>07=4¢,

which is the image of the space J~'(¢)/S' of orbits of the action ® of angular mo-
mentum £ under the 7, orbit map.? The image of (ver TS?)/S' under the 7Z,-orbit
map is the union of (+1, 0,0, 0) and

20r what is the same thing, the space 771(6)/51 of the O(2)-orbits of angular momentum £2 (see
footnote 1).
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0=(1-0Doy |o| <1,04 >0,

which is the center section of the solid canoe omitting its bow and stern. In other

words, it is the slit canoe. Thus every point in the solid canoe can be written as the

sum of a point in the canoe and a point in the slit canoe. This is the desired geometric

realization of the decomposition (58), see Figure 2.
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