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ABSTRACT. In this paper we provide a geometric framework for the
study of characters of depth-zero representations of unramified groups
over local fields with finite residue fields which is built directly on
Lusztig’s theory of character sheaves for groups over finite fields and
uses ideas due to Schneider-Stuhler. Specifically, we introduce a class
of coefficient systems on Bruhat-Tits buildings of perverse sheaves
sheaves on affine algebraic groups over an algebraic closure of a fi-
nite field, and to each supercuspidal depth-zero representation of an
unramified p-adic group we associate a formal sum of these coeffi-
cient systems, called a model for the representation. Then, using a
character formula due to Schneider-Stuhler and a fixed-point formula
in etale cohomology we show that each model defines a distribution
which coincides with the Harish-Chandra character of the correspond-
ing representation on the set of regular elliptic elements. The paper
includes a detailed treatment of SL(2), Sp(4) and GL(n) as examples
of the theory.

22E50 (Representations of Lie and linear algebraic groups over local
fields)

INTRODUCTION

In their 1997 article in the Publications Mathématiques de I'Institut des Hautes
Etudes Scientifiques, Peter Schneider and Ulrich Stuhler defined a functor from
the category of certain smooth representations over C of a connected reductive
p-adic group G(Q)) to the category of G(Q))-equivariant coefficient systems of
vector spaces over C and subsequently obtained a new formula for the charac-
ters of such representations on the set of regular elliptic elements of G(Q,).

In this article we restrict our attention to supercuspidal depth-zero representa-
tions and consider a related construction. We pass from @, to an unramified
closure Q" and replace the category of vector spaces over C by a triangulated
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category of f-adic sheaf complexes. This gives rise to a category of coeffi-
cient systems on the Bruhat-Tits building for G(Qp") of f-adic sheaves, with
{ # p. Our category is equipped with parabolic restriction functors, an action
of G(Q}"), a notion of parabolic induction and an action of Frobenius; we use
all these to define Frobenius-stable admissible coefficient systems.
We then show that Frobenius-stable admissible coefficient systems are directly
related to f-adic representations of p-adic groups. For example, we show there
is a formal linear combination of Frobenius-stable admissible coefficient systems
(an element of a Grothendieck group tensored with Q) canonically associated
to each supercuspidal depth-zero representation of G(Q,); we call this a model
for the representation. We also show that each Frobenius-stable admissible co-
efficient system defines a distribution on the set of elliptic elements of G(Qp).
Finally, we show that the distribution associated to the model of a represen-
tation coincides with the character of the representation on the set of regular
elliptic elements.
Although our focus here is on models for depth-zero supercuspidal representa-
tions, the distributions associated to admissible coefficient systems themselves
are very interesting. In general, these distributions are neither orbital inte-
grals nor characters of representations; however, they appear to generalize the
distributions in [Wal01].
We have recently found that admissible coefficient systems admit a geometric
description: they may be interpreted as objects in a triangulated category of
{-adic sheaf complexes on the étale site of a rigid analytic space associated to
the group Gg,. However, since the theory of derived categories of (-adic étale
sheaves on rigid analytic spaces over QQ, is, as far as the authors are aware,
in some sense still under development, we have opted to restrict ourselves to
(-adic étale sheaves on schemes over F,, for the moment. While the benefit of
this decision is that we can provide a rigourous argument using ideas readily
available in the literature, the cost of this decision is that several arguments
in this paper are rather unpleasant due to the fact that we are essentially
working with objects and morphisms defined by local data. The rigid analytic
perspective is also the point of departure for expanding the scope of this paper
to a larger class of admissible representations; in particular, we view the present
paper as the depth-zero part of a naiscent theory involving f-adic sheaves on
the étale site of a rigid analytic space which is compatible with the theory
of character sheaves, via vanishing cycles functors, on the reductive quotients
(over F,) of special fibres of affinoid spaces formed from canonical integral
models for parahoric subgroups. In fact, that is where this story began, but
the authors were surprised to find that much of the depth-zero story could be
told without rigid analytic geometry. Hence this paper.

* ok ok
We now describe the sections and principal results of this paper in more detail.
In Sections 1 through 2, K denotes a field equipped with a non-trivial discrete
valuation such that K is strictly henselian and such that the residue field k of
K is algebraically closed with non-zero characteristic. We let G be a connected
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reductive linear algebraic group over K satisfying a hypothesis described in
Section 1.3. In Sections 1.2 through 1.6 we review certain basic constructions
associated to parahoric subgroups of the group G(K). We denote facets of the
extended Bruhat-Tits building I(G,K) for G(K) by 4, j, k or I. For each such
facet we consider a canonical integral model G; such that G;(ox) = G(K),,
where ok is the ring of integers in K. We are particularly interested in the
maximal reductive quotient G; of the special fibre of G;, which is a connected
linear algebraic group over k because of the conditions placed on G in Sec-
tion 1.3. After recalling some important facts concerning equivariant perverse
sheaves in Section 1.7 we introduce cohomological parabolic induction functors
on these reductive quotients in Section 1.8. We then recall some important
facts concerning character sheaves in Section 1.9. In Section 1.10 we intro-
duce a new category, denoted DG, formed roughly by attaching the categories
DY(Gy; Q) using the Bruhat order on facets of I(G, K), where D(G;; Qy) de-
notes the bounded derived category of constructible f-adic étale sheaves on Gj.
See Definition 1.12 for the details. We end Section 1 by defining an additive
subcategory CG (See Definition 1.12) of DG. Admissible coefficient systems
are objects in this category with special properties.

In order to define admissible coefficient systems we first define cuspidal coef-
ficient systems in Section 2. We begin by defining a cohomological parabolic
restriction functor res@ in Section 2.1. Then, we describe an action of G(K)
on the category CG in Section 2.2 and say that an object of CG is weakly-
equivariant if its isomorphism class is fixed by the action of G(K). A cuspidal
coefficient system is, roughly, a weakly-equivariant simple object C of CG such
that res §C = 0 for every proper parabolic subgroup P of G. Our first main re-
sult is Theorem 2.11, which, together with Corollary 2.12, provides a complete
description of cuspidal coefficient systems in CG. We find that every cuspidal
coefficient system may be produced, in a manner similar to compact induction,
from some cuspidal character sheaf on the reductive quotient of the special fibre
of the canonical integral scheme for a maximal parahoric subgroup of G(K).
In Sections 3 we assume K is a maximal unramified extension of a p-adic field.
Note that such a field is strictly henselian and the residue field of that extension
is an algebraic closure of a finite field. In Section 3.3 we define a weakly-
equivariant object ind gA associated to any weakly-equivariant object A in
CL, where L is the Levi component for P. Using this we define admissible
coefficient systems as those simple coeflicient systems appearing in ind gC
for some parabolic subgroup P and some cuspidal coefficient system C' (see
Definition 3.7).

In Sections Sections 4 through 6 we fix a p-adic field K; and let K}" denote
a maximal unramified extension of K;. Thus, K} plays the role of K above.
Let Gk, be a connected, quasi-split unramified linear algebraic group. Then
GK, XSpec(ks) Spec (KP") is a split connected reductive linear algebraic group
over K" and so we may let Gk, Xgpec(k,) Spec (K7") play the role of G above.
The main idea of Section 4 is to use the action of the Galois group Gal(K}" /Ky)
on the extended Bruhat-Tits building I(G,K}") to define a notion of (geomet-
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ric) frobenius-stable objects of CG; roughly, C' € 0bjCG is frobenius-stable if its
isomorphism class is fixed by the action of Frobenius. See Proposition 4.2 for
details. In the rest of Section 4 we briefly revisit the main ideas from Sections 2
and 3 with this Galois action in mind.

Section 5 relates frobenius-stable admissible coefficient systems to depth-zero
representations through the notion of a model for a representation; a model is
an element of the Q-vector space obtained by tensoring Q; with the subgroup
of the Grothendieck group for DG generated by admissible coefficient systems
(¢f. Definition 5.3). Our second main result is Theorem 5.4, which shows that
every supercuspidal depth-zero representation admits a model. In Section 5.3
we use the character formula of [SS97] to associate a distribution to each ad-
missible coefficient system. Our third main result is Theorem 5.6, which shows
that the distribution associated to a model of a depth-zero representation coin-
cides with the character of the representation, in the sense of Harish-Chandra,
on the set of regular elliptic elements of G(K;). In this way we suggest that the
classification and character theory of depth-zero supercuspidal representations
may be studied through the theory of admissible coefficient systems. Section 6
applies the machinery of the paper to the groups of p-adic points on SL(2) and
Sp(4) in order to illustrate this suggestion.

In summary, the main features of this paper are:

e Theorem 2.11 and Corollary 2.12, where cuspidal coefficient systems are
classified;

e Theorem 5.4, where models for supercuspidal depth-zero representations
are constructed;

e Theorem 5.6, where we show that the distribution associated to a model
of a representation equals the character of that representation on the set
of regular elliptic elements;

e Section 6, where we give models for all supercuspidal depth-zero repre-
sentations of SL(2), Sp(4) and GL(n).
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1 FUNDAMENTAL NOTIONS

1.1 FIELDS AND ALGEBRAIC GROUPS

Let K be a field equipped with a non-trivial discrete valuation, let og be the
ring of integers of K and let k be the residue field of ox. We assume that K is
strictly henselian and that k is algebraically closed with non-zero characteristic.
Examples of such fields K include Q" (a maximal unramified extension of
the field Q, of p-adic numbers) and F,((¢)) (formal Laurent series in ¢ with
coefficients from an algebraic closure of a field with p elements). Note that K
is neither complete nor locally compact.

Let G be a connected reductive linear algebraic group over K. We assume G
splits over K. Let G(K) be the group of K-rational points on G.!

1.2 INTEGRAL MODELS

The enlarged Bruhat-Tits building for G(K) will be denoted I(G,K). Recall
that I(G,K) is the product of the semi-simple Bruhat-Tits building for G(K)
(the building for the derived group) by a real affine space. We denote polyfacets
of I(G,K) by i, j or k and refer to these as facets.

For each facet ¢ of I(G,K), the parahoric subgroup of Bruhat-Tits will be
denoted G(K); (c¢f. [BT84, 4.6.28]). Let G; denote the integral model of G
associated to ¢ by [BT84, 5.1.30, 5.2.1]; see also [Yu02, 7.3.1]. Thus, G; is
a smooth group scheme over og equipped with an isomorphism between the
generic fibre of G; and G such that G;(og) corresponds to G(K); under that
isomorphism (cf. [Yu02, 7.2]). The special fibre of G; will be denoted G;; thus,
G; =G, X Spec(ox) Spec (k). Then G; is a smooth connected affine group scheme

over k (cf. [Yu02, 7.2]). Although G; is reduced as a scheme, it need not be
reductive as a group scheme; let v; : C:'Z- — G, be the maximal reductive quotient
of G;. Then G is a linear algebraic group over k which is both connected and
reductive. In fact, G; is a closed subscheme (over k) of G, which is a closed

subscheme of GG;. In summary, we have the following commutative diagramme.
PN

G Gi G, ——c? (1)

.

Spec (K) —— Spec (og) =<—— Spec (k)

n Section 3 we apply the results of Sections 1 and 2 to the case when K is an unramified
closure of a local field with finite residue field. In Section 4 we fix the local field, denoted K1,
and consider a form Gy, for G; thus, in Sections 4, 5 and 6, G, is a connected reductive
algebraic group over the local field Ky and Gk, splits over an unramified extension of Kj.
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Let p; : Gi(ox) — Gi(k) denote the composition of the group homomorphism
G;(ox) — G;(k) defined by composition with the canonical map Spec (k) —
Spec (0k), the identification G;(k) = G;(k), and the map of k-rational points
Gi(k) — G;(k) induced from v;. Observe that p; is a map of points; it is not a
map of ringed spaces.

EXAMPLE 1.1. Let G = SL(2)k; thus, the global sections of this affine scheme
are
0c(G) = K[X11, X2, Xo1, Xoo]/(det X — 1),

where det X = X711X22 — X12X91 — 1. Let ¢ = (01) be the maximal facet
(grande cellule) of the chamber corresponding to the Iwahori subgroup

G(K) [ (h11 hi2 hi1, hi2, has € ok; ho1 € px
(01 = ha1  haoo hi1hoa — highor =1 .

In this case, G(g1) is the affine ox-scheme with global sections
Oc o1, (Go1)) = 0x[X11, X12, Xo1, Xog, X5;]/(det X — 1, Xoy — wXy,),

where w is a generator for px. (Of course, the scheme Gy is independent of
this choice.) The isomorphism of the generic fibre of G(o1) with G is given by
Xpm = Xnm, for 1 <n,m < 2. Since G(q1) is a group scheme, Og,,,, (G(o1)) is
a Hopf algebra; the co-multiplication is given by X, — Zk Xk @ X and
X5y +— X5, ® Xi2 + Xo2 ® X3;. The k-algebra of sections on the special fibre
G(Ol) of G(Ol) is

OG0, (Gior)) @k = Kk[X11, X12, Xog, X5,]/(X11 X022 — 1),

with co-multiplication given by

X1 = X11®Xq
X2 — X1 ®Xi2+ X12® Xoo
X3 = X5 @ X+ X2 © X3y
Xog = Xoo ® Xoo.

Evidently, G(m) is not reductive. The reductive quotient of 6(01) is GL(1),
and the map v(gy) : é(m) — 6(01) is induced from the inclusion

K[X11, Xoo]/(X11X22 — 1) —  Kk[X11, X12, Xoo, X51]/(X11 X22 — 1).

In this example, po1) : G(o1)(0x) — G(Ol)(k) is given by

hi1 hi2 7
p(Ol) (h21 h22) = hlla

where hq; is the image of hy; under the canonical map ox — k.
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ExXAMPLE 1.2. Continuing with G = SL(2)k, let (0) and (1) be the vertices in
the closure of the facet considered above. Let G(g) be the model for G with
global section given by

Oc ) (G(0)) = ox[X11, X12, Xo1, X22]/(det X —1).

As above, the isomorphism of the generic fibre of Gy with G is the obvious
one. On the other hand, G(y) is the integral affine scheme with global sections

ok [X11, X12, Xo1, Xo2, X1o, X51]
(detX — 1,wX12 — X{Q,Xgl — ﬂ'Xély

Oc ) (Gay) =

where @ is a uniformizer for K. (As above, the scheme Gy is independent of
this choice.) The isomorphism from the generic fibre of Gy to G is determined
by Xpm — Xpm for 1 < n,m < 2. In both cases, the special fibre is SL(2)g;
since this group scheme is reductive, the maps v(gy and v(;) are identities.

1.3 STABILIZERS

When the time comes to relate admissible coefficient systems to characters of
depth-zero representations of p-adic groups we will see that it is natural to study
stabilizers of facets rather than parahoric subgroups. The stabiliser of any facet
of I(G,K) under the action of G(K) is a compact group (recall that I(G,K)
refers to the enlarged Bruhat-Tits building) which admits a canonical smooth
integral model (c¢f. [Yu02, 9.3.2]). However, in general, the maximal reductive
quotient of the special fibre of this integral model need not be connected, so
we cannot use the theory of character sheaves as developed in [Lus85]. We
therefore now impose a condition on the groups G that we study: we assume
that the stabilizer of each facet in I(G, K) is a parahoric subgroup, and further
that the reductive quotient of the special fibre of the canonical integral model
of that parahoric subgroup is connected, as an algebraic group over k; we also
demand that the same property hold for all cuspidal Levi subgroups of G (¢f.
Definition 2.13). When G is simply connected, this condition is satisfied (cf.
[Tit79, 3.5.2]); it also holds for general linear groups and symplectic groups.

Remarkably, Lusztig has recently extended the definition of character sheaves
to the disconnected group case so there is good reason to expect the main
results of this paper can be extended, mut. mut., to a larger class of groups.

1.4 RESTRICTION BETWEEN REDUCTIVE QUOTIENTS

Let ¢ and j be facets of I(G, K) such that ¢ < j in the Bruhat order. Let fi<; :
G; — G; be the morphism of group schemes over ox obtained by extending the
identity morphism idg in the category of group schemes over ox (cf. [Lan96,
6.2]). By restriction to special fibres, this defines a morphism fi<; : G; — G;
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of group schemes over k, making the following diagramme commute.

fi<i

G =G, (2)

]

éj —_ él
i<
In fact, this diagramme is cartesian. Let C;’igj denote the schematic image of
fi<j in G;. Let G,;<; be the schematic image of G;<; under v; and let v;<;
denote the restriction of v; to Gi<;. Next, let

fi<i = hi<j 0 gi<; (3)

be the factorization given by the Isomorphism Theorem. The kernel of ]?i§j7
which equals the kernel of g;<;, is contained in the kernel of v;; thus, g;<; factors
through v; to give a map G’igj — G’j; since the kernel of v;<; is contained in
the kernel of this new map, it too factors, this time through v;<;, thus defining
i<y - Gigj — Gj. Notice that

Vj = Ti<j O Vi<j © 9i<j- @

Let s;<; : C_;igj — G, be the obvious inclusion; this is an affine closed immer-
sion. By [Lan96, 9.22], s;<; : Gij<; — G; is a parabolic subgroup with Levi
component G; given by the reductive quotient map r;<; : Gi<; — G, which
is a smooth projective map; we also have G; = G; XGie, Gi<j. In summary we
have the following commutative diagramme, in which the square on the bottom
right is cartesian.

(5)

Gi<;

Recall the derived category D%(G;, Q) of cohomologically bounded con-
structible f-adic sheaves with ¢ # p, introduced in [Del80, 1.1.1-1.1.5] and
[BBD, 2.2.9, 2.2.14, 2.2.18] (c¢f. [SGAB, exposés VI, V, XV]). We will follow the
notational conventions of [BBD] regarding derived functors.

DEFINITION 1.3. Let i and j be facets of I(G,K) such that i < j. Define
resi<; : DY(Gi; Q) — D2(Gj; Q) by
res i<j = Ti<j, Si<j (di<j), (6)

where (d;<;) denotes Tate twist by d;<; = dimkerr;<;.
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Remark 1.4. Thus, res;<; = res &

G’f< -, where the right-hand side refers to the
i<j

parabolic restriction functor defined in [Lus85, Sect.3.8]. We will sometimes
write res g’ for res ;<; to emphasize the fact that it is a functor from D%(G;; Q)

_ Y
to D5(G;;Qy). It must be understood that the definition of the functor makes
reference to a specific parabolic subgroup of G; with Levi component G;.

Remark 1.5. Note also that res;<; is an identity functor.

PROPOSITION 1.6. Ifi,j,k,l are facets of I(G,K) such that i < j < k <1 then
there are canonical isomorphisms of functors

TeS j<j<k -« T€S j<p TeS < — TIeS <k
such that the diagramme

TeS j<kp<ITeS i<y

TES <1 TES j <k TeS i< res j<ires <
TesS <1 reS i< <k J{rcsisjg
Tes <1 IeS i<k — res ;<
TSRS

commutes.

Proof. Observe that i < j < k <[ implies there is an apartment gontainin_g all
of 7, j, k and [. We begin by defining res;<j<r. Let ricj<k : Gi<k — Gj<k

and s;<j<g : Gigk — Giéj be the pull-back of r;<; : Gi<; — G; and sj<y, :
Gj<r — Gy with domain G;<y; in particular,

Ti<k = Tj<k OTi<j<k (7)
and
Si<k = 8i<j O 8i<j<k- (8)

See [Lan96, Prop.9.22] for the existence of such a pull-back. The situation is
summarized by the following diagramme, in which the square is cartesian and
all triangles commute.

9)

Observe that all maps 7. are smooth projective and all maps s. are affine closed
immersions.
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To define res;<;j<i we begin by observing that di<p = di<; + dj<i and that
Tate twists commute with everything below. Thus,

* *
res j<preSi<j = Ti<k Sj<p (dj<k) Ti<yy Si<j (di<j)

* *
Ti<ki Si<k Ti<jy Si<j (di<k)-

Applying the smooth base-change theorem for direct images with compact sup-
ports for f-adic sheaves (see [SGA4, Exposé XVII, §5.2]) to the cartesian square
in Diagramme 9, it follows that the base-change natural transformation

Lok *
Pi<j<k © Sj< Ti<j) = Ti<j<k Si<j<k (10)

is an isomorphism of functors. Thus,

* *
Ti<ky Sj<k Ti<y) Si<y (di<k) (11)
irjékzwiijsksz<j (di<k)
* *
Tj<k) Ti<j<k) Si<j<k Si<j (di<k)

is a natural isomorphism. Let p;<j<k : Tj<k, Ti<j<k, — Ti<k, be the natural
isomorphism determined by Equation 7; these isomorphisms satisfy a cocycle
condition (see [SGA4, Exposé XVII, Thm 5.1.8(a)(i)]). Likewise, let o;<j<y :
Si<j<k Sj<k — Si<p be the natural isomorphism determined by Equation 8;
these isomorphisms satisfy the analogous cocycle condition. Now, the following
diagramme commutes.

* * d p'SjSkS:SJ‘S’CS:SJ'(diSk)
rjﬁk!riﬁjfk!sigjgksigj( iﬁkj

* *
Ti<k1Si<j<kSi<j (di<k)

Ti<kTi<j<k Oi<j<k(di<k) ri<k,Ti<j<k(di<i)

i<k Ti<j<kiSi<p(di<k) ri<hySi<p(di<k)

pi<i<ksi<p(di<k)
(12)
Define res ;<;<x by composing Diagramme 11 with Diagramme 12 in the obvi-
ous manner. It is clearly a natural isomorphism as it is defined by composing
natural isomorphisms.
Having defined res ;<;<) we now turn to the remaining part of Proposition 1.6.
Using the same procedure as above, let rj<r<; : Gj<; — Gj<i and sj<k<
G’jfl — G’jgk be the pull—back of Ti<k * ngk — G’k and Sk<l - Gkgl — G’l
with domain Gj<;; in particular, rj<; = Tr<j0Tj<k<; and sj<; = Sj<k 0 Sj<k<i-
Likewise, let Ti<j<k<l : Gigl — ngl and Si<j<k<l : Gigl — G’igk be the pull-
back of r;< <y : Gigk — ng]g and sj<p<; : éjgl — éjgk with domain Gigl; in
particular, Ti<l = Tj<kOTi<j<kOTi<j<k<l and Si<k = 8i<jOSi<j<k0OS8i<j<k- The
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situation is summarized by Diagramme 13, in which all squares are cartesian.
(Please note that the group scheme G; and all related morphisms are omitted
in this diagramme for reasons of space.) As above, observe that all maps r. are
smooth projective and all maps s. are affine closed immersions. The bottom
part of Diagramme 13 is obtained by pushing-out, which is possible exactly
because the maps r. are smooth projective and all maps s. are affine closed
immersions!

G 13
b@<J<k;, : L Ti<i<k
—_ ;V VV& —
Gi<; Gj<k
i<y i<k
i<y Sj<k
Gi - /,G] ) /,Gk
\i_\ - s 45 ~ o
Gi/Gi<; Gj/Gj<k

The cocycle relation for the restriction functors is obtained by repeated appli-
cation of [SGA4, Exposé XVII, Thm 4.4] to Diagramme 13 (with the group
scheme G and all related morphisms replaced). O

1.5 PARABOLIC RESTRICTION ON THE LEVEL OF REDUCTIVE QUOTIENTS

In Section 2.1 we will need the following consequence of Proposition 1.6. Let
P C G be a parabolic subgroup with reductive quotient L. We fix an imbedding
of buildings I(L,K) — I(G,K) (¢f. [Lan00]). We will write i¢ for the image of a
facet i of (L, K) under this embedding. Let i be any facet of I(L,K). Then L;
is a Levi subgroup of G;. By [Lan96, 9.22] there is a unique facet ip in I(G, K)
such that i¢ < ip and L; = C?ip and C_?icgip is the schematic intersection of

Gi. with P in G;,. (See Section 1.4 for the definition of G <,.)

LEMMA 1.7. Let P be a parabolic subgroup of G with levi component L. With
notation as above, there is an isomorphism of functors

P . :
IS j<j + IS jp<ip I€Sig<ip = €S jo<jp ICSig<jo
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such that
TS jp<iop T€S ip<jp T€S j i — PP =P TGS IeS p<kp I€Sig<ip
\L Tes j,<kp Ies f;j
ICS jp<kp IS jo<jp IS ig<ja res fﬁk
resfgk res L <kp
TS kg <kp IeS jo<ka IS ig<jc IeS kg <kp I'€Sig<kg

res kg<kp I’eSiGSjGSkG

commutes for all facets i, j and k of I(L,K) such that i < j <k.

Proof. As the notation perhaps suggests, the natural transformation res % ;18
defined using Definition 1.3; specifically,

P -1 S
res < ; 1= TeS; i i O TS <ip<jp- (14)

This is clearly an isomorphism of functors. The property appearing in
Lemma 1.7 follows from Proposition 1.6. [

1.6 CONJUGATION

Let m : G x G — G be conjugation over K. Recall that the Bruhat-Tits
building I(G,K) is equipped with an action of G(K) which we indicate by

GK)xI(G,K) — I(G,K)
(9.9) — gi.

We will also write ig for g~ 1i.
Fix an element g of G(K) and let m(g) : G — G be the morphism given
by m(g)(h) = m(g,h) for h € G(K) (recall that k is algebraically closed, see
Section 1.1). Fix a facet ¢ and recall that G; and G; are smooth integral models
of G. Since m(g)(Gi(ox)) = Ggi(ok), it follows from the Extension Principle
(cf. [BT84, 1.7]) that the isomorphism m(g) : G — G of group schemes over
K extends to an isomorphism m(g); : G; — Gy of group schemes over oxk.
Restricting to special fibres, m(g); defines an isomorphism m(g); : G; — Gy;
of reductive quotients. Restricting to case when ¢ in an element of G;(og) we
obtain a family of isomorphisms

ﬁl(g)i : G,’ — Gz
which together define conjugation m; : G; x G; — G; on the level of reductive

quotients. If h is an element of G;(ox) then m;(p;(h)) = m(h);, with p; as
defined in Section 1.2.
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LEMMA 1.8. Let g be an element of G(K) and let i, j be facets of I(G,K) with
i < j. Then there is an isomorphism of functors in D%(G gi; Qp)

[ *

g . a7y * 7 L
TeSj; 1 Tes i< m(g); = m(g)j res gi<y;
such that

res j<;<km(9);

. = * . 7 *

res j<k resi<; m(g); res i<k M(9);
. g

\L res j<pres

T ,
res j<k M(9)j 1es gi<g; res fek

9 . .
\L res 4, T€S gi<gj

m(g); T€S gi<gk €S gi<gj m(g); res gi<gk
keI T2 mlg)y ves gicgi<on b

commutes for all facets i, j and k of I(G,K) such that i < j < k.
Proof. Observe that

resi<j m(9)i = ri<jy Si<;” m(g)i" (dicj), (15)

by Definition 1.3. Now, consider the following commutative diagramme, where
m(g)i<; is the isomorphism of special fibres obtained by restricting m(g); to

Gi<;j.
Si<i Ti<;

G; Gi<; G; (16)

m(g)il im(g)iq lm(g)j

Ggi

SgignggZSQJ Tgi<gs Gga

Since the left-hand square in Diagramme 16 commutes (by construction) we
have the following natural isomorphisms in D(Gg;; Q).

si<i™ m(9)i" = (M(9)i 0 si<j) =(sgi<gsj © M(9)i<;)" = M(g)i<;” sgi<g;”™ (17)

Applying the smooth base-change theorem for direct images with compact sup-
port for £-adic sheaves (see [SGA4, Exposé XVII, §5.2], see also [Eke90, Thm 6.3
(c)]) to the right-hand square in Diagramme 16 (which is indeed cartesian) it
follows that the base-change natural transformation

(N = ()*
Pi<j ~m(9)j Tgi<gjr — Ti<j) m(g)igj (18)
is an isomorphism of functors. Since
* e . .
Tgi<gjy Sgi<gi  (dgi<gj) = T€Sgi<gj, (19)

by Definition 1.3 again, we define res?_ j by composing the isomorphisms ap-
pearing in Equations 15, 17, 18 and 19 in the obvious manner. The property
appearing in Lemma 1.8 is now a direct result Proposition 1.6 (which in turn
follows from [SGA4, Exposé XVII, §5]). O
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1.7 EQUIVARIANT PERVERSE SHEAVES

In this Subsection we discuss a fundamental result concerning the category of
equivariant perverse sheaves which plays a key role in the definition of parabolic
induction as a functor.

Let X be an algebraic variety over k and let MX denote the category of
perverse sheaves on X. Let m : P x X — X be an action of a connected
algebraic group on X over k. Recall from [Lus84, §0] that a perverse sheaf F
on X is equivariant if there is an isomorphism

pp:m*F — pr*F (20)

in D%(P x X;Q) such that e*up = idp, where e : X — P x X is defined
by  — (1,z) and pr : P x X — X is projection onto the second component.
As observed in [Lus84, §0], if F' is an equivariant perverse sheaf, then there is
exactly one such isomorphism pp.

Fix h € P(k) and let e, : X — P x X be the morphism determined by
ex(y) = (z,y) (recall that k is algebraically closed, see Section 1.1). Define

(@) = ehor pip. (21)

Set m(z~!) := moe,—1. Then proe,—1 = id and Equation 21 defines a family
of isomorphisms

Vz € P(k), pr(z):m(z™)* F — F, (22)
such that pup(1) = idp and

m(z~1)*
m(x™H* m(y=)* F () pr() m(x~H)*F (23)

l J{w(i)
pr(zy)

m((xy)~ ') F F

commutes, for all h, h’ € P(k), where the left-hand arrow refers to the inverse
of the isomorphism in D%(P,Q,) determined by the isomorphism of functors
m((zy)~1)* — m(z71)* m(y~H)*. (We will use Equations 21, 22 and 23 in
Section 2.2.)

We will also say that a morphism ¢ : F; — F» in MX is equivariant if Fy and
F5 are equivariant perverse sheaves and the following diagramme commutes.

% me .
m*F) ——= m*F},

120 2% \L \Luﬂz
pr¢

pr*F; ——pr*F
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Note that this definition makes implicit use of the uniqueness of the isomor-
phisms m*Fy — pr*F; and m*Fy — pr*F5 as above. Since idg is equivari-
ant if F' is equivariant and since the composition of equivariant morphisms is
equivariant, it follows that equivariant perverse sheaves define a category, with
morphisms as above, henceforth denoted MpX.

PRrROPOSITION 1.9. Let f: X — Y be a locally trivial principal fibre space with
group P and suppose P is connected. Let Fx be a perverse sheaf on X. Then
Fx is equivariant if and only if Fx = f*[dim P]Fy for some perverse sheaf Fy
onY.

Proof. (This result is presented in [Lus85, 1.9.3].) By the definition of a locally
trivial principal fibre space there is an open covering Y = U,Y,, and isomor-
phisms ¢, : f~'Y, — P x Y, such that f is given locally by f, = prot,
(so fn : f71Y, — Y,) and the action mx of P on X is given locally by
tpomy, = (mp x id) o (id x t,) (so my, : P x f71Y,, — f~1Y,). To simplify
notation slightly, let X,, denote f~'Y,,; also, let j,, : ¥, = Y and i, : X,, — X
denote inclusions.

First, suppose Fy is a perverse sheaf on Y. Let Fx = f*[dim P]Fy. Since
f is smooth with fibres isomorphic to P (so the relative dimension of f is
dim P) and since P is geometrically connected (recall that k is algebraically
closed), it follows from [BBD, Prop 4.2.5] that Fx is a perverse sheaf. To show
that Fx is equivariant we must find an isomorphism p : m*Fx — pr*Fx in
DY(P x X;Q) such that e*y = idp,, where e : X — P x X is the section
defined by = — (1, ). To see this, consider the restriction of m*Fx to P x X,,:

(m*Fx)Ipr" = (ld X in)*m*f*Fy[dimP]
(fomo id X ip)* Fy[dim P]
= (foi,omy,)" Fy[dim P].

Il

On the other hand, the restriction of pr*Fx to P x X,, is

(pr*Fx)|lpxx, = (id Xi,)"pr* f*Fy[dim P]
(foproid X i,)"Fy[dim P]
= (foiy,opr) Fy[dim P].

Il

Since f oi, om, = foi,opr, we have (m*Fx)|pxx, = (pr*Fx)|pxx, . Since
Up P x X,, is an open cover for P x X, this gives the isomorphism we seek.

Next, suppose Fx € objMX is equivariant; thus, Fx € objMpX. Let F,
denote the restriction of Fx to X,. Since id X 4, satisfies the hypotheses of
[BBD, Prop 4.2.5], it follows that Fj, is a perverse sheaf on X,,. Recall that
m: P x X — X is given locally by m,, : P x X,, — X,,, as above. Restricting
the isomorphism pp, : m*Fx — pr*Fx to P x X,, yields the isomorphism
wr, : miF, — pr*F,. Thus, F, is an equivariant perverse sheaf. Now, let
vy 1 Y, — X, be the section of f, : X,, — Y, corresponding to 1 € P(k) (so
vy, is the unique morphism of varieties such that (¢, o v,)(y) = (1,y)). Define

F) := v} F,[—dim P].
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Then F! € objD%(Y,; Q). By standard glueing arguments, the collection of
F! € objDY(Y,;Qy), as Y,, ranges over the open cover of Y fixed above, uniquely
determines an object Fy of Db(Y;Qy).

It remains to be shown that Fy is a perverse sheaf. Again, we work locally.
For each such n,

fidim P]F), = f¥[dim PJv} F,[— dim P]
(vp o fn) Fp.

Let u, : X;, — P x X, be the section of m,, : P x X,, — X,, corresponding to 1
(so uy, is the unique morphism of varieties such that (id x t,,) ou, ot (h,y) =
(h,1,9)). The domain of u}up, is wimiF, = (m, ou,)*F, = F,, since u,
is a section of my,; the codomain of w) up, is w)pr*F, = (prouy,)*F,. Since
Pr o u, = vy, o fn, it follows that

1%

utpr, @ F, — fi[dim P|F},

is an isomorphism in D%(X,;Q,). By [BBD, Prop 4.2.5] and the fact that
MX,, is stable in D%(X,;Q,) under isomorphisms, it follows that F’ &
objMY,. By standard glueing arguments, the collection of isomorphisms
unpr, € morMX,, as X, ranges over the open cover of X fixed above,
uniquely determines an isomorphism in Homps(x.q,)(Fx, f; [dim P]Fy ). From
[BBD, Prop 4.2.5] it follows that Fy € objMY . This completes the proof of
Proposition 1.9. O

ProPOSITION 1.10. Let f : X — Y be a locally trivial principal fibre space with
group P and suppose P is connected. Then f*[dim P] : MY — MpX is an
equivalence of categories and MpX is a thick subcategory of MX.

Proof. By [BBD, Prop 4.2.5] we know that f*[dim P] : MY — MX is full and
faithful. Let Fy be a perverse sheaf on Y. From the proof of Proposition 1.9
we have seen that Fy := f*[dim P]|Fy is an equivariant perverse sheaf on X
and that f*[dim P]¢ is an equivariant morphism in MX for each morphism ¢
in MY. Thus, f*[dim P] is a functor from MY to MpX. Thus, f*[dim P] :
MY — MpX is full and faithful. Proposition 1.9 tells us that this functor
is essentially surjective. Thus, f*[dim P] is an equivalence. The last clause of
Proposition 1.10 follows from [BBD, 4.2.6]. O

1.8 PARABOLIC INDUCTION ON REDUCTIVE QUOTIENTS

Let H be a reductive algebraic group over k and let P be a parabolic subgroup
of H with levi component L and unipotent radical U. Let r : P — L denote
the reductive quotient map and let s : P — H be inclusion. Equip X := H x P
with the P-action defined by p - (g,h) = (pg—*,php~!) and let Y denote the
quotient by this action. (This is a variety!) Consider the diagramme

L<* - x-—‘tsy—‘>p (24)
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where a(g,h) = r(h), b(g,h) = [g,h] and c[g,h] = ghg~'. Observe that a
is smooth with connected fibres of equal dimension dim H + dim U, which is
therefore the relative dimension of a. Observe that b is a locally trivial principal
fibre bundle with group P, which is connected. Observe also that ¢ is proper.
Let F' be an equivariant perverse sheaf on L with respect to conjugation my,.
It follows from [BBD, Prop 4.2.5] that a*[dima]F is a perverse sheaf on X.
Moreover, since a is P-equivariant (with respect to the action on X defined
above and the action p -1 = 7(p)ir(p)~! on L) and since F is P-equivariant
with respect to the action just defined on L, it follows that a*[dima]F is a
P-equivariant perverse sheaf on X. Let

Fx = a*[dim a]F. (25)

Since b : X — Y is alocally trivial principle fibre space with group P, and since
P is connected, it follows from Proposition 1.9 that there is a some perverse
sheaf Fy on Y such that

FX = b*[dlmP]Fy (26)
Note that Proposition 1.9 tells us exactly how to construct the perverse sheaf
Fy . Define

ind £ F := ¢, Fy (27)

(Since c is proper, this is equal to ¢/Fy.) Notice that, a priori, ind gF is an
object of DY(H;Qy); we do not claim that this is a perverse sheaf.
Next, let ¢ be a morphism of P-equivariant perverse sheaves on L. Then
a*[dim H]¢ is a morphism of P-equivariant perverse sheaves on X (by [BBD,
Prop 4.2.5] and arguments as above). Using the equivalence of categories in
Proposition 1.9 again, there is a unique (given the choices made above) mor-
phism ¢y of perverse sheaves on Y such that

¢x = b*[dim Ploy.
Let ¢ x be that morphism. Define
ind ¢ := c,¢y.
Notice that ind gqb is an morphism D?(H;Qy). Thus, we have defined a functor
ind ¥ : ML — DY(H;Qy).

In this paper we will use the above construction with H = G;, P = G;<; (see

Section 1.4) and L = G/, where i and j are facets of I(G,K) and i < j in the
gi by ind i<j-
i< =

LEMMA 1.11. Let g be an element of G(K) and let i,j be facets of I(G,K) such
that i < j. There is an isomorphism of functors

Bruhat order. In that case we will denote the functor ind

indi<; m(g); = m(g); indgi<y;
in the category of equivariant perverse sheaves on G’j.

Proof. Work locally and use the construction appearing in the proof of Propo-
sition 1.9. 0
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1.9 CHARACTER SHEAVES

Let H be a connected reductive algebraic group over k. We recall that a
character sheaf is an irreducible perverse sheaf satisfying any one (and hence all)
of the conditions appearing in [Lus85, Prop.2.9]. We also remind the reader that
an irreducible perverse sheaf on H is admissible if it is an irreducible component
of ind ’,3 F for some parabolic subgroup P and some cuspidal perverse sheaf F'
on the levi component L of P (see [Lus85, 7.1.10]) (Cuspidal perverse sheaves
are defined in [Lus85, 7.1.1].) In [Lus85, Th.23.1] it is shown that, under some
extremely mild conditions on H (which are satisfied if p > 7, for example),
these two classes of perverse sheaves coincide.

Regarding parabolic induction as defined in Section 1.8, if F' is a character sheaf
on L then F is equivariant for the conjugation action (see [Lus85, Prop.2.18]),
in which case ind & F is defined. Moreover, in [Lus85, Prop.4.8] it is shown that
if F' is a character sheaf on L then ind g F' is a finite direct sum of character
sheaves on H, and therefore equivariant for the conjugation action on H. Thus,
if F is a finite direct sum of character sheaves on L then ind & F is a finite direct
sum of character sheaves on H. From our treatment of parabolic induction as a
functor, we see further that if ¢ is an isomorphism in the category of equivariant
perverse sheaves on L and the domain and codomain of ¢ are finite direct sums
of character sheaves on L then ind E ¢ is an isomorphism in the category of
equivariant perverse sheaves on H. We will use this fact in Section 3.3.

In this paper we will use these facts with H = G; and P = Gigj where ¢ and
j are facets of I(G,K) with ¢ < j.

1.10 CATEGORIES
We may now introduce the main categories appearing in this paper.
DEFINITION 1.12. Let DG denote the following category.
OBJ: An object A of DG is a family of objects
{4; € Db(Gi; Qy) | i facet of I(G, K)},
equipped with a family of isomorphisms
{Aigj € Hompy (g, (resi<jAi, Aj) [ < j in I(G,K)} ,

such that A;<; = ida, for each facet i of I(G,K), and such that the
diagramme

res j<rAi<y
Tes j<k resingi I‘eSjSkAj

resi<j<kAi\L J/qu

res iSkAi Ak
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is commutative for each triplet i, j, k of facets of I(G,K) such that ¢ <
j < k. The isomorphism of sheaves appearing on the left-hand side of
this diagramme is determined by the isomorphism of functors appearing
in Proposition 1.6.

MOR: A morphism ¢ € Hompg (A, B) in the category DG is a family
{61 € Hompy g0, (A, Bi) | facet of I(G,K)},
such that the diagramme

res j<;jbi
res iS.in —FF > res iSjBi

Aijl iBM

A, B;
J Y J

is commutative for each pair i, j of facets of I(G,K) such that i < j.

coM: If u and v are morphisms in DG then the composition u o v is defined in
DG by (uow); = u; owv; for each facet 7 of I(G,K).

1D: For any object A, the identity ids : A — A is defined by (id4); = ida,
for each facet i of I(G,K).

Let CG denote the full subcategory of DG consisting of objects A € 0bjDG
such that A; is a perverse sheaf for G; for each facet i of I(G,K). A coefficient
system (for G) is an object of CG.

2 CUSPIDAL COEFFICIENT SYSTEMS

Let K, ox and k be as in Section 1. Likewise, let G be a connected reductive
linear algebraic group over K satisfying the conditions of Section 1 (and in
particular, Section 1.3).

2.1 PARABOLIC RESTRICTION

Let P C G be a parabolic subgroup with reductive quotient L. Recall the
notation of Section 1.5.

PROPOSITION 2.1. There is a canonical functor res@ : DG — DL such that
for each facet i of I(L,K), (resGA); = res;g<ipAig, considered as an object
m DZ(Li, Qg)

Proof. The functor is defined as follows. Let i and j be facets of I(L, K) with
1 < j. For any object A in DG, define

G —
(I‘ebPA)i = reSiGSiPA’iG7
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considered as an object in D%(L;, Q) using the identification G;, = L;; also
define

G - P
(reSPA)iSj = reSjGSjPAiGSjG o res ingiG’

likewise considered as a morphism in D8(L;, Q). (The isomorphism of functors

res f; ; is defined in Lemma 1.7; observe that res i inG is a isomorphism in

D4(Gj,, Q) from res;,<j,resig<ipAig t0 TES jo<jp r€S i< Aig.) For any
morphism ¢ in DG, define

(res gqb)i = T€Siy<ipPic,

considered as a morphism in D2(L;, Q).
We must verify that res §A is an object of DL (cf. Definition 1.12(obj)). Using
the definition above we see that

(resgA)iSZ- = reS;.<ipAig<ic O T€S f-;-AiG,
for all facets i of I(L,K). By Definition 1.12(obj), Aj;<i; = ida,,. From
the definition of res %j (see Lemma 1.7) and Remark 1.5 it follows that

P oA
res;; A, = id . Thus,

res iGS’iPAiG
e .
( res PA)iSi = 1d( res GA);

Having shown that res$A satisfies the first condition set out in Defini-
tion 1.12(obj), we now turn to the second part of Definition 1.12(obj). Suppose
i, 7 and k are facets of I(L,K) with ¢ < j < k. To show that res JC,;’:A satisfies
the second condition appearing in Definition 1.12(obj) we must show that the
following diagramme commutes.

res j<p(res }G;A),-Sj

res j<i res ;< res G A); res j<i(res GA); (28)
res,-<j<k(resgA),i<jl l(resgA)j<k
res <k (res G A); (res GA)y

(res gA)igk

To do this, we begin be recalling (from Section 1.5) that L; = G;, (likewise,
L; = Gj, and Ly = Gy,). Together with the definition of (res % A); given in
above, the top left-hand corner of Diagramme 28 may be re-written as follows:

G
res j<presi<;(res pA); = resjp<kp IeSip<ip esig<ipAia,
and likewise for all the corners of Diagramme 28. Now, to show that Di-

agramme 28 commutes, consider the diagramme below, in which the outer
square is exactly Diagramme 28. (To save space we temporarily write R for
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res ig<jo €tc...)

Ri” RIP RIS A, RI" RIS A,

kp~7jp
2.
4.

ke pic pic 4. S ke pic 4 .
Rk:PRkGRjGA'LG RkkaGAJG

| l

kc pic ka
B —
RS Ry A RS Agg

P PIG A . ka
R RIS Ay, RIS Ay,

The inner square is the result of applying the functor resj,<x, to the relevant
form of the commuting square appearing in Definition 1.12(obj), and therefore
commutes, since A is an object of DG. The arrow marked 1. is the identity. The
arrow marked 2. is res f <A, so the right-hand square commutes by virtue of
the definition of (res §A4),;<y; likewise, the arrow marked 3. is res %kAZ-G, so the
bottom square commutes by virtue of the definition of (res $A4);<;. The arrow
marked 4. is res ;‘ng res i <jg Aig © T€S j<) Tes %inG and the top and left-hand
squares commute by Lemma 1.7. This, the outer square in the diagramme
above commutes. Therefore, Diagramme 28 commutes. This concludes the
demonstration that res $4 is an object in DL.

Suppose ¢ : A — B is a morphism in DG and let i and j be facets of I(L,K)
such that ¢ < j. In order to show that res qu) is a morphism in DL we must
show that the following diagramme commutes.

res iSj(rcs 1G3¢)1

res < (res GA); res <, (res G B); (29)
(reSgA)igjl J/(fesgB)iSj
G G
resBA); res pB);
(xes i 4); (res G0, (res25);

As above, we begin by translating this from a statement about morphisms of
sheaves on the reductive quotients of parahoric subgroups of L to a statement
about morphisms of sheaves on the reductive quotients of parahoric subgroups
of G, where we will see that the diagramme commutes. Thus, for example, the
top arrow becomes

res i< (res B); = 1€ ip<ip 168 ig<ip big-

Now, consider the diagramme below, in which the outer square is exactly Di-
agramme 29. (To save space we temporarily write R for res;,<jq, etc..., as



CHARACTER SHEAVES AND DEPTH-ZERO REPRESENTATIONS 23

above.)
Ry R Aig Ri7 R Big
3.
4.
jc pi 0. pic pi
RiTRiG Aig R RS Big
1.
2.
Ri% Aje Rj7 Bjo

The arrow marked 0. is resj,<j,T€S;,<j;®iq, the arrow marked 1. is
res j,<jp Big<jo and the arrow marked 2. is res j, <, Aio<jq; thus, the bottom
square is the result of applying the functor res j,<;, to the relevant form of the
commuting square appearing in Definition 1.12(mor), and therefore commutes
since ¢ is a morphism in DG. The arrow marked 3. is res f; inG and the ar-
row marked 3. is res % ;jBig so the upper square commutes because res f; jisa
natural transformation. The left-hand triangle commutes by virtue of the def-
inition of (res §A);<; and likewise the right-hand triangle commutes by virtue
of the definition of (res GB);<;. Therefore, the outer square commutes. This
concludes the demonstration that res$ : DG — DL is a functor. O

Let P — G be a parabolic subgroup containing Borel B and with Levi com-
ponent (i.e., maximal reductive quotient) P — L. Let Q — L be a parabolic
subgroup containing BN L with Levi component ) — M. Let P — R — @ be
a pull-back of P — L « @ in the category of group K-schemes. Then R — G
is a parabolic subgroup with Levi component R — L and R = QU, where U is
the kernel of P — L.

PROPOSITION 2.2. With notation as above, resé resg ~ resg.

Proof. Proposition 2.2 is a consequence of Proposition 2.1 and Proposition 1.6.
O

Remark 2.3. Tt was very important for us to keep track of the isomorphisms
appearing in Proposition 1.6 in order to have a good definition of DG and in
order for us to define parabolic restriction above. However, it is not important
for us to keep track of the isomorphism in Proposition 2.2, as we will see below.

2.2  WEAKLY-EQUIVARIANT OBJECTS

In this Section we make extensive use of ideas and notation introduced in
Section 1.6.

PROPOSITION 2.4. For each g € G(K) there is a canonical functor from DG
to DG such that the image of A € objD under this functor is an object 9A
given by 9A; := m(g~"); Ag-1; for each facet i of I(G,K). We shall denote

this functor by m(g)* : DG — DG



24 ANNE-MARIE AUBERT CLIFTON CUNNINGHAM

Proof. Fix g € G(K). For any A € objDG, define 9A € objDG as follows: for
each pair of facets ¢, j of I(G,K) with ¢ < j,

9A; = (g™ Ay

g g9

and

-1

IGA. . e = —1\* ) ) g
Ai<j i=m(g™ ") Ag-1icg-1j 0 TeS | 1icg-1;

; Agoige

-1

(Here, resg,lKg,lj refers to the natural transformation introduced in
- -1

Lemma 1.8. Observe that resg,lKg,legfli is an isomorphism in

DY(Gy-1;,Qp) from res;<;m(g 1)iA,-1; to Fn(g’l);‘f res g-1<g-1;A44-1;.)
Likewise, for any ¢ € Hompg(A, B) we define % € Homp (94, 9B) by

W, = m(g™"); by,

for each facet i of I(G, K).

From the proof of Lemma 1.8, we see that res j-1;<,-1;4,-1; = idgg-1)r Ayay
From Definition 1.12(obj) we see that Aj-1,<,-1, = idAgfli’ Thus, using
Proposition 2.4 (and Remark 1.5) it follows that

—1

gAiSi = m(gfl) A

* Ag—ligg—li o I‘esg

i g—li<g—tifrgTh

*

= m(g_l)i idAg—l,io idm(g—l);ﬁ Ay,

ldm(g—l): Agfli o ldm(g—l);« Agfli
= idgAi o idgAi

= idag,.

Having shown that 9A4 satisfies the first condition set out in Definition 1.12(obj),
we now turn to the second part of Definition 1.12(obj). Suppose i, j and k are
facets of I(G,K) with ¢ < j < k; suppose also that g € G(K) as above. To
show that 94 satisfies the second condition appearing in Definition 1.12(obj)
we must show that the following diagramme commutes.

res j<k PAig;

Tes j<k IeS i< gAi res j<k gAj (30)
res <<k “’Aig_;’i igAjgk
res <k 9A; 9A,

9Ai<k

Consider the following diagramme, in which the outer square is exactly Dia-
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gramme 30. (To save space we temporarily write RZ; for res 4i<g;, etc...)

R{C R; 9IA; R‘]jc gAj

() RYRY: Agi — ()i R Ay,

Ri 94, 9A},

The inner square is the result of applying the functor m(g); to the relevant
form of the commuting square appearing in Definition 1.12(obj), and there-
fore commutes. The arrow marked 1. is the identity. The arrow marked
2. is res §<kAgj’ so the right-hand square commutes by virtue of the defi-
nition of 94;<y; likewise, the arrow marked 3. is res? , Ay, so the bottom
square commutes by virtue of the definition of 94;<;. The arrow marked 4. is
res ?Sk Tes gi<gjAgi © TES j<j T€S ?Sj Agi and the top and left-hand squares com-
mute by Lemma 2.5. This concludes the demonstration that 94 is an object in
DG.

Suppose ¢ : A — B is a morphism in DG and let i and j be facets of I(G,K)
such that i < j; also, fix g € G(K). In order to show that % is a morphism in
DG we must show that the following diagramme commutes.

res j<; %p;
res ;<; 94; res ;< IB; (31)
'qA'i<jl J{”Biq
9A . 9B .
A W B
J

To do this, consider the diagramme below, in which the outer square is exactly
Diagramme 31. (To save space we temporarily write RZ;- for res gi<4j, etc... ,
as above.)
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The arrow marked 0. is m(g) res gi<g;¢gi, the arrow marked 1. is m(g)} Bgi<gj

and the arrow marked 2. is m(g)jAgngj; thus, the bottom square is the result
of applying the functor m(g); to the relevant form of the commuting square
appearing in Definition 1.12(mor), and therefore commutes since ¢ is a mor-
phism in DG. The arrow marked 3. is res?_ ;Agi and the arrow marked 3. is
res fg ngi, so the upper square commutes because res i‘]g jisa natural transfor-
mation. The left-hand triangle commutes by virtue of the definition of 94;<;
and likewise the right-hand triangle commutes by virtue of the definition of
9B;<;. Therefore, the outer square commutes. This concludes the demonstra-
tion that % is a morphism in DG. O

LEMMA 2.5. Let A be an object in DG and let g, h be elements of G(K). Then
9 "A) = 9"4 in DG.

Proof. By Proposition 2.4, for each facet i of I(G,K),
HA), = (g7 (Yo, Aporger

and
A, = m((gh)~"); Agny-—i = m(h ™ g ) Aprg1s.
Let
gi:m(h ™ g ) Ap-rg-1; — (g )} m(h_l)}li Ap-1g-14
be the canonical isomorphism. To prove the Lemma 2.5 we show that ¢ := (i)
is a morphism in DG, thus, we show that ¢ satisfies the condition of Defini-
tion 1.12(mor). This follows from Lemma 1.8. O

Recall the hypothesis of Section 1.3. The fact that G; is a connected linear
algebraic group over an algebraically closed field allows us to apply the theory
of character sheaves from [Lus85] to G;. Suppose A is an object of DG such that
A; is a finite direct sum of character sheaves for G, for each facet i of I(G,K).
By [Lus85, 2.18], A; is an equivariant perverse sheaf. For each z € G;(k),
let pa,(z) € morDY(Gi;Q,) be the isomorphism defined by Equation 21 in
Section 1.7.

DEFINITION 2.6. An object A € 0bjCG is weakly-equivariant if the following
conditions are met.

(a) For each facet i of I(G,K), the perverse sheaf A; is equivariant.
(b) There is a family of isomorphisms
ra = {pa(g) € Hompg(?4,4) g € G(K)}
such that p4(1) = id4 and the diagramme

1) "2 gy

| e

ghp —— >
pa(gh) 4
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commutes, for all g and h in G(K). The arrow appearing on the left-hand
side of this diagramme is the isomorphism of Lemma 2.5.

(c) For each facet i of I(G,K) and for each g € G;(ok),
pa;(pi(9)) = pa(g)i

A morphism ¢ : A — B of weakly-equivariant objects of CG is itself weakly-
equivariant if the diagramme

9,

9A _% 9B (32)

uA(g)i ius(g)

A— 8
commutes for all g € G(K).

LEMMA 2.7. Suppose A is weakly-equivariant. For each g € G(K), the mor-
phism pa(g) : YA — A is an isomorphism in DG, and

ralg)™t = ualg™).

Proof. Using Definition 2.6(b), we have ids = pua(g) o ua(g™!). Using the
functorality of conjugation yields

—1 —1

T (nalg™)onalg) = ‘malg™ho? naly)
= nalg™'9)
= ida.
Thus,
palg™)opaly) = fida
- ldgA
It follows that pua(g)~' = ua(g™'), as promised. O

2.3 CUSPIDAL COEFFICIENT SYSTEMS

Recall the definition of the additive category CG from Section 1.10. In partic-
ular, recall that objects of CG are called coefficient systems for G.

DEFINITION 2.8. A non-zero coefficient system C' for G is cuspidal if it satisfies
the following conditions:

(a) C; is a finite direct sum of character sheaves for G, or 0, for each facet i
of I(G,K).
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(b) C is weakly-equivariant (see Definition 2.6).

(c) If C = A® B in CG and A and B are weakly-equivariant, then A = 0 or
B=0.

(d) resGC = 0 for each proper parabolic Levi subgroup L C G.
Let AG denote the set of cuspidal coefficient systems for G.

In this Section we give a complete description of the isomorphism classes in

A0G.

PROPOSITION 2.9. Let ig be a vertex of I(G,K) and let F be a cuspidal char-
acter sheaf for G;,. There is a cuspidal coefficient system C for G such that
Ciy, = F and C; = 0 unless i is in the G(K)-orbit of ig; moreover, up to a
weakly-equivariant isomorphism, C' is the unique cuspidal coefficient system
for G with these properties.

Proof. We begin by showing existence of C' € 0bjCG with the properties
claimed above. Denote the G(K)-orbit of the vertex ip in I(G,K) by O(io).
Consider the function G(K) — O(ig) given by g — gip and let i — w; denote
a normalised section of that function; thus, w;, = lg(k) and for each i € O(io)
the element w; of G(K) satisfies that w;ig = 7. For each facet i of I(G,K),
define

e m(w; )i F, i€ O(i'o), (33)
0, otherwise.
If ¢ and j are facets of I(G,K) and ¢ < j then we define
ide,, =7,
Cic; = : 34
= {0, otherwise. (34)

We will show that Equations 33 and 34 define an object of CG. If i and j are
not facets in O(ig), or if ¢ = j, then the diagramme in Definition 1.12(obj) is
commutative for trivial reasons. Thus, we suppose now that ¢ or j is contained
in O(ip) and @ < j. Since g is a vertex, it follows that i € O(ip) and j & O(ip);
therefore C; = 0. Since C; is a cuspidal character sheaf (or 0) for each such facet
1, and since (_;j is a proper Levi subgroup of Gj, it follows that res j<;C; = 0.
Thus, in all cases, Cij<; = id¢; and res j<j<xC; 0 Ci<p = Cj<p 0 1res j<Ci<; for
each triplet i, 7, k of facets of I(G,K) such that i < j < k. It is clear from these
definitions that C is an object of DG (see Definition 1.12) and that C;, = F.
Since C; is a perverse sheaf for every facet i, it follows immediately that C' is
an object of CG (see Definition 1.12). We must now show that C is cuspidal
(see Definition 2.8).

It is clear that C' satisfies the condition appearing in Definition 2.8(a). In order
to demonstrate Definition 2.8(b) we define a family ¢ of isomorphisms in DG
satisfying the conditions of Definition 2.6. First, recall that a cuspidal character
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sheaf is strongly cuspidal (cf. [Lus85, 7.1.6]). Using [Lus85, 7.1.1] and [Lus85,
7.1.5], observe that the strongly cuspidal perverse sheaf F' is GG;-equivariant.
For each = € G, (k), let

pp(x) s (@) F — F

be the isomorphism as in Equation 22. For each g € G(K) and for each facet i
of I(G,K) in the G(K)-orbit of ig, define

ki g = w; tgwig. (35)

Then k; 4 is an element of G;,(ox), as we now show. By definition, ¢ = w;io;
thus, g71i = g~ Y(wiig) = (97 w;)ip. On the other hand, g~'i is a facet of
O(ip) implies g~ = wy-1;ip. Comparing these last two equations it follows
that w; *gw;, € G(K);,. (Note that here we use the assumption on G described
in Section 1.3.) Now, set k; , = pi, (ki) (cf. Section 1.2).

In order to define puc(g); : 9C; — C; we first suppose ¢ C O(ig). Then

C; = m(g_l)* Cig
= mg”!)" e
m(g~)* m(wi_gl)* F.
Now, let
m(g™")* m(w')* F = m(w'g™);, F (36)
be the canonical isomorphism and note also that
m(witg™ )i, F o= m(wy'g wiw ;) F
= m(k; jw; )i F.
Let
mk b ), F 2 mlwy i m(k b)), F (37)
be the canonical isomorphism and consider the isomorphism

m(w; )i, (ki) s m(w; ') k)i, F— m(w; )

W F. (38)
Since "iF = C;, we let uc(g); : C; — C; be the composition of the isomor-
phisms above, when ¢ C O(ip). Otherwise, uc(g); = 0.

It is clear that the family of morphisms pc(g); € morD%(Gy; Q) defined above,
as i ranges over all facets of I(G,K), defines a morphism uc(g) in DG (cf.
Definition 1.12(mor)), since

pe(g); o Ci<; = Cicj o resi<juc(9)is (39)

for i < j in I(G,K). We now show that the family of isomorphisms
pe(g) € morDG, as g ranges over G(K), denoted e, satisfies the condi-
tions of Definition 2.6. If 4 is not contained in the G(K)-orbit of ig then these
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conditions are trivial. We now suppose, therefore, that i is a facet of O(ip),
whence pc(9); = “’iup(k;;). If g =1, we have k; ; = k; 1, = w; 'w; = 1 and
pur(l) = idp, so

pe(l); = “ipp(l);
— widp,

= idg,.

7

Applying the functor m(wi_l)j0 to Diagramme 23 with = = l;;i,g and y = Eig)h
(see Equation 35) yields the following commutative diagramme.

- m(w; )5 mk; )" pr (Fig,n)
;g ) m(Fh) F e

| |

_ _ m(wfl): #F(Ei,gkig,h) _
m(w;): m((ki gkign) ' )*F 0 m(w; )

10

The top arrow is “ikiaup(k;, 5) while the right-hand side arrow is “iup(k; g);
thus, the clockwise path is
g (kig) o g (kign) (
= up(
= pc(g)iom(g™)" ne(h)ig
= uc(g)io uc(h);

On the other hand, the left-hand arrow is the canonical isomorphism, while the

bottom arrow is “iup (k; gkig.n), and

— w;

Vg (kigkign) = “ur(pio(kigkign))

Pig (wz‘ilgwingglhwigh))

Thus, Diagramme 40 gives us the condition appearing in Definition 2.8(b).

To show that C satisfies the condition appearing in Definition 2.8(c), suppose
C = A® B in CG and that A and B are weakly-equivariant. Then, for each
facet i, C; = A; & B; in the category of perverse sheaves for G;. Since C; = 0
unless ¢ is in the G(K)-orbit of iy, we have A; = 0 and B; = 0 unless 7 is
in the G(K)-orbit of é9. Since F' is a character sheaf, it is irreducible, so
Ciy = A;y ® By, implies A;, = 0 or B;, (recall that C;, = F). Without loss of
generality, suppose B;, = 0. Since B is weakly-equivariant, this implies B; = 0
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for each facet 7 in the G(K)-orbit of ig. Since B; = 0 when 7 is not in the
G(K)-orbit of iy also, it follows that B = 0. Thus, C satisfies Definition 2.8(c).
We now consider the condition of Definition 2.8(d). Let P be a proper parabolic
subgroup P of G and let L be the reductive quotient of P. Let ¢ be a facet
of I(L,K). From Proposition 2.1, we see that (res$C); may be indentified
with res;,<i,Ai,. Since P is proper, ip is strictly greater than ig; thus, C?ip
is a proper levi subgroup of G;,. Since F is a cuspidal character sheaf (and
therefore strongly cuspidal) and A is weakly-equivariant, it follows that A, is
either strongly cuspidal or 0; in either case, i¢ < ip implies res;,<i,Ai, = 0.
Thus, (res §C); = 0. Since i was an arbitrary facet of I(L,K), it follows that
res 3C = 0. Thus, C satisfies Definition 2.8(d).

We now show uniqueness. Let A and B be cuspidal objects of CG such that
A, = F = B;, and A; =0 = B; unless ¢ is in the G(K)-orbit of ig. Note that
pa(k)iy = pr(pi(k)) = pup(k);, for k € G;,(ok) by Definition 2.8(b). Now,
A;, = B, implies Awi—li = Bw;li, hence m(w; ')} A -1, = m(w; ) B, -1,

so WiA; = “iB; for all facets 7 in the G(K)-orbit of 4. Define ¢:A— B b§/

. . (41)
idg otherwise.

b = {uB(wz‘)i o “pa(w; "), i C Olio)
We will now show that ¢ is an isomorphism in CG. Suppose i is a facet in the
G(K)-orbit of ig. First, using Equation 35 and Definition 2.6(b) (twice), we
have

palg) = NA(wiki,gw;gl)
= pa(w) o “ipa(k; gw;t)
= pa(w;) o "(palkigo Foga(wi))
= pa(w;) o Vpalkig) o U Foa(wit)
= pa(wi)o “nalkig)o " opalwy').
Thus,
palg)i = pa(wiio “palkig), o 7 pa(wi),
= pa(wi); o m(w; )" pa(Kig)y,-1; om(g—t)* w"’gMA(wi_gl)ig
= pa(wi)iom(w; ") pakigli omlg™h)" “opawy,),
= pa(wi); om(w; ) pp(kig) om(g—t)* wig/J/A(wi;l)ig'
Likewise,
.L”B(g)l = IU’B(wl)l © m(w:l)* ,LLF(kl g) o m(gil)* wigHB(wijyl)ig'
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Using Lemma 2.7 and the definition of ¢’ we have

¢; 0 NA(Q)i
= pp(w)io “pa(w; "), o palw);

_ —1 _
o m(w;)*pr (ki) om(g™t)" Wi MA(wigl)ig

= /,I,B(’wi)i o m(wl)* /J/F(ki,g) o m(g

-1

’9MA(wi_!]1)» .

—1\x w
) 0

On the other hand, using the work above and the definition of 9%, we have

ig

= up(wy); om(wi_l)* pr(kig)

ig ° 1B (Wig)ig © “opa (wi;l)ig)

= pp(wi)iom(wi )" pr(kig) o m(g™")" Popalwy,"), .

&
=
=
g

.

Thus,
¢iopa(g)i = pa(9)i o %, (42)

for all facets i of (G, K). This concludes the proof that ¢ : A — B is a weakly-
equivariant morphism in CG. Since ¢ is clearly an isomorphism by Lemma 2.7,
this concludes the proof of Proposition 2.9. O

DEFINITION 2.10. For any vertex ¢ of [ (G,K) and any cuspidal character sheaf
F on Gj, let cind; F' denote the cuspidal object of CG given by Proposition 2.9.

THEOREM 2.11. If C is a cuspidal coefficient system for G then there is a
vertex ig of I(G,K) and a cuspidal character sheaf F such that C;; = F and
C; = 0 unless i is in the G(K)-orbit of ig. Moreover, this vertex ig is unique
up to G(K)-conjugation and F is unique up to isomorphism in D%(G;,; Qq).

Proof. If C; = 0 for all vertices ¢ of I(G,K), then C = 0 because each
Ci<j : res;<;C; — C; is an isomorphism for each i < j (see Definition 1.12).
Since cuspidal coefficient systems are non-zero (see Definition 2.8), that is not
the case. Thus, there is some vertex ¢ of I(G,K) such that C; # 0. Using
Definition 2.8(a) we write C; = @, C; », (finite direct sum) where each C; , is
a character sheaf. Let M be a proper Levi subgroup of G;. Using [Lan96] we
can identify the star of i in I(G,K) with the building for G;, so there is some
facet j in the star of ¢ such that M = C_?j. Since M C G is proper, i < j. Now,
there is a parabolic subgroup P with levi component L and a facet k of I(L,K)
such that kg = ¢ and kp = j. Note also that kg < kp. By Definition 2.8(d),
res @C = 0. Thus, (1es€C); = 0 50 res jy<kpChy = 0 50 res;<;C; = 0 so
res (i C; = 0. Thus, res$jCi,, = 0, for each m above. Since this argument



CHARACTER SHEAVES AND DEPTH-ZERO REPRESENTATIONS 33

applies to any proper levi subgroup M of G;, and since character sheaves are
equivariant, it follows that Cj ., is a cuspidal character sheaf. Thus we have
shown that if 7 is a vertex then C; is 0 or is a finite direct sum of cuspidal
character sheaves for G;. Note that it follows immediately that C; = 0 unless
1 is a vertex.

Now, let {ip,i1,...,iq} be the vertices of a fundamental G(K)-domain in
I(G,K); thus, the convex hull of {ig,i1,...,%4} is a chamber in I(G,K). For
each such vertex i,, we write C;, = ®©,,C;,, m, where C; ., is a cuspidal char-
acter sheaf for G;, . Consider

A= D cindinC’imm7

n,m
where 0 <n < d and 0 < m < d,, runs over an index set corresponding to the
irreducible summands of C; in the category of perverse sheaves on G, . Notice
that 4;, = ®,,C;, m = C;, = C;, for each vertex i, above. Thus, 4; = C;
for each vertex i,, above and A; = C; = 0 unless ¢ is a vertex. Note also that
A and C are both weakly-equivariant.
We now show that A = C'. Observe that A and C are weakly-equivariant
and A; = C;, for every vertex i, € {ig,...,in}. For each such vertex i,,
let ¢ — w(n); denote a normalized section of g — gi,, as in the proof of
Proposition 2.9; thus, i = w(n);i, for each vertex i in the G(K)-orbit of .
Since the set of vertices in I(G,K) is partitioned into G(K)-orbits, for each
vertex ¢ there is a unique vertex i,, such that i = w(n);i,. Let ¢ be any vertex
and define ¢; : A; — C; by

in n

¢i = po(w(n)s)i o palw(n)g);

This composition is defined since the codomain of 4 (w(n););* is the domain
of pa(w(n);); which is *(™:A; and by Proposition 2.4,

v = mw(n); ) Ay -y
= m(w(n); )i A,
= m(w(n); )i B,
= m(w(n); )i Byt

which is the domain of uc(w(n););. Observe also that the domain of ¢; is
indeed A; since the codomain of p4(w(n);); is A;; likewise, the codomain of ¢;
is indeed B; since the codomain of uc(w(n);); is C;. If i is not a vertex, define
¢; = 0 (Recall that A; = C; = 0 unless i is a vertex.) To see that this defines
a morphism in DG is it necessary to see that the diagramme appearing in
Definition 1.12(mor) commutes for all ¢ < j. But the case ¢ = j is trivial since
Ai<;j = Ci<j = 1if ¢ = j; the case i < j is equally trivial, since A;<; = Ci<; =0
if i < j; Thus, ¢ is a morphism in DG. In fact, from the definition of each ¢; is
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is also clear that ¢ is an isomorphism in DG. Since CG is a full subcategory of
DG and since the domain and codomain of ¢ are objects of CG it follows that
¢ is an isomorphism in CG. (In fact, ¢ is weakly-equivariant.)

Since A = C and C' is cuspidal, it follows that A is also cuspidal. Since each
cind;, C;,, m is weakly-equivariant by Proposition 2.9, it follows from Defini-
tion 2.8(c) that cind;,C;, m = 0 for all but one vertex i, and for all but
one index m. Let ig be that vertex, set m = 0 and let F' = Cj; 0. Then
A = cind;, F'. Now, A = C implies C' = cind,, F', which completes the proof of
Theorem 2.11. O

COROLLARY 2.12. Let ig,i1,...,%a be a set of representatives for the G(K)-
orbits of vertices in I(G,K). The isomorphism classes in AYG (see Defini-
tion 2.10) are parameterized by

{(inaFHOSnSd, Feégg)}

where égs) denotes a set of representative for the isomorphism classes of cus-
pidal character sheaves for G;, (cf. [Lus85, 3.10]).

DEFINITION 2.13. A Levi subgroup L C G is said to be a cuspidal Levi subgroup
if there is a cuspidal coefficient system for L; in other words, L is a cuspidal
Levi subgroup of G if AL is non-empty (cf. Definition 2.8).

EXAMPLE 2.14. The algebraic group GL(n)g admits only one cuspidal Levi
subgroup, up to conjugacy, and that is the split torus. The split torus GL(1)k
in SL(2)k is also a cuspidal Levi subgroup, as is SL(2)k itself, as we shall see
in Section 6. The cuspidal Levi subgroups of Sp(4) are described in Section 6.

3 ADMISSIBLE COEFFICIENT SYSTEMS

Throughout Section 3 we assume K is a maximal unramified closure of a local
field with finite residue field. We note that such a field is strictly henselian
and that the residue field is an algebraic closure of the finite field. Let G be a
connected reductive linear algebraic group over K satisfying the conditions of
Section 1.3.

Let o : P — G be a parabolic subgroup with Levi component L. In Section 3.1
we define a parabolic induction function indg taking weakly-equivariant ob-
jects of CL to weakly-equivariant objects of CG. It should be noted that, in
constrast to parabolic restriction ind % (Section 2.1), conjugation m(g)* (Sec-
tion 2.2), and Frobenius fr* (Section 4 below), parabolic induction ind % is a
function, not a functor. This is because we can only apply our definition to
weakly-equivariant objects in CL, and we have not constructed a category of
weakly-equivariant objects in CL. This is not to say that such a construction is
not possible. Note that we took pains in Section 1.8 to treat ind ;<; as a functor
on the category of equivariant perverse sheaves, not just a function, and we will
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use that improvement below. However, the definition of weakly-equivariant ob-
jects, while built upon that of equivariant perverse sheaves, is considerably less
sophisticated and almost certainly not the correct definition upon which to try
to build a well-behaved category. Nevertheless, our parabolic induction ind ,C;',
as a function, is all that is needed to define admissible coefficient systems (see
Definition 3.7 below) for the same reason that Lusztig’s parabolic induction —
also a function, not a functor — suffices to define character sheaves.

3.1 PARABOLIC SUBGROUPS

Let G — G/P be the cokernel of ¢ : P — G, let # : P — L be canonical
quotient map and let U <— P be the unipotent radical of P. For any facet j of
I(G,K), let P; (resp. L7, U;) be the schematic closure of P (resp. L, U) in G;.
Then P; (resp. L7, U;) is a smooth integral model for P (resp. L7, U;). Since
o(Pj(ox)) € Gj(og) and m(P;(ox)) € L;(ok), it follows from the Extension
Principle (¢f. [BT84, 1.7]) that 0 : P — G and 7 : P — L and U — P extend
uniquely to og-scheme morphisms o; : P; — G; and 7; : P; — L’ and U; — P
such that the squares commute in the following diagramme.

Q

<% p_ T (43)

bl

~—— P —=G,

-~

h
<

<

<

DEFINITION 3.1. Let i be an arbitrary facet of I(G,K). Let D;(G, P,K) denote
the elements of the double coset space G;(og)\G(K)/L(K) represented by g €
G(K) with the following properties, where L% denotes the integral closure of L
in Gig: L is a smooth integral model for L, L¥(ox) is a parahoric subgroup
of L(K), and L% is a levi subgroup of G;,. It follows from [Lan96, 9.22] that
there is a unique facet %, in the star of ig such that Gi; = L9 and C_liggi%
coincides with the schematic intersection of P with Gig. Let 79 denote the
facet of I(L,K) such that L% = Ljs . Notice that if g satisfies this condition
then so does hgl for all h € G;(og) and | € L(K).

We begin by remarking that D;(G, P,K) is finite.  First, notice that
G;(0g)\G(K)/P(K) is finite. Thus, the image of D;(G, P,K) under the surjec-
tion

Gi(ox)\G(K)/L(K) — Gi(ox)\G(K)/P(K)
Gi(ox)gL(K) +— Gi(og)gP(K)

is finite. Suppose now that g represents a double coset in D;(G, P,K). Then
each element in the pre-image of G;(0x)gP(K) under the map above is repre-
sented by gu, for some u € U(K). If gu represents an element of D;(G, P,K)
then g and gu have the properties listed in Definition 3.1. This implies
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u € Ujg(ok), in which case gu = hg for some h € G;(ox). Thus, the inter-
section of the pre-image of G;(ox)gP(K) with D;(G, P,K) is a singleton. It
follows that D;(G, P,K) is finite.

In order to define parabolic induction functors, we now begin the process of
picking specific representatives in G(K) for the double cosets appearing in Def-
inition 3.1. We begin by recalling some basic notions and establishing some
notation. Let T be a maximal K-split torus of G and let A(G,T,K) be the
apartment for T. Let Ty be the Néron model for T and let W(G, T,K) be
the associated affine Weyl group associated to the pair (G(K),Tp(ok)); that
is, W(G,T,K) = N(K)/Ty(og), where N is the normalizer of T'in G. If i is
a facet of A(G,T,K) let W;(G,T,K) denote the stabiliser of ¢ in W (G, T, K).
Let W (G, T,K) be a set of representatives for W (G, T, K) contained in N (K)
and chosen so that vw is represented by vw when the length of vw equals the
length of v plus the length of w (cf. [Mor93, 5.2]). Let W;(G, T, K) denote the
subset corresponding to W;(G, T, K).

Suppose ¢ and j are facets of I(G,K) such that i < j. Let d;(G, P,K) (resp.
d;(G, P,K)) be a set of representatives for the double coset space D;(G, P,K)
(resp. D;(G,P,K)). The map fi<; : G; — G; (cf. Section 1.4) defines an
inclusion of points G;(ox) € G;(ox) which in turn defines a surjection

Gj(ox)\G(K)/L(K) — Gi(ox)\G(K)/L(K)
Gj(or)yL(K) —  Gi(ox)yL(K).

If y € d;(G, P,K) then y satisfies the conditions of Definition 3.1; in particular,
P;, — Gy, is projective. Now fj,<;, induces Pj, — Py so Py — Gyy is
projective. The other conditions appearing in Definition 3.1 are also satisfied,
so y represents a double coset in D;(G, P,K). Therefore, the surjection above
restricts to a surjection

D;(G,P,K) — D;(G, P,K) (44)

which in turn defines

Let x be the image of y under Equation 45. The fibre of Equation 44 above
the double coset represented by x is

{Gj(ox)uzL(K) |u € Gz (0x)\Giz(0k)/(Gia(0x) N L(K)}, (46)
which we now denote D}, (G, P,K). Observe that
Giz(ox) N L(K) = L™ (0g) = Lz (0x) (47)

and this is a parahoric subgroup of L(K). Recall also that iz < i% (see Defi-
nition 3.1). Using the affine Bruhat Decomposition (cf. [Mor93, 3.22]) we find
Di.;(G, P,K) is in bijection with
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Following [Vig03, C.1.1] we find a unique element of minimal length, called a
distinguished element, in each double coset above, and let dj. j (G, P,K) be the

elements of W(G, T,K) corresponding to distinguished elements representing
the double coset space above. Thus, there is a unique u € d;<;(G, P,K), such
that uz = hyl, for some | € L(K) and some h € G;(og). In fact, we can say
much more, as Lemma 3.2 shows.

LEMMA 3.2. Keep notation as above. There exists a collection of sets
d;(G, P,K), as i ranges over all facets of I(G,K), consisting of representatives
for the double coset spaces D;(G, P,K), with the following properties:

(a) Let i and j be facets of I(G,K) with i < j. If g € d;(G,P,K) then
uxr = gl, where x is the image of g under the map of Equation 45 and u
is an element of di;(G, P,K). Moreover, u andl (and x) are determined

uniquely by g.

(b) Let i be a facet of I(G,K) and let g be an element of G(K). Ify is an
element of d;y(G, P,K) then there is unique x in d;(G,P,K) and h in
Gi(ok) such that gy = hx.

Proof. Let i be a facet of A(G,T,K). Let d;(G, P,K) be a set representatives for
D;(G, P,K) chosen from W(G,T, K). Suppose i and j are facets of A(G,T,K)
such that i < j. Now, then z, g and u are elements of W (G, T,K) and ¢~ ux
is contained in W (L, T,K). Set | = g~ ua; we now have

ux = gl, (49)

as promised. Now, let ¢ be any facet of I(G,K). There is some z in G(K)/N (K)
such that ¢ is contained in the apartment A(G,T% K). Since zi is a facet of
A(G,T,K) we set

di(G, P,K) = 2~ 'd,i(G, P,K). (50)

If i/ < 4/ and j' is a facet of A(G,T% K) then i’ is a facet of A(G,T* K)
also. Suppose 2’ € dj/(G, P,K) and ¢’ is the image of 2’ under the map to
di(G,PK). Set i = zi', j = zj', # = 22’ and g = zg’. Then 271z is an
element of d;<;(G, P,K) so set u = zu’2~!. Then uz = gl by Equation 49, so
(zu/271)(22") = (29')l, so v'a’ = ¢'l, as desired.

The proof of part (b) is omitted. O

3.2 LOCAL PARABOLIC INDUCTION

DEFINITION 3.3. Let P be a parabolic subgroup of G with Levi component
L. Let i be any facet of I(G,K). Let g be an element of G(K) such that

ig satisfies the conditions appearing in Definition 3.1. Let ind g’j denote the
functor from the category of equivariant perverse sheaves whose objects are
finite direct sums of character sheaves on L' to the category of equivariant

perverse sheaves whose objects are finite direct sums of character sheaves on
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Gig {;iven by ind;4<;s. For any B € 0bjCL we will write B% for B;g . Thus,

ind g}jBig = indjy<so Bys . (This is not a typo; observe that Gi% = EiQL-)

Likewise for morphisms in CL.

For j a facet of I(G,K), let £; be the set of affine roots vanishing on j. Let
I be a second facet of I(G,K). We will denote by j Al the facet of I(G,K)
defined by Y0 = X; N %

LEMMA 3.4. Leti, j andl be facets of I(G,K) such thati < j andi <l. There
is a choice of representatives d;)l for Gi<j(ox)\Gi(ok)/Gi<i(ox) such that

. _ —1\x -
Ies i< mdiSlF = E m(m ) lndngjw/\l reslgl/\ij
zedi

and the diagramme

. —1\%
res j<p res j<jind j<) F ——> Tes j<k Zwed; m(e)" ind jacjenires i<ipja
res ;<j<k ind ;< F i

Tes i<k indiglF

— 71 .
Z%d};,a m(z™")* ind ka<kznl €S i<inkaF

commutes, for any character sheaf F' on Gj.

Proof. Recall that K is an unramified closure of a p-adic field. We choose a
uniformizer and, as in [Vig03, C.1.1], we find a unique element of minimal
length, called a distinguished element, in each double coset above, and let d?c,l
be the set of distinguished elements representing the double coset space above.
Then use [MS89, Prop 10.1.2] (which gives considerably more information con-
cerning the isomorphism above than [Lus85, Prop 15.2]). Note that the proofs
of [MS89, Prop 10.1.2] and [Lus85, Prop 15.2], while different, both depend on
the fact that k is the algebraic closure of a finite field. O

3.3 PARABOLIC INDUCTION

PROPOSITION 3.5. Let P be a parabolic subgroup G with Levi component L.
If B is a weakly-equivariant admissible object of CL then there is a weakly-
equivariant object ind gB of CG such that

(ind $B); := Z m(g~); ind%é7 B,
ged;(G,PK)

for each facet i of I(G,K).
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Proof. We must begin by defining (inng)Kj for every i < j in I(G,K)

that end, we fix one such pair of facets and consider res ;<;(ind pB)

resigj(indIGDB)i = Tresi<; Z m(g~); mdLZ;’ B
yedi(G,P,K)
= Z resg; m(g ) ind ¢ Lis ¢ B,
g€d;(G,PK)
Let
Z resg’f m(gil)i IHdqu Big
9€d;(G,PK)

> m(gt

gedi(G,P,K)
be the isomorphism in M

(51)
*l

! res - 1nd U’; BY
; determined by the natural isomorphism

res & m(g )

Qi Q\

<.

e Gy

m(g 1)i res G‘,Z (52)
of Lemma 1.8. Now, since B is an object in CL it follows that B = B;s is a
finite direct sum of character sheaves. Recall that L9 = Gi% . By Lemma 3.4
(MacKey’s formula for character sheaves) we have an isomorphism

>, mlu

uEdej(G,P,]K)

resé 1nd Gig Blg ~

Ql
"U'Q "UIQ

*ind ”f‘ res

C: . B,
which defines

(53)

1 i
m(g~"); resig<ijg 1ndLl; B
g€d;(G,PK)

(54)
|2
5

G.9 )
—1\* = jgu P 19
m(g—); Zuedg< (@ P]K)m( ) lndun res & . B*.
Gdi(G,P,]K) - P

(Here we have used the notation of Lemma 3.2.) Let

(g™ ); Yuear (c.px) m(u”
9€d; (G, PK) -

G,
jgu
ok 1ndG o res

e (55)
Ip
l&

G.g
o -1 Jjgu _'p ig
m((gu)~)j de ;oresg” BY.
g€d;(G,PK) P A
u€d$<j(G,P,K)
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be the isomorphism in determined by the natural isomorphism
(g™ ") mu™t)" = m((gu)™h)". (56)

Since u € Gj4(0x) we have Gj; = Gjqu; it follows that the integral closure of
L in G}, is the integral closure of L in G, which we denote L;gu:. Moreover,

P
since i < j we have G; D Gj and G,y D Gj,. Also, G, = G?“, so it follows that
the integral closure of L in GY is the integral closure of L in GY". Therefore,

_Q\

~ —1y* s Gjgu it ig
S mllgn) ) imd G oves B
g€d;(G,PK) P ’P
u€d1<J(G ,P,K)
_ § — —1 ]gu zgu
- m((gu) ) lnd Ligu LJQU B
g€d;(G,PK)

P g
uedd_ (G, PK)

By Lemma 3.2, for each g and u as above there is a unique h € d;(G, P,K) and
I = li(h) such that gu = hl. Thus,

_ Gjgu Liov igu
E m((gu)~ ) 1nd Tiau TeST e, B
g€d;(G,P,K)
uedfsj(G,P,K)

= > m(h) Y imd §i res B B
hed; (G,PK)

Now, the natural isomorphism

m((hl)~")* = m(h)* m(~)* (57)
defines
> m((hl)~? ) 1ndLj,}:ll resghl Bl (58)
€d;(G,PK) nt

s

S b mY)* ind G res B pikl,
i(G

LJM TeS T in

PK)
Lemma 1.11 gives
m(l~h)* 1ndLj,’ZZ = 1ndLJ,L m(l~)* (59)
and therefore defines
(k=) m(i=Y) ind i res i B (60)

hed; (G,PK)

i&

m(h~1)* mdL]J,’j m(~1)* resl

ihl
L Bitt,
hed; (G,PK)
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Since B is an object of DL (see Definition 1.12(obj)) we have the isomorphism

res L)y, B o pitd (61)
which defines
vk o 1Gin = r1—1h\x L™ nihl
m(h™")* ind 7], m(I7)* res g, B (62)
hed; (G,PK)
i&
m(h=1)* ind 2 m(1=1)* BiMt
hed;(G,PK)

Since B is weakly-equivariant (see Definition 2.6) and | € L(K), we have the
isomorphism

Bihl o~ Bih (63)
which defines
m(h=1)* ind%f}'f m(l=1)* res%;;:l Bt (64)

hed; (G,PK)

iz

_ -1 . G’,-;L ih
m(h™)* ind [ B
hed; (G,PK)

Since this last expression is precisely, (ind gB)j, composing the isomorphisms
of Equations 51, 54, 55, 58, 60, 62, 64 defines an isomorphism

(ind $B)i<; : res<;(ind $B); — (ind &B);. (65)

Now we must show that the family ((ind %B);, (ind%B)i<;); satisfies the
condition of Definition 1.12(obj). Inspecting the isomorphisms appearing in
the definition of (ind $B)i<;, is clear that (ind B)i<; = id(inagp),, 50 We
turn now to the second condition in Definition 1.12(obj). Let i, j and k be
facets of I(G,K) and consider the following diagramme.

res j<(ind £B)i<;

res j<k resigj(inng)i resjgk(inng)j (66)

resi<j<k(ind}G9B)ii l(inng)ch

(il’ld gB)rigk

resigk(inng)k (mng)k

In order to see that this diagramme commutes, it is sufficient to observe that
each isomorphism appearing in the definition of (ind gB)iS ;j (and (ind SB) <k
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and (ind $B)i<;) is compatible with the restriction functors of Section 1.4.
Fortunately, this work has already been done in various lemmata, in antici-
pation of this need: for isomorphism 1. of Equation 51 use Lemma 1.8; for
isomorphism 2. of Equation 54 use Lemma 3.4 and Lemma 3.2 (to see that
dfgj = djf,zjggiﬁ,)E for isomorphism 3. of Equation 55 use Lemma 1.8; for iso-
morphism 4. of Equation 58 use Lemma 1.8; for isomorphism 5. of Equation 60
use Lemma 1.11; for isomorphism 6. of Equation 62 use Definition 1.12(obj);
for isomorphism 7. of Equation 64 use Definition 2.6. Each of these arguments
makes use of Proposition 1.6! O

3.4 TRANSITIVE PARABOLIC INDUCTION

Recall the notation of Proposition 2.2.

PRrROPOSITION 3.6. Let P be a parabolic subgroup of G with Levi component L.
Let @ be a parabolic subgroup of L with Levi component M. Let R be a parabolic
subgroup of G with Levi component M. If C € objCG is weakly-equivariant then

ind @ ind 5C = ind §C. (67)

Proof. To simplify notation, let B = indéC and let A = inng. We fix a
facet i of I(G,K). Then

=Y ml) ma§e g
v€d;(G,PK) s
_ _ . G“_ _ _ . E,L.E
= ) meThimdge Y mlyTy indg " Gy
z€d;(G,PK) " yedig (LQK) e

Since Lz, = L' and y € L(K), it follows that L, = LY = Lizy. Since
T C M C L, the schematic closure of M in Li;y is equal to the schematic

closure of M in Gigy, and we have Ljzy = L=y and M(i;)yQ = Migy~ Using
Lemma 1.11 we now have
= ET
— =1k Gig Z — o —1\x ipy -
E m(x™ ")} ind P m(y~ )i, mdQ(im . Cazyy,
v€d, (G, PK) yediz (L,QK) re
A Ly
_ = =1k s Giz (0, —1\% ip )
= E m(z™"); ind B m(y~" )i, ind Qs Cizv
x€d; (G,PK) P Q
y€d;x (L,Q,K)
P
~ L.y
_ = —1\*x = —1y*x G'i;ty . ip
= E m(z"); m(y~ )i ind Pray ind Qs Cjav
z€d;(G,P,K) P Q
vedsg (L,QX)
1 Ligy
_ = — izy .
= E m((xy)”"); ind ’ ind Qs Ciav
z€d; (G,PK) P Q

yed;z (L,Q.K)
L
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Using Propositions [Lus85, 4.2], [Lus85, 4.8(b)] and [Lus85, 2.18(a)] we have

ind € ind L—t;’y C.=v = ind C}”’JC-M (68)
Py Qv 10 Ryey 10
P Q Q
Since iy = i7’, we have
ind€ ind50); = n((zy)~): nd € Oy 69
(ind g ind 5C); = m((zy) )i ind g° Ciev. (69)
zed;(G,PK) ‘R

d,x (L,Q,K
ye 1a£( Q,K)

Now, the canonical surjection from D;(G, R,K) — D;(G, P,K) defines a sur-
jection d;(G, R,K) — d;(G, P,K); the pre-image of z in d;(G, P,K) is ex-
actly dz (L,Q,K). For each pair (z,y) in Equation 69 there is a unique z
in d;(G, R,K) such that zy = hzm for h in G;(ox) and m € M(K). Thus,

LY _ 5z
ip = i%pm and

— —1\*x éizy
Z m((zy)™); lndRzyCizy
w€d; (G,P,K) ‘R
yedif(L,Q,K)

= S ((hem) T ind G5 Cinm

i%,m

z€d;(G,RK) R

_ ST m Yy Y m(m ) ind $ O
z€d;(G,R,K) "

= S mh ) () ind G O
2€d;(G,R,K) "

Since C' € objDM and h € G;(ox) we have

Yoo mh) ) ind G Oy
z€d;(G,R,K) R
~ — —1y\* Giz
~ Z m(z~")"ind - Cis,
z€d; (G,R,K) B
= (ind§0),.

In summary, we have shown that
(ind@ ind §C); = (ind GO);. (70)

Now, as i ranges over all facets of I(G,K) these isomorphisms define an iso-
morphism in CG (details omitted). O

3.5 ADMISSIBLE COEFFICIENT SYSTEMS

‘We now come to the main definition of Section 3.
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DEFINITION 3.7. An irreducible admissible coefficient system for G is a simple
object of CG which is a summand of ind gC in CG for some parabolic subgroup
P C G with Levi component L and some cuspidal coefficient system C for L
(see Definition 2.8). We write AG for the set of irreducible admissible objects
in CG. An admissible coefficient system for G is an object of CG which is a
finite direct sum of irreducible admissible coefficient systems.

Remark 3.8. Observe that any cuspidal coefficient system (seeﬁDeﬁnition 2.8)
is an irreducible admissible coefficient system; thus, 4G C AG.

The adjective ‘admissible’ is surely one of the most over-used in mathematics,
and our use of it here suggests a lack of imagination. However, as we shall show
in Section 5, since our admissible coefficient systems form a bridge between
certain admissible perverse sheaves and certain admissible representations, we
have elected to use the adjective here also. Nevertheless, a word of caution is
in order: admissible perverse sheaves are, by definition, irreducible, while our
admissible coefficient systems are not.

Examples of admissible coefficient systems are provided in Section 6.

4 ENTERS FROBENIUS

Let K; be a p-adic field, let ok, be the ring of integers of K; and let F, denote
the residue field for K;. Let K}" be a maximal unramified extension of K;
and let F, be the residue field for K7". As in Section 3 we note that K7" is
strictly henselian and that Fq is an algebraic closure of F,, which is a finite
field. Fix an isomorphism Gal(K7"/K;) = Gal(F,/F,); this determines a ‘lift’
frg, € Gal(K7"/Ky) of the geometric Frobenius Frp, € Gal(F,/F,).

Let Gk, be a connected reductive linear algebraic group over K; such that
G = Gx, Xgpec(k,) Spec (K7") (71)

satisfies the conditions of Section 1. Then G is a connected reductive split
linear algebraic group over K7" which is defined over K;. In particular, since
G is split it follows that Gk, splits over an unramified extension of K;. Let
G(K;) denote the group of K;-rational points on G.
Since G is defined over Ky, the Galois group Gal(K}"/K;) acts on I(G,K}"),
and

I(G,Ky) = I(G,Kpr) Gl /K, (72)

where I(G,K;) is the Bruhat-Tits building for G(Kj).

4.1 FROBENIUS-STABLE COEFFICIENT SYSTEMS

Let i be any facet of I(G,K7") and let G; be the associated ogrr-scheme,
as in Section 1.2, and let Gy (;) be the ogpr-scheme associated to fr(i). The
geometric Frobenius frg, : KI" — K} defines a isomorphism fr; : G; — Gy
of K7"-schemes which restricts to an isomorphism of special fibres, and factors
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through the reduction quotient maps to an isomorphism of reductive quotients

Fr; : G; — Gpyi). Let Fr} : D(Gpyiy; Qo) — DE(Gy; Qp) be the derived functor.

LEMMA 4.1. Let i, j and k be facets of I(G,K}") with i < j < k. Then there
is an isomorphism of functors

fr * *
res,;; : res;<; Fr; — Friresp)<a(j)

such that
res igjngl"-‘
res j<k res ingr: - res ingr;k
fr
J/ TeS j<k IeS ;< ;
* f
res jngrj TeS fr(4)<fr(j) res ;'

f;
J/ res oy Tes (i) <fr(j)

Fry res f(j)<tr(k) T€S fr(i)<fr(j) Fry, res (i)<sr(k)

Fri, res fr(i)<sr(j)<fr(k)
commutes.

Proof. The proof of Lemma 4.1 follows the lines of the proofs of Lemmas 1.7
and 1.8. In particular, the isomorphism res fr< ;1s defined by the base-change
homomorphism and the natural isomorphisms resulting from the construction
of the derived functors Fr;, sj.; and r;<;,. The proof of the lemma then follows
from [SGA4, Exposé XVII, §5.2]. O

PROPOSITION 4.2. There is a unique canonical functor fr* : DG — DG such
that (fr* A); = Frj Ag;y for each object A of CG and for each facet i of I(G,K).

Proof. The promised functor is given as follows. For A € objDG and ¢ €
morDG, and for any facet ¢ and j of I(G,K7") such that ¢ < j, define

(fr"A); == Frj Apg),
define
(fr*A)izj = B} Angy<n(y) © resis;Ang
and define
(fr* @) := Fr} dpeay-
To show that fr*A is an object of DG when A is an object of DG, we must

turn again to Definition 1.12(obj). From the definition of res er] in the proof of
Lemma 4.1 (and Remark 1.5) it is clear that res ,fi‘rSiAfr(i) = idp(i)Ap,,- Thus,

* * fr *
(fr A)igi = Fri Afr(z’)gfr(i) O res igiFri Afr(i)
* :
= Fri ldAfr(i) o ldFr:Afr(i)

= ldFrfAfr(i) °© ldFrIAfr(i)

= id(ga),-
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Having shown that fr*A satisfies the first condition set out in Defini-
tion 1.12(obj), we now turn to the second part of Definition 1.12(obj). Suppose
i, j and k are facets of I(G,K) with ¢ < j < k. We must now show that the
following diagramme commutes.

res j<p(fr*A);<;

res j<j res ;< (fr* A); res j<i(fr*A); (73)
res i<j<k(fr*A)i<ji l(fr*A)j«c
res iSk(fr*A)i (fr*A)k

(fr*A)igk

To that end, consider the diagramme below, in which the outer square is Di-
. . fr(4)
agramme 73. (To save space we temporarily write Rfr(j) for res g (j<p(j) and

fr(z
Afrgj)) for Ag(i)<w(s), €tc...)

R} Ri(fr*A); R (fr*A),
2.
4.
* pir(j) pir(d) * pIr(j)
Frkar(?c)Rfr(j)Afr(i) > Frkar(i)Afr(j)
T lip. () 4Hr(i) T Afr(k)
R (fr*A); (fr*A)y

To show that fr*A satisfies the second condition appearing in Defini-
tion 1.12(obj) we must show that the outer square commutes in Diagramme 73.
The inner square is the result of applying the functor Frj to the commut-
ing square appearing in Definition 1.12(obj) applied to Ag.(;), and is therefore
commutative. The arrow marked 1. is the identity. The arrow marked 2.
is res g-rgk,Afr(j), so the right-hand square commutes by virtue of the defini-
tion of (fr*A),<g; likewise, the arrow marked 3. is res EQkAfr(i), so the bottom
square commutes by virtue of the definition of (fr*A),<;. The arrow marked
4. is resgrgk res g(i)<fr(j) Afe(i) O T€S j<k Tes ?SjAfr(i) and the top and left-hand
squares commute by Lemma 4.4. This concludes the demonstration that fr*A
is an object in DG.

Suppose ¢ : A — B is a morphism in DG. In order to show that fr*¢ is a
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morphism in DG we must show that the following diagramme commutes.

res ;< (fr" ¢);

res ;< (fI‘*A)Z res <y (fI'*B)l (74)
(fr*A)i<jl l(fr*B)Kj
(B A), (8°B),

(fr™¢);

Consider the following diagramme, in which the outer square is Diagramme 74.

(To save space we temporarily write R;- for res;<; and Rgg;)) for res fr(i)<fe(y)

etc... , as above.)
REFr] Ap s R3FY] Bi(i)
3.
4.
* ir(z) 0. * ir(z)
Frijr(j)Afr(i) Z Frijr(j)Bfr(i)

Fr’ Age(j) Frj By )

The arrow marked 0. is Fr;f res fr(i)<fr(j)Pe(i), the arrow marked 1. is
Fr} Bg(i)<te(j) and the arrow marked 2. is Fr}Ap()<p(j); thus, the bottom
square is the result of applying the functor Fr;‘ to the relevant form of the
commuting square appearing in Definition 1.12(mor), and therefore commutes
since ¢ is a morphism in DG. The arrow marked 3. is res Zf-r<jAfr(i) and the
arrow marked 3. is res frg jBfr(,L')7 so the upper square commutes because res ?S j
is a natural transformation. The left-hand triangle commutes by virtue of the
definition of (fr*A);<; and likewise the right-hand triangle commutes by virtue
of the definition of (fr*B);<;. Therefore, the outer square commutes. This
concludes the demonstration that fr*¢ is a morphism in DG. O

DEFINITION 4.3. An object A of the category DG is frobenius-stable if there is
an isomorphism « : fr* A — A in category DG.

LEMMA 4.4. Leti and j be facets of I(G,Ky") with i < j. Let g be an element
of G(KT™). Then

ind i<j FI‘;< = Fr;k ind fr(i)<fr(j)»
and

wg); Pl 2 Bl im(t(g))he

[ gt 7

4.2 PARABOLIC RESTRICTION AND FROBENIUS

DEFINITION 4.5. Let Lg, C Gk, be a subgroup. Here, Lx,, Gk, and the
inclusion are all over K;. We say that Lx, C Gk, is an unramified twisted-
Levi subgroup if there is a finite extension K’ : K; contained in K} such that
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Lg,» C Gk, is a Levi subgroup. Note that this implies that there is a parabolic
subgroup P defined over K’ such that Ly, is the maximal reductive quotient
of PKl’ .

Note that an unramified twisted-Levi subgroup is not, in general, a Levi sub-
group; rather, an unramified twisted-Levi subgroup is a form of a Levi sub-
group.

PROPOSITION 4.6. Let P be a parabolic subgroup of G with Levi component
L. Suppose L is defined over Ky and Lg, C Gx, is an unramified twisted-Levi
subgroup. Let A be an object of DG. If A is frobenius-stable then resGA is
also frobenius-stable.

Proof. Let o : frf*A — A be an isomorphism in category DG. Recall the
definition of res %¢ (see Proposition 2.1). Lemma 4.4 shows that res$a is an

isomorphism and therefore that res $A is frobenius-stable. O

4.3 CUSPIDAL COEFFICIENT SYSTEMS REVISITED

In this section we briefly revisit Section 2.3 and adapt Definition 2.8 and The-
orem 2.11 to the present context.

Let ip be a vertex of I(G,K;) and let F' be a cuspidal character sheaf for G,
equipped with an isomorphism ¢ : Fr} I — Fin D%(Gy,; Q). Then there is
an object B and isomorphism g : erB — Bin CG such that B;, = F, 3;, =
The proof follows the lines of the proof of Proposition 2.9. For any vertex 4 of

I1(G,Ky), cuspldal character sheaf F' on G; and isomorphism ¢ : Fr} F — F, we
will write cde F and cde o for the object and morphism in CG promised
above. Suppose C is a cuspidal coefficient system for G and frobenius-stable.
Then there is a vertex ig of I(G,K;) and a frobenius-stable cuspidal character
sheaf F for Gy, such that C = cindgioF . The proof follows the lines of the
proof of Theorem 2.11.

4.4 PARABOLIC INDUCTION AND FROBENIUS
PROPOSITION 4.7. Let P be a parabolic subgroup of G with Levi component

L. Suppose L is defined over K; and Lx, C Gk, is an unramified-twisted Levi
subgroup. If B is a cuspidal coefficient system for L then

ind§ fr; B ~ frf, ind $B. (75)

Proof. Let i be a facet of I(G,K}") and consider (ind & fr; B);. Using Propo-
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sition 3.5 and Proposition 4.2 we have

(ind & fr} B);

_ o 1y - 1Gs *
Z m(g™h) ind 2 (frpB);s,
g€d; (G, PKp™) P
_ —1\% - Gl
= Z m(g 1) mdp; (frZB)fr@g,)
g€d; (G,P,KT™) P
_ — —1\*x G1 *
= Z m(g~")" ind Pi;; Frig Bfr(i)gm,
g€d;(G,PK}7")

since L is defined over K;. Now,using Lemma 4.4 we have

_ —1\x Gi_q *
E m(g™") 1ndpig Friy Bfr(i)gw)
g€d; (G,P,K7™) P

= —1\* * e Gir(ig)
= m Fris ind 5 B, &
Z (97 i% P i@ fir ()5 ()
g€d;(G,P,KTT) £

_ _ . 2 Gui
= E Fri m(fr(g)~")* ind e 9 Bfr(i)fr(g)
- e (1) £2(9) P
g€d;(G,PK}") P

— —1 . éfr i
= Fr} E m(fr(g)™")* ind 2™ "f). Bfr(i)fr(g).
9€di (G, PKT™) £ (i) (9 P

If Py C Gy is projective then Pri)e(g) C Gr(iyie(g) 1S Projective, since L is
a Ki-scheme, so fr(g) represents an element of Dy (G, P,K}") (see Defini-
tion 3.1). Accordingly, there is some h € Gg(;)(oxpr) and [ € L(K}") such that
fr(g) = hg'l, for a unique ¢' € dg.(;) (G, P, KT") (see Definition 3.1 again). Thus,

* — —_ £ Grig
By m(fr(g)™")" ind 57 By e

ﬁ.(i)fr(g)
9€di(G,PKT) "
G i !’
= * 7 Iy —1y* s fr(i)hg’l
= Fr] Z m((hg'l)™) 1nd13f o Bfr(z')’;,g"
9’ €dg(4)(G,P,KT™) r(3) p
_ * — ANk =/ J—1\k — ;7—1\k « Gfr(i)zl
= Fr Z m(h™") m(g"™")*m(™")"ind ; > Bfr(i);g’z
9’ €dge () (G,P,KT) (i) 1
Groiival
= Frj = (= 1Vem 1=y s 3 Crrg’ = =1y
= Fr] Z m(h™) m(g"™") md}Bf v m(l~h) By
g'€ds (i) (G, PK}T) O
Geriiye!
= : (b~ (g’ )* tr(i)g’ 1
= Fr] Z m(h™)*m(¢’ ™) mdp“.)g/ Bfr(i)%,.
r(z
P

g’ €dp (i) (G,PKTT)
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Since B is weakly-equivariant (cf. Definition 2.6) we have

o _ Gyt
FI‘; Z m(h 1)*m(g/ 1)* ind Ef (z)g/ ler(i)g'
g P
9’ €dgr (1) (G, PKTT) e
. — Gy
~  Fr} g m(h~H*m(¢’")* ind Pfr(”g/ Bfr(i)g/.
g’ €ds iy (G,PKTT) B0Op i

Since B is cuspidal (¢f. Definition 2.8) we have

G ; ’
* = —1\*,=( /—1\% - fr(i)g
Fr; E m(h™ ) m(g’™") mdPf o Bfr(i)g
9’ €dsei) (G, PK]T) r
1 Gl
~ i} > m(g' ™) ind ;70 By
fr (i) P
g’ €dse(3) (G, P,KPT) P
* /. G
= Frj(ind pB)a)
= (f"ind$B);.

The isomorphism of Proposition 4.7 is now found by arguments similar to those
employed in the proof of Proposition 3.5. O

COROLLARY 4.8. Let P be a parabolic subgroup of G with Levi component L.
Suppose L is defined over Ky and Lx, C Gk, is an unramified twisted-Levi
subgroup. Let B be an weakly-equivariant object equipped with an isomorphism
B:fiB — B in CL. Then ind$3 defines an isomorphism fr,ind 3B —
ind ¢ B in CG.

Proof. Let A = ind$B and let @ = ind%3. Since § : frjB — B is an
isomorphism in CL, and since parabolic induction is a functor, it follows that
o is an isomorphism. However, the domain of « is ind $fr} B, rather than
fre, inng. Corollary 4.8 now follows directly from Proposition 4.7. O

5 SUPERCUSPIDAL DEPTH-ZERO REPRESENTATIONS

Let the field extensions K}" : K; and F, : F, be as in Section 4; likewise, let G,
be a connected unramified linear algebraic group over K; and let G denoted
the group scheme over K7" obtained by extension of scalars, as in Section 4.
Suppose now that 7 is fixed by the Galois action on the building. Using the
principle of étale descent we see that there is a smooth group scheme G; Jox, OVer
ok, such that: Gi/ﬂml is an integral model of Gk, equipped with a ok, -rational
structure, compatible with the isomorphism of generic fibres, and such that
Gi/OKl (og,) = G(Ky); (¢f [Lan96, 10.10]). The special fibre éi/Fq of Gijoy, 1s
a linear algebraic group and it defines a F-rational structure for G;. Moreover,
there is a maximal reductive quotient v; p, : éi/IFq — Gi/IFq (¢f. Section 1.2)
and it defines a Fg-rational structure for G;. Let p;/x, : Gi(og,) — Gi(Fq) be
the canonical quotient (cf. Section 1.2).
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5.1 CHARACTERISTIC FUNCTIONS

Let A be a frobenius-stable coefficient system for G and let « : frzA — A be
an isomorphism in CG. For each facet i of I(G,K}"), o defines an isomorphism
o+ fr] Ag ) — A; in category D2(Gy; Q). If i is actually a facet of I(G,K;)
(so fr(i) = i) then A; € D%(G;;Qy) is frobenius-stable in the usual sense; in
that case, let x4, a; : Gi(Fy) — Q¢ be the characteristic function associated to
the pair (A;, a;) (cf. [Lus85, 8.4], for example).

PROPOSITION 5.1. Let A be a weakly-equivariant coefficient system for G and
let a: fr* A — A be an isomorphism in CG. If i is a facet of I(G,K;) then

Vz € Gi(0K1)7 XAgi,og; (pgl(gl‘g_l)) = XA;,a; (pl(x))7 (76)
for all g € G(Ky).

Let Lg, C Gk, be a twisted-Levi subgroup; so L := Lg, Xgpec(k,) Spec (K1)
is a Levi subgroup of G := Gk, Xsgpec(k,) Spec (K{"). Let P be a parabolic
subgroup of G with Levi component L. Let B be a frobenius-stable weakly-
equivariant coefficient system for L equipped with 8 : fr*B — B and let A =
inng equipped with o : fi*A — A as in Corollary 4.8. For any facet i
of I(G,K}") and g € d;(G, P, K}") let A;(g) denote the summand of A; in

DY(Gi;Qq) given by

_ — 1\ - qu
Ai(g) :==m(g™"); ind7" Bys. (77)
‘L

We will need the following result concerning characteristic functions of induced
objects in the proof of Theorem 5.4.

PROPOSITION 5.2. With notation as above, suppose i is a facet of I(G, K1) and
let d;(G, L,Ky) denote the set of g € d;(G, P,K}") (cf. Definition 3.1) such that
Gig 1s defined over ox,. Then

Vo € Gi(Fq)a XA;,a; (33) = Z XAz‘(Q)ﬁai(g)(w)v (78)
gedi(G,P,Kl)

where the right-hand side is trivial if d;(G, L,Ky) is empty.

Proof. If g is an element of d;(G, P,K;) then A;(g) is itself frobenius-stable;
more precisely, the restriction of a; to Fr} A;(g), which we denote «;(g), is an
isomorphism onto A;(g). It follows that

> Ay (79)

9€di(G,PKy1)

is a frobenius-stable summand of A;. For any g € d;(G, P,K}") we have fr(g) =
hg'l for a unique ¢' € d;(G, L,K}") with h € Gi(ogypr) and I € L(K}") (cf.
proof of Proposition 4.7). Suppose g € d;(G, P,K?") and g ¢ d;(G, P,Ky).
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Then C_}’Z-g (F,) = 0. There are two cases to consider: either ¢’ =g or ¢’ # ¢g. In
the first case, A;(g) is a frobenius-stable summand of A; with x 4, (g),a.(g) = 0,
with «;(g) as above; it follows that the sum of such A4;(g) is a frobenius-stable
summand of A; with trivial characteristic function. The sum of the objects
A;(g) with g in the second case is also a frobenius-stable summand of A; with
trivial characteristic function. However, in this case the summands A;(g) are
not themselves frobenius-stable. In summary, we have

Vo € GZ(FQ)7 XA;,a; (l’) = Z XA;i(g),a:i(g) (QE), (80)
g€d;(G,PKy)
where the right-hand side is trivial if d;(G, P,K;) is empty, as desired. O

5.2 MODELS FOR REPRESENTATIONS

Let 7 : G(K;) — Endg,(V) be an admissible representation. For each facet
i of the building I(G,K;), let V; denote the Qg-vector space consisting of all
v € V for which m(h)v = v for each h € G;(ogyr) such that p;/x, (h) = 1. We
let

7 : Gi(og,) — Endg, (Vi), (81)
denote the compact restriction of m at i; that is to say, we let m; denote the
representation of the group G;(ok,) on V; defined by m;(h)v = w(h)v for h €
G;(ox,) and v € V;. We note that, for each = € 4, the group G(K;); equals
G(K1)g,0, where the latter is defined in [MP96]. Moreover, the group of all
h € Gi(K;) such that p;/x, (h) = 1 is exactly the group G(Ki), o+, for = € i
(cf. [MP96] also). By [Vig97, Propn 1.1], G(Kj), 0+ equals Uéo), where the
latter is defined in [SS97]. Thus the set of Qg-vector spaces

Y (V) = {V;]i facet of I(G, K1)}, (82)

equipped with inclusions V; — V; for i < j, forms a G(K;)-equivariant coeffi-
cient system of Qg-vector spaces, in the sense of [SS97].
Now suppose 7 is a depth-zero supercuspidal representation. Then, for each
facet i of I(G,K;), the compact restriction 7; factors through p;/k, to a rep-
resentation

7 Gi(Fy) — Endg, (Vi); (83)
that is, m; = m; 0 p;k,. If w is non-trivial, then, by the definition of depth-zero
representations, the coefficient system (V') is non-trivial; in fact there is some
vertex ig of I(G,Kj) such that V;, # 0.

DEFINITION 5.3. Let G denote the subgroup of the Grothendieck group for
DG generated by admissible coefficient systems for G (cf. Definition 3.7). Let
7 : G(K1) — Autg, (V) be a depth-zero admissible representation. A model for
7 is an element ) a,[A"] of KG ®z Q¢ where each A™ is equipped with an
isomorphism a™ : fr*A™ — A™ (so A" is frobenius-stable) such that

Vr € G, (Fy), Z @nXAy,ayz‘(fl?) = trace (), (84)
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for each facet ¢ of I(G,Ky).

THEOREM 5.4. Supercuspidal depth-zero representations admit models; that is,
for each supercuspidal depth-zero representation m of G(Ky) there is a some
Yo an[A"] € KG @z Q¢ and isomorphisms ™ : fr* A™ — A™ such that

Vr € Gi(F,), Z anXar on(z) = trace 7; (), (85)

for each facet i of I(G,Ky).

Proof. Let 7 : G(K;) — Autg,(V) be an irreducible supercuspidal represen-
tation. Since 7 has depth-zero, there is a vertex ig of I(G,K;) such that
(Gip (0K, ), i) is a type of m. Moreover, since 7 is irreducible, we have m; =0
unless ¢ is contained in the G(Kj)-orbit of iy in I(G,K;). By [Lus85, 25.1] and
[Lus85, (10.4.5)], we may write

trace m;, = E an X G . Gy (86)
- ind M, F,,,ind My, Pn

where the sum is taken over cuspidal pairs (M, F,) for G;, (as defined in
[Lus84, 2.4]) such that M, is defined over F, and where F,, is equipped with a
fixed isomorphism ¢,, : Fry, F, — F,. Since 7;, is cuspidal, the scalars a,, are
zero except when M, is anisotropic over F, (¢f. [Lus85, (15.2.1)]). We define

. G, . G
E, = ind ,°F, and ¢, = ind M;’ On.-

Let T" be a maximal K{"-split torus in G, defined over Kj, such that the asso-
ciated apartment contains ig, and such that the image of T"(K}?") NG, (0k, ) in
M, is the group of F,-rational points of an elliptic torus of M,, (the existence
of T" is guaranteed by [BT84, end of the proof of prop. 5.1.10]). The torus T"
is elliptic. Thus, the centralizer L™ of T™ in G is an elliptic Levi subgroup de-
fined over K; such that the image of I(L",K;) under I(L",K}?") — I(G,K}")
is {io}, and L} = M,. Now Lg is an elliptic unramified twisted-Levi sub-
group of Gg,. Let P™ be a parabolic subgroup of G with Levi component
L" = L%l XSpec(Ky) Spec (K?T)

Using Section 4.3, set

B" =cind%, F, and (" = cind%, ¢, (87)
0 20
Then
Bl =F, and e = Pn- (88)
Define
A" = ind $B"™. (89)
Let

a AT — A" (90)
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be the isomorphism given by Corollary 4.8. In order to prove Theorem 5.4 we
now show that

Vr € Gi(F,), ZanXA” n(x) = trace T; (x), (91)

for each facet ¢ of I(G,Ky).

Consider the case ¢ = i9. Notice that since iy is contained in the image of
the map from I(L™, K}") to I(G,K7"), it follows that the schematic closure of
L™ in Gy, is L}, If g € d;, (G, P",Ky) then Gj 4 is defined over Ky, so the
schematic closure of L™ in G, is a parahoric subgroup of L™ defined over K;.

Since Ly is elliptic there is exactly one such parahoric subgroup, namely L,
and d; (G P K;) is a singleton. Thus, g and 1 represent the same double
coset in D;, (G, L™, K}") (c¢f. Definition 3.1), so g = hl for some h € G;(oxyr)
and | € L™(K7"). Using Lemma 4.4 we have

n _ — —1\x i
Afyg = mlg )i, md(P‘;?)(io)%n Biigys,,
_ —1\x Gl hl
= m((hl) )io md(p?q,) D B(io)y”

= ﬁl(h 1)* T (l 1)20 l d(FZ)?Ll) Biol
= m(hH)* ind Som(I7h)E Big
= m(hH)* md Gio lB

Moreover, since B is a weakly-equivariant object of CL™ and h € G, (ogpr) we
have canonical isomorphisms

m(h™Y)* ind 50 'Bi, = m(h)j, mdp;y By = mdP;O B
io
Finally, since
P} = LI = M,, (92)
we have _
md ”J B, = ind(l\;js n = Ln,

by Equation 88. Since the 1somorph1sms just used are exactly those appearing
in the definition of af (cf. Corollary 4.8), together with Proposition 5.2 we
have

Vo € Giy(Fq),  Xap ap (2) = XB,.e,(2). (93)

7,07 i0

By Equation 86 we now have

Vo € Gy, (Fy), Z AnX A7, o7 10 = trace T, (). (94)
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This verifies Equation 91 in this case. Proposition 5.1 extends Equation 94,
mut. mut., to all ¢ in the G(Ky)-orbit of .

If ¢ is a facet of I(G,K;) which does not lie in the G(Kj)-orbit of iy then
di(G, P",Ky) is empty, again since Ly is an elliptic twisted-Levi subgroup of
Gk, , so Proposition 5.2 gives

Va € Gi(F,), XArar(z) = 0. (95)

Gathering Equations 86, 94 and 95 gives Equation 91 in this case also.

Finally, consider the Qg-vector space formed by taking the tensor product of the
subgroup Ko(G;,) of the Grothendieck group of perverse sheaves on G, gener-
ated by character sheaves of G;, with Q¢ (cf. [Lus85, 14.10]). Then Y, a,[E,]
(summation as in Equation 86) is an element of Ko(G;,) ®z Q¢. Now, Equa-
tion 91 shows that ) a,[A"], equipped with the isomorphisms a", is a model
for 7, which completes the proof of Theorem 5.4. O

5.3 DISTRIBUTIONS ASSOCIATED TO ADMISSIBLE COEFFICIENT SYSTEMS

DEFINITION 5.5. Let G(Kj)er denote the set of elliptic regular elements of
G(Kjy). Let A be an admissible coefficient system for G which is frobenius-
stable with respect to a and weakly-equivariant. Let x4, : G(Ki)er — Qy be
the function defined by

Xaa(g) = > (=DM X 4, 00 (0i(9))- (96)

{i€I(G K1) | g€Gi(ok, )}
We will refer to x4, as the character of A.

THEOREM 5.6. Let 7 : G(Ky) — Autq, (V) be a depth-zero admissible repre-
sentation and let ©, be the character of w in the sense of Harish-Chandra. Let
A be a model for m. Then

@ﬂ'(g) = XA,Oé(g)v (97)
forall g € G(Ky)e-

Proof. Since 7 is a depth-zero representation, there is a vertex ig of I(G,K;)
such that the G(Kj)-algebra V is generated by V;,. Thus, V is an object
in category Alg? G(K?") (cf. [SS97]). Now [$S97, I11.4.10] and [SS97, II1.4.16]
extend to any quasi-split reductive linear algebraic group (cf. [Cou03, Cor.3.33])
S0
Ox(g) = > (=)™ trace (g, Vi). (98)
i€l(G K1), g€Gi(ok,)

For g € G;(ox, ), the trace trace (g, V;) is the character of 7;. By Definition 5.3
we have trace (¢, Vi) = x4:.0; (pi(g)), which concludes the demonstration. [
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6 EXAMPLES

Let K; and K7" be as in Section 5.

6.1 SL(2)

Let Gg, = SL(2)g,. We now describe all frobenius-stable cuspidal coeffi-
cient systems for each unramified twisted-Levi subgroup of Gx,. Table 1
records models for all irreducible depth-zero supercuspidal representations of
SL(2,K;); in this section we describe the terms used in Table 1.

Table 1: Models for depth-zero supercuspidal representations of SL(2,K;)

Representation Model
o — DBy
T+ 7%Bsgn + % (O+ - Ci)
T —5Bggn — 5 (CT —C7)
T _%B;gn"’%(DJr_D_)
ﬂJ— 7%B;gn7%(D+7D7)
™ —B,

Up to conjugation over K, there are four unramified twisted-Levi subgroups
of Gk, : the split torus Sg,, two unramified elliptic tori Tk, and Ty , and the
group Gk, itself.

e Consider the split torus

SK1:{<801 802> ’slszzl}.

Set S = Sk, ® K{". All frobenius-stable cuspidal coefficient systems for
S take the form cindg(o)ﬁg[l]7 where Ly indicates a Kummer system on

5(0) = GL(l)Fq equipped with an isomorphism Fr* Ly — Ly such that the
characteristic function of £y equals the character 6 of GL(1,F,). Define

A(9) == ind §cindg | Lo[1].

Using Definition 2.8 and Proposition 3.5 we see that

e
A(@)(O) = lndT((;)),Ce[l]
AO)o1y = Lolt) @ m(s1)){o1nLoll]
. ,Ga
Alf)a) = 1ndT-(‘O))£9[1]

Observe that @(01) = G(Ol,) = T(O). The object A(f) is simple in CG
unless 62 = 1; thus, in that case, A(f) is an admissible coefficient system.
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All frobenius-stable cuspidal coefficient systems for

{2 121

where ¢ € ok, is a fixed quadratic residue and a unit in ok, , take the form
Cind%mﬁg[l], where 6 is a character of the finite group T{g)(F,). Define

B(0) := ind Feindg, Lo[l].

The object B(6), equipped with an isomorphism 3(6) : fr*B(6) — B(9)
induced from ¢y : Fr*Ly — Ly, provides our first non-trivial example of
the phenomenon described in Proposition 5.2. From Definition 2.8 and
the definition of parabolic induction on objects (c¢f. Proposition 3.5) we
have

e
B(@)(O) = ind T((;) Eg [1]
B(®)oy = m(z_l)fm)ﬁa[l]@m(z_lw)?m)‘ch
_ 1wk 1 Gy
B)ay = m(z 1)(1) de((ll))z Lo[1],
where Tk, = S, and where w is a representative for the non-trivial

element in the Weyl group for S. (Recall that S is split.) Here, z is
an element of G(K;’), where K, is a quadratic extension of K;, not an
element of G(Kj), which represents a class in H'(Sk,, Gal(K}"/K;)); in
other words, we view Tk, as a twist of S and represent that twist by
conjugation by z~!. Now, from Proposition 4.2 and the definition of
parabolic induction on maps (¢f. Proposition 3.5) we have

. 4G
BO)o) = indg " doll]
B0 o1y = m(z" ) {ondell] ® m(z" w){o1)e[1]
_ ., _1\x . 4G
BO)a = m(z 1)(1)1ndT((;>)¢9[1]-
Therefore
XB(0)0y,8(0 = X. . ¢ e
(0)(0y,8(0) (0 ind T((:;ﬁemmd T(([?)) ol1]
XB(0)01):8(0) 01y — 0
XB(O)ay.50)ay = U

Likewise, all frobenius-stable cuspidal coefficient systems for

-1
o T Wy 2 _ .2
T]Kl = {(5wy . ) ‘ T ey 1},
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where @ € ok, is a fixed uniformizer for K;, take the form cind%, )59[1]7
1

where 6 is a character of the finite group T(’l)(IFq). Define
B(#) := ind %cind%l)ﬁg[l].

The object B(#)', equipped with an isomorphism ()’ : fr* B(8) — B(6)’
induced from ¢y : Fr*Ly — Ly provides another example of the phe-
nomenon described in Proposition 5.2. From Definition 2.8 and the defi-
nition of parabolic induction on objects (cf. Proposition 3.5) we have

BO)gy = mv")g)nd g Lo[L
B(0)oy = m(vfl)zﬁonﬁe[l]@m(vflw)?m)ﬁe[l]
By = indg"Loll],
where Ty = Sg and where w is a representative for the non-trivial

element in the Weyl group for S as above. Note that v is an ele-
ment of G(K7",), not an element of G(K;), which represents a class
in H'(Sk,, Gal(K?"/K;)). As above, from Proposition 4.2 and the def-
inition of parabolic induction on maps (¢f. Proposition 3.5) it follows
that

_ 1y . 1Ga
BO)y = mv 1)(0)md:ﬁ(f<l))¢0[1]
ﬂ(e)zm) = m(vil)?m)ﬁbe[l]@m(vilw)?m)ébe[l]
. .G
B0y = indg 7 ol1].
Therefore,
XB(0)(0)8(0) = O
XB(0)gy) B0y, = 0
XB(0)4) B0, = Xindi(,“))z:g[l],indf;(,“;m[l]'

Finally, there are exactly four frobenius-stable cuspidal coefficient sys-
tems for
a b
G, = {(C d) | ad—bc—l},

ct = cindg(O)Fi

they are

DE = cindg(l)Fi.
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The following facts are simple consequences of Definition 2.8:

Coy = Fe

C(im) =0

C(ﬂ;) = 0,
and

D(io) =0

D(im) =0

DEf. = Fy

We now describe all depth-zero supercuspidal representations of SL(2,K;). Let
my denote the representation obtained by compact induction from the Deligne-

Lusztig representation —R%(OO)) (0) of é(o) (F,), where 6 is a character of T(O)(Fq)
in general position; likewise, let 7j, denote the representation obtained by com-

pact induction from the Deligne-Lusztig representation —RTC—;,(1> (0) of G(l)(Fq)7
e}

where 6 is a character of T(l)/ (F,) in general position. Next, let Xoi denote the

two cuspidal representations appearing in the Lusztig series for Rg‘(LJ(&)) (sgn),

where sgn is the sign character of SU(1,F,); let 71 denote the representation
obtained by compact induction from xg on G o) (F,) and likewise let 7/, denote
the representation obtained by compact induction from x?f on G‘(l)(Fq).

Although —B(6) is a model for the depth-zero supercuspidal representation g
(see Table 1) this example illustrates how not to find models for representations.
Consider the coefficient system V for mp in the sense of [SS97]. Even though
Vio1y and V() are both zero, it does not follow that B(6)1) and B(0)) are
zero. As one sees from the proof of Theorem 5.4, to make a model for a
representation it is necessary to identify a type for that representation. Observe

that (G(0)(ox, ), —R%(OO; (0)) is a type for my and that
G
—trace RT((OO))(H) =X éw

ind T(0y:Lol1]s

.G . (99)
ind T(o) ¢9[1]

We remark that {74, 7/, 7,7’ } is an L-packet and that {7(6),7’(0)} is also
an L-packet when 6 is in general position.

6.2 Sp(4)

Let Gk, = Sp(4)k,. We now describe all frobenius-stable cuspidal coefficient
systems for each unramified twisted-Levi subgroup of Gk, , as in Example 6.1.
Using [Sri68] and [Sri94] we produce models for all supercuspidal depth-zero
representations Sp(4,K;) and present the results in Tables 2, 3 and 4, in which
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Table 2: Models for representations induced from G y)(ox, )

Representation Model
o Ay(01,07)
- 3A4(0, sgn)_
' —5 (B3 (6) — By (9))
. %A4(9, Sgn)_
’ +1 (B (0) = By (9))
iA4(sgn, sgn)
s ~1 (Ba (sen) = By (sew))
ot Bl
! %A4(sgn, sgn)
™ +% (B%J:(sgn) — 32: (sgn))
L)
! %A4(sgn, sgn)
s +3 (By (sen) — B, (sgn)
. +5 (BY (sgn) — By (sgn))
+7(C++ —CL_—C_ +C__)

Table 3: Models for representations induced from G g (ox, )

Representation Model
76 A7(91,92)
7 A3(91,92)
s 5 A3(0,5gn) — 3¢ (BY (0) — By (0))
U 3A3(0,sgn) + 5¢ (Bf (§) — By (9))
710 —iA7(1) - iAg,(l) - C%C

Table 4: Models for representations induced from G s (ox, )

Representation Model
Wé A8(91, 92)
77/7 A5(91, 92)
s A5 (0. sgn) — 3¢ (B3 (0)' — B (0))
T 3A5(0,sgn) + 5¢ (B3 (6)' — B (9)')
10 —34s(1) — %As(l) — C%Cl
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¢ € Qq is a primitive fourth root of unity such that ¢? equals the quadratic
residue of —1 in ;. We now explain the other terms appearing in these tables.
To begin, we fix a representation of Sp(4). Let 6 : GL(4) — GL(4) be the
involution defined by 0(g) = J~! tg=1J, where

0 0 0 1
0 0 -1 0

J = 0o 1 0 ol (100)
-1 0 0 O

and let G = Sp(4) be the subvariety fixed by 6.

We now consider cuspidal unramified twisted-Levi subgroups of Gk,. Up to
conjugacy, the group Gk, contains thirteen cuspidal unramified twisted-Levi
subgroups: nine inner forms of the torus GL(1)g, x GL(1)k,; six inner forms
of the Levi subgroup GL(1)g, X SL(2)k,; and Gk, itself. The Levi subgroup
GL(2)k, is not cuspidal since it does not admit any cuspidal coefficient systems.

e We begin with tori in G. Consider the split torus

tt 0 0 0

P 0 toa 0 0| taita=1

K= 0 0 t3 0| tatz=1
0 0 0 ¢t

Let T' = Tk, ® K?". Each frobenius-stable cuspidal coefficient system for
Tk, takes the form

Co(61,65) = cindF, Lo, K Lg,[2],

where 01 and 0, are characters of T(o)(IE"q). Here, Ly is the Frobenius-
stable Kummer local system equipped with an isomorphism Fr*Ly — Ly
such that the characteristic function ., of £ equals 6. Define

Ao(61,05) == ind GCy (01, 02).
Thus, Ag(61,02) is an object CG(Ky). If 61 and 05 are in general position,
then Ag(61, 62) is simple in CG, in which case Ag(61,62) is admissible (see

Definition 3.7); in other words, if #; and 65 are in general position then
Ap(61,602) is an admissible coefficient system.

e Next, consider torus

z 0 0 vy
Tl — 0 t2 0 O 22—y’ =1
K1 0 0 t3 O tots =1
ey 0 0 =«
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Clearly, Tﬂél splits over a quadratic unramified extension of K;. Let
T' = Ty, ® K}". Each frobenius-stable cuspidal coefficient system for
Ty, takes the form

C1(01,02) = cindfy Lo, B Lo, [2],

where 6, is a character of SU(1,F,) and 65 is a character of GL(1,F,).
Define
A1(01,05) = ind $.C1 (01, 6).

If 1 and 6, are in general position then A;(61,62) is an admissible coef-
ficient system.
Next, consider the torus

x 0 0 wly

0 ta 0O 0 22—y’ =1

0 0 t3 0 tots =1
wey 0 O T

2
TKli

This also splits over a quadratic unramified extension. Let T? = Tﬁl ®
K7". Frobenius-stable depth-zero cuspidal character sheaves for Tﬂil take
the form ,

Cy(61,65) := cind%zl)ﬁgl X Lo, [2],

where 6, is a character of SU(1,F,) and 62 is a character of GL(1,F,).
Define
As(01,02) = ind F2Ca(61,62).

If 1 and 6, are in general position then Ay (61, 62) is an admissible coef-
ficient system.

Next, consider the elliptic torus

1 0 0
0 =z w2 O 22 —ey? =1
0 ey 72 O 3 —eys =1

N 0 0 X

3
T]Kl_

Let T° = T, ® K}". The building for T%(K}") in G(K}") is {(0)} and the
reductive quotient is T(%) >~ SU(1) x SU(1). Accordingly, each frobenius-
stable depth-zero cuspidal character sheaf for T takes the form

03 (917 (92) = Cind%ﬁo)ﬁgl X £92 [2],
where 61 and 6, are characters of SU(1,F;). Define
A3(91, 92) = ind 2303(91, 92)

If 1 and 65 are in general position then A3(f;,02) is an admissible coef-
ficient system.
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Likewise, consider the elliptic torus

1 0 0 wly
T4 _ 0 xz2 ¥ 0 ot —eyi =1
Ky 0 ey o 0 3 —cys =1
wey;r 0 0 T

The building for 7*(K;) in G(K1) is {(1)}. Each frobenius-stable depth-
zero cuspidal character sheaf for T{él takes the form

04(91, 92) = Cind%:;l)ﬁgl X £92 [2],
where 61 and 6, are characters of SU(1,F,). Define

A4(91, 92) = iIld 2404(91,92).

If 6, and 05 are in general position then A4(61,62) is an admissible coef-
ficient system.

We also have the elliptic torus

T 0 0 wilyl
S I R T e
K1 0 weys T 0 3 —cys =1
wWEY1 0 0 T

The building for 7°(K;) in G(K;) is {(2)} and T(Z)/Fq = SU(1)r, %
SU(1)g,. Accordingly, each frobenius-stable depth-zero cuspidal char-
acter sheaf for T3 takes the form

C5(61,05) = cind%iz)[,gl X Lo,[2],
where 67 and 6, are characters of SU(1,F,). Define
As(01,02) = ind F5Cs5 (61, 02).

If 6, and 05 are in general position then As(6;,65) is an admissible coef-
ficient system.

Next, consider the torus

z y 0 O
6 _ ey 0 0 xu—eyv =1
LS 0 0 uw w zv—yu=>0
0 0 ev w

Frobenius-stable depth-zero cuspidal character sheaves for T take the

form .
C@ (6) = Cind%l) ,Cg [2] 5
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where 6 is a character of T(%) (Fy). Define

Ag(#) = ind ZsCs(h).
If 0 is in general position then Ag(6) is an admissible coefficient system.
e Next consider the unramified elliptic torus

X1 i) I3 Tq
Ex T x T 22 — 2exoxy +exi =1
T7 — 4 1 2 3 1 244 3 —
K1 exs exy m o || 2 —2emaz+exi=0
EXxg EX3 ETg4 X1

The image of I(T7,K}") — I(G,K?") is {(0)}. Frobenius-stable admis-
sible coefficient systems for Tﬂzl take the form

C7(0) == cind%:o)llgp],
where 6 is a character of T(70) (Fq). Define

A7(0) = ind G- C+(6).
If 6 is in general position then A7(6) is an admissible coefficient system.
e Finally, consider the unramified elliptic torus

il Xro
ET4 T
TWEX3 TWEXY T
WEX2 TWEX3 EX4

a5 8

2?2 — 2ewqry +ex3 =1

TR, =
K1 23 — 2emx3 + ez =0

8 Fala

The image of I(T® K") — I(G,K7") is {(1)}. Frobenius-stable admis-
sible coefficient systems for T{él take the form

08(0> = cind%%)ﬁgp],
where 6 is a character of T(gl)(IFq). Define
Ag(0) = ind G Cs(6).

If 0 is in general position then Ag(f) is an admissible coefficient system.

o Let

~~
[a

0
0 titg =1
0 ad —bc=1

oo o
o0 o o
o oo
&
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Up to conjugation, the building for L(K7") has two polyvertices; these
may be identified with (0) and (1) in I(G,K;). Now Ly and L) are
each isomorphic to GL(1) x SL(2), and the Frobenius-stable cuspidal
character sheaves on GL(1) x SL(2) take the form Ly X K [1], where 6 is
a character of GL(1,F,) and K is a cuspidal character sheaf on SL(2)g, .
(See Example 6.1.) Frobenius-stable cuspidal character sheaves for Ly,
take the form

CEwO) = cindﬁ(o)cg X K.[1]
+ ’ L c L
Cy(e)y = cindp Lo B Ky [1],
where 6 is a character of GL(1,F,). Define
BX () = md$CE(H)
BX(9) = ind¥CE(9).

If 6 is in general position, then B (f) and B (f)' are admissible coeffi-
cient systems.

e Next, consider the inner form

a 0 0 b
Il — 0 =z y O 22—yt =1
K 0 ey =z O ad —bc=1
c 0 0 d

Observe that L'(K;) = SU(1,K;) x SL(2,K;). Up to L*(K;) conjuga-
tion, the building for L!'(K;) contains two polyvertices, which may be
identified with (0) and (1) in I(G,K1). Now E%o)/n?q and f’%l)/]Fq are each
isomorphic to SU(1)r, x SL(2)r,, so we define

CE@O) = cindgo) Lo R FL[1]
cEO)Y = cind%%)lja X Fy[1],
where « is a character of SU(1,F,) x SL(2,F,). Define
BF(6) = ind{iCr(0)
BE®) = =ind§.CE(0).

If 6 is in general position, then B (#) and Bif(6)' are admissible coeffi-
cient systems.

e Likewise, consider the elliptic unramified-Levi subgroup

z 0 0 yw!

0 a b 0 22—yt =1
0 c d 0 ad —bc=1
eyw 0 0 T

2 _
L]Kl_
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Up to L?(K;) conjugation, the building for L2(KK;) contains two polyver-
tices, which may be identified with (1) and (2) in I(G,K;). Define

cEO) = cind%(zl)Eg&Fi[l]

CE) = cind%%)ﬁg R Fill],
where 6 is a character of I_,é) (F,). Define

Bi(0) = ind%C5(0)
BF(0) = =ind%.C5(0).

If 6 is in general position, then By () and B () are admissible coeffi-
cient systems.

e Finally, we turn to the most interesting cuspidal Levi subgroup of G,
which is G itself. A fundamental G(K}")-domain for I(G,K}") has three
polyvertices, which we denote (0), (1) and (2), with G(o)/r, = Sp(4)F, .
G(l)/]Fq = SL(Z)]F(I X SL(2)[[<‘Q and G(2)/F(1 = Sp(4)]pq. There is exactly
one cuspidal character sheaf Fy on Sp(4) while SL(2)g, X SL(2)r, admits
four cuspidal character sheaves, being Fi X Fy in the notation from
Example 6.1; of these, only F, X F is a cuspidal unipotent character
sheaf. Thus, by Corollary 2.12, the elements of A() Gy, are

c’ = cindg(O)Fo
Dt = cindg(l)F+ X F,
D*~ = cindg FiRF-
D™* = cindg F.RF,
D™" = cindg F-RF.
c? = cindg(z)FO.

This completes the list of all frobenius-stable cuspidal coefficient systems for
each cuspidal unramified twisted-Levi subgroup of Gk, . Every depth-zero char-
acter sheaf for Gk, is a simple summand of an object of CGk, produced by
parabolic induction from of the cuspidal coefficient systems listed above.
Each irreducible depth-zero supercuspidal representation of G(K;) is equiva-
lent to a representation obtained by compact induction from an irreducible
cuspidal representation of G(g)(Fy) or G(1)(Fy) or G(2)(Fy), so we begin by
listing all irreducible cuspidal representations of these finite groups. Consider
the finite group Sp(4,F,). Using notation from [Sri68] and [Sri94], each irre-
ducible cuspidal representation of Sp(4,F,) the appears in one of the following
families:
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the Deligne-Lusztig representation x; = R%) (4)(0) where 6 is a character
of T1(F,) in general position;

the Deligne-Lusztig representation y4 = Rif (4)(0) where 0 is a character
of Ty(F,) in general position;

the irreducible constituent &, of the Deligne-Lusztig virtual representa-

tion R?f(4) (0 xsgn) where 6 is a character of SU(1,F,) in general position
and sgn is the sign character of SU(1,Fy);

the other irreducible constituent &5, of the Deligne-Lusztig virtual repre-

SIJ( )(

sentation R, 0 x sgn);

the cuspidal unipotent representation 61g.

With these conventions, and notation from Example 6.1, every irreducible
depth-zero supercuspidal representation of G(Kj) is equivalent to one of the

following:
e = CIndG(l)(U]K )(XO X XO)
™ = CIndgﬁl()oK (xo X x7)
Ty = CIndGm(oK )(XO X XO)
G(Ky)
T3 = cIndGEI)(OK (xg * x¢)
T (:IndG(]lK)l(Z”K ( X X0 )
G(K _ _
T = CIHdG(l)l(ZK (Xo X Xo )-
d
o = clnd& ™) (= cIndg ) (x1)
Te = cln G(o)(0K1)<X1> Te = G(2>(°K1)(Xl
K G
T = cIndeo)l(ZKl)(X@ mh =cl dGEQ)l(lel)(Xﬁ
G (K4 G(K,
s = CIndGEM(lKl)(&Q) = cInngz)(ZKl)(fég) (101)
G(K G(K
To = CIHdG(o)?le)( 2) Ty = CIndG(ml(?’Kl)( 21)
G(K G(K
mio = cIndg ) ((610)  mp = cIndg () (610)
6.3 GL(N)

Let G = GL(n). By Definition 3.7, every irreducible admissible coefficient
system is a summand of ind gC, where L is a Levi subgroup of G and C' is
a cuspidal coefficient system (cf. Definition 2.8). Therefore, the first step in
describing irreducible admissible coefficient systems for G is to enumerate all
Levi subgroups and all cuspidal coefficient systems on those Levi subgroups.
(cf. Definition 2.13.) Every Levi subgroup of G is G(K}")-conjugate to L™,
where m = [my,ma,...,m] is a partition of n and L™ = Hi;:1 GL(mg)gpr.
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By Corollary 2.12, every cuspidal coefficient system on L™ is isomorphic to
cindﬁgF , where 7 is a vertex of the building I(L™,K}") and F is a cuspidal
character sheaf for Lf*. Since the building for L™ is regular and all vertices are
L™(Kp")-conjugate, we have L = ];_, GL(my)g,. Thus, cuspidal character
sheaves on LI* are all of the form X}_; F}, where F} is a cuspidal character
sheaf on GL(my)g, (cf. [MS89, Lemma 5.4.1] for example). Since GL(my)g,
admits cuspidal character sheaves if and only if m; = 1, it follows that L™
admits cuspidal coefficient systems if and only if m = [1™], whence L™ is a
K?7-split torus. Let T' be a K7"-split torus (there is exactly one in G, up
to G(K}")-conjugacy). From the discussion above we see that every cuspidal
coefficient system for T takes the form

cindg,, L1 X Ly ®- - K L,[n], (102)

where (0) is the vertex of I(T,K}") and L is a Kummer local system on
GL(l)Fq for each k =1,...,n. Thus,

ind #C = ind Feindy, L1 KLy K --- K Ly [n]. (103)

is an admissible coefficient system for G.

We now suppose G = GL(n)k, Xspec(k,) SPec (K"), so Gk, = GL(n)k,. Let
Sk, be the K;-split torus in Gk, and let Tk, be an inner form of Sk, . (Following
our conventions, we have T' = Tk, Xgpec(k,) Spec (K7").) Then

t
TH%I = H ReSKnk /K1 GL(l)Knk ’ (104)

k=1
where n = [n1,n9, ..., n] is a partition of n and K,,, is an unramified extension

of Ky is degree n,. For each k= 1,...,t, let

Tﬂglk = ResKnk_/Kl GL(I)K

np *

Then B
T(T(L)’;/]Fq = Resk”k /F, GL(l)]knk .

Let 6), be a character of T(%’; (F,) and let Lg, be the Kummer local system on

T(%’; equipped with an isomorphism Fr*Lq, — Lg, in D3(T, (7(1)’3;@@) such that
Xco, = 0i. Every frobenius-stable cuspidal coefficient system for 7™ takes the

form

Wt
Cy = cind?(zg) R Lo [n], (105)

with = ®}_, 0 a character of T(%) (F,), and every frobenius-stable irreducible
admissible coefficient system for G is a summand of

Af = ind $.C5- (106)
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If each character ) appearing in 6 is in general position, in the sense of [DL76],
then Ag is irreducible, and therefore an irreducible admissible coefficient system
itself.

One case is particularly important to us. If n = [n] we denote T (resp. Cy,
A7) by T™ (resp. Cy, A2). In this case

Ty, = Resk, jx, GL(1)x, (107)

is elliptic and 6 is a character of GL(1,K,). When 0 is in general position,
Ay is an irreducible admissible coefficient system. This case is sufficient for
a description of the models of all supercuspidal depth-zero representations, as
one sees from the proof of Theorem 5.4.

Let 7 be an irreducible supercuspidal depth-zero representation of G(K;). Then
there is a non-trivial character x of ZG(K;) with conductor ZG(Kj )q such that
7 is equivalent to

L GL(n,Ky)
Ty,f 1= CIndZG(]Kl)lGL(n,oKl)(X ® o), (108)

where o is a representation of GL(n,o0x,) = G(0)(0x,) produced by inflation
from a cuspidal irreducible representation ¢ of GL(n,F,) = G(o)(F,). Thus,
there is a character 6 of T(’(L)) (F,) in general position such that & is equivalent

1 G
to (—=1)" 1RT(7(L;)9'
Using this notation, the models for depth-zero supercuspidal representations of
GL(n,K;) are presented in Table 5.

Table 5: Models for depth-zero supercuspidal representations of GL(n,K;)

Representation Model
Ty.0 (=)™ 1ind G, cind%(%) Lo[n]
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