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Abstract

A Hilbert bimodule is associated with certain closed relations on a locally
compact Hausdorff space. The Cuntz-Pimsner C*-algebra of this bimodule is a

C*-algebra associated with the relation. Various examples of relations,
including some that are not locally homeomorphic with the base space, and

their resulting C*-algebras are considered.
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C*-algebras associated with topological relations

In [13] Pimsner associated a remarkable C*-algebra with a Hilbert bimodule in a manner gen-
eralizing the construction, going back to Dixmier and Roberts, of the Cuntz C*-algebras as C*-
algebras generated by a Hilbert space of isometries. Pimsner showed this C*-algebra possesses
universal mapping properties determined by the bimodule structure, with various bimodule struc-
tures giving rise to different known families of universal C*-algebras. For example, the universal
C*-algebra associated with an automorphism acting on a C*-algebra, as well as the Cuntz, and
Cuntz-Krieger algebras, arise from this unifying viewpoint. In this paper we describe a method to
associate a certain Hilbert bimodule with a closed relation on a locally compact topological space.
The Cuntz-Pimsner C*-algebra of this bimodule then yields a C*-algebra for such a relation. The
notion of a relation encompasses homeomorphisms and continuous proper self-mappings of a locally
compact Hausdorff space, as well as their inverse relations. Since there is an interplay involving
the structure of C*-algebras associated with homeomorphisms and surjections of topological spaces
and dynamical properties of these maps, the C*-algebras of relations described here should provide
an interesting class of algebras whose structure reflects the dynamical aspects of relations.

The second section describes examples of bimodules and resultant C*-algebras for specific rela-
tions. Some examples of relations not locally homeomorphic to the base space are also considered.
The case of a closed relation coming from a continuous map is considered first, followed by relations
on discrete spaces. The full relation on a compact space is also considered, and in the case of the
torus for example, one obtains a classifiable unital Kirchberg algebra. In Example (d) we consider
the relation which is the inverse of the a- fold covering map of the torus. There we find a natural
way in which the C*-algebra of this relation is a particular limit of Cuntz algebras resulting in one
of the solenoidal algebras considered in [1]. In the last example a simple branched covering over
the compact one-torus is considered, yielding an algebra with generating relations akin to basic
trigonometric identities. Although a general groupoid approach as in [7] should be within reach to
arrive at some of the conclusions presented here, the explicit structure of these algebras should also
be of independent interest.

The following description of a bimodule associated with a relation was partially motivated by
the Hilbert bimodules of a directed graph [8, 3]. Indeed, the case of relations on discrete topological
spaces reduces to the Cuntz, or graph C*-algebra situation so the C*-algebras considered here may
be viewed as C*-algebras of continuous graphs. Various approaches to this have been considered
by others; cf. [6], [7]. Also, at the 2002 Satellite ICM Conference where the results contained below
were reported, I received the preprint [ 9]. The bimodules considered below are a generalization
of the ‘continuous diagrams’ considered in [17]. They are also specific examples of the topological
quivers briefly described in [15]. Higher multiplicity topological relations will be examined in
subsequent papers.

Notation: If V is a subset of a topological space X, V is the closure of V , and X \V or V c is
the complement of V . For α a relation, Dom(α) = { x | (x, y) ∈ α for some y ∈ Y }. For h a
continuous function, or υ a regular Borel measure on a locally compact space, supp(h) or supp(υ)
will denote the support of h or υ. The domain and range of h are dom(h) and ran(h) respectively.
For the product space X×Y let π1 : X×Y → X and π2 : X×Y → Y be the natural projection
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maps. For X a locally compact space, C0(X) is the C*-algebra of continuous functions vanishing
at infinity on X, while Cb(X) and Cc(X) are respectively the bounded continuous functions and
the continuous functions with compact support. The space X∞ is the one-point compactification
of X, and M(X )+ denotes the positive regular Borel measures on X. We use the w*-topology on
M(X )+, noting that M(X ) ∼= Cc(X)* where Cc(X) carries the inductive limit topology. For τ :
Y → Z a map of spaces, τ# denotes the dual map Map(Y,C)←Map(Z,C) given by composition,
τ#(h) = h ◦ τ . If H is a Hilbert space, B(H) denotes the algebra of all bounded operators on H,
and for n ∈ N ,Mn denotes the n× n matrix algebra over C. For X a right Hilbert module over
a C*-algebra A, denote by L(X ), or by LA(X ) if A needs to be emphasized, the C*-algebra of
adjointable operators on X . If X is a bimodule over A then the left action of A on X is defined by
a *-homomorphism ϕ of A to L(X ). The ideal of ‘compact’ operators on X is denoted by K(X ),
and for a, b ∈ X , denote by Θa,b or Θ(a, b) the element of K(X ) that maps x ∈ X to a hb, xi .

Parts of this work were initiated while visiting the Wilhelms Universitaet, Muenster. I am
grateful to Prof. J. Cuntz for conversations regarding aspects of this work, and also to the group
there for their gracious hospitality.

1 The bimodule associated with a topological relation

For X, Y locally compact spaces a relation α is a subset of the locally compact Hausdorff space
X × Y . We shall consider certain closed relations here, namely, those subsets α of X × Y that
are closed, and equipped with the subspace topology. We describe a Hilbert bimodule structure
starting with Cc(α), namely Cc(α) has a right pre-Hilbert module structure over the C*-algebra
C0(X), and C0(Y ) acts on the left as adjointable operators on the completion of Cc(α). Since
continuous maps from X to Y , say for X and Y compact, may be described as *-homomorphisms
from the C*-algebras C(Y ) to C(X), we broaden the situation and consider positive linear maps r
from C0(Y ) to C0(X) for Y , Y locally compact. This is equivalent to considering maps µ: X →
C0(Y )* that are continuous in the w*-topology, that vanish at infinity — so µx → 0 w* for x
→ ∞ — , and are positive. The positive elements of C0(Y )* correspond to finite, positive, regular
Borel measures on Y . Starting with such a map µ we can define a relation α on X× Y by setting
α(x) = { y ∈ Y | (x, y) ∈ α } equal to the closed subset supp(µx) of Y . This is not enough to ensure
that the subset α is itself closed, but we only consider such closed relations here.

For X, Y locally compact Hausdorff spaces we briefly describe the correspondence between
positive linear maps r: C0(Y ) → C0(X ) and positive continuous maps µ ∈ C0(X,C0(Y )*),
where C0(Y )* is given the w*-topology. Since these are abelian C* -algebras, the positive linear
map r must be continuous, and on using self adjoint approximate units for C*-algebras it follows
that r is also a *-map. The dual map r *: C0 (X )* → C0(Y )* is continuous with respect to
the w*-topology, and since the map X → C0(X )* given by x → δx where δx(f) = f(x) is a
continuous map we obtain a w*- continuous, uniformly bounded map µ :X → C0(Y )* with image
in the positive cone of C0(Y )* satisfying µx → 0 w* as x → ∞. Conversely, given such a map µ
define r by r (f )x = µx(f) for f ∈ C0(Y ) and x ∈ X. This yields a positive linear map r with
image in C0(X ).

We further broaden our setting here by considering positive w*-continuous maps µ : X →
M(Y )+ to construct our bimodules, so that µx is not required to be a finite measure.
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Lemma 1.1 Let α ⊆ X × Y be closed with X, Y locally compact Hausdorff spaces . If f ∈ Cc(α)
and V is a given open set in X × Y containing supp(f) then there is a g ∈ Cc(X × Y ) with g|α =
f and supp(g) ⊆ V. If f is positive then g may be chosen with kgk∞ = kfk∞ .

Proof. Set supp(f ) = K, a compact subset of α, so also compact and therefore closed in X×Y .
Choose a real valued function h in Cc(X × Y ) with 0 ≤ h ≤ 1, h|K = 1, supp(h) ⊂ V with V an
open neighbourhood of K with compact closure. Since V is compact and Hausdorff it is normal,
and the Tietze extension theorem yields a continuous function k : V → C that agrees with f on
the closed set V ∩ α. Define g = 0 on V c, and k · h |V − on V . Clearly supp(g) ⊆ supp(h |V −) =
supp(h) ⊂ V , so g has compact support. To conclude that g is continuous, note that k · h |V − is
zero on V ∩ V c = ∂V since h = 0 on V c.

It remains to show that g agrees with f on α. Write α as a disjoint union of the three sets α∩
K,α∩V ∩Kc, and α ∩V c. On the first set h = 1, and so f = k = h ·k = g since K ⊂ V ∩ α. Since
f is zero on Kc, we need to show g is also zero on the second and third sets. As noted, supp(g) ⊂
V , while on the second set k agrees with f which is zero there.

Proposition 1.2 Let µ : X → M(Y )+ be a positive w*-continuous map and α ⊆ X × Y a closed
relation with α(x) ⊇ supp(µx) for x ∈ X. For f ∈ Cc(α) let fx be the function on α(x) given by
fx(y) = f(x, y). There is a positive linear * map Ψ : Cc(α) → Cc(X) given by (Ψf )(x) = µx( fx),
x ∈ X.

Proof. Note that if α(x) is the empty set interpret µx(fx) as zero. Let g ∈ Cc(X × Y ) with
g|α = f and denote supp(g) = K, the closure of an open set in X × Y . Then since supp(µx) ⊆
α(x) and gx ∈ Cc(Y ) we have µx(gx) =

R
Y gxdµx =

R
α(x) gxdµx =

R
α(x) fxdµx = µx(fx) for x ∈

X. Since gx = 0 for x /∈ π1(K) and µx(fx) = µx(gx) we have {x| (Ψf )(x) 6= 0} ⊆ π1(K) and
Ψf has compact support. Let V be a neighbourhood of K with compact closure.

We show that Ψf is continuous. Since µ is w*-continuous and πX (V ) is compact, the set
{µx(h)|x ∈ πX (V )} is a bounded set for each h ∈ Cc(Y ). The principle of uniform boundedness
then implies that there is an M such that whenever supp(h) ⊆ πY (V ), |µx(h)| ≤ M khk∞ for
all x ∈ π1 (V ) (cf. [4] 12.3 p213 ). The map g is uniformly continuous on π1 (V )× π2 (V ). Thus
there is a uniform open cover U of π1 (V ) × π2 (V ) consisting of basic open rectangles formed
from uniform open covers of π1 (V ) and π2 (V ), and g differs on any element of U by at most
ε/M . Thus there is a cover of W of π1(K), each element of which is a subset of π1 (V ), so that
if x, ex belong to an element of W then |gx(y) − gex(y)| ≤ ε/M for y ∈ π2 (V ). This actually
holds for all y ∈ Y since for a ∈ X each ga is zero on π2 (K)c . Note that g is defined at these
points even though f need not be. Thus, given x in π1 (V ), there is an open set O containing x
and contained in π1 (V ) so that kgx − gexk∞ ¡ ε/M whenever ex ∈ O. By w*-continuity, there is
an open set U containing x such that |µx(gx ) − µex(gx )| ¡ ε whenever ex ∈ U . Noting that gx
and gex both have support in π2 (V ) we have for ex ∈ O ∩ U ⊂ π1 (V ) that |Ψ(f)(x) − Ψ(f)(ex)|
= |µx(gx ) − µex(gex )| ≤ ε + M kgx − gexk∞ ¡ 2ε. Since gx = 0 for x ∈ in π1 (K)

c the
claim follows.

With a positive w*-continuous map µ : X → M(Y )+ and a closed relation α ⊆ X × Y
satisfying α(x) ⊇ supp(µx) for x ∈ X we proceed to associate a Hilbert bimodule C(α) . First
define a right action of the C*-algebra C0(X) on Cc(α) by f ·h = f ((π1)#(h)) and a left action via
ϕ of the C*-algebra C0(Y ) on Cc(α) by ϕ(k)f = ((π2)#(k)) f where f ∈ Cc(α), h ∈ C0(X), k ∈
C0(Y ) and multiplication is in Cc(α).
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Proposition 1.3 For X, Y locally compact Hausdorff spaces, µ : X → M(Y )+ a positive w*-
continuous map, and α ⊆ X × Y a closed relation with α(x) ⊇ supp(µx) for x ∈ X, the map
Ψ:Cc(α) → Cc(X) is a conditional expectation. It is faithful if α(x) = supp(µx) for x ∈ X.

Proof. We see that Ψ(f)h = Ψ(f · h) for f ∈ Cc(α), h ∈ C0(X) since the function (f · h)x
defined on Y is the function h(x)fx in C0(Y ) and thus Ψ(f · h)(x) = µx((f · h)x) = µx(h(x)fx) =
h(x)µx(fx) = h(x)Ψ(f)(x) for each x ∈ X. If α(x) = supp(µx) for x ∈ X and f ∈ Cc(α) is positive
with Ψ(f) = 0 we have µx(fx) = 0, x ∈ X. Since µx(fx) ° 0 if fx(y) 6= 0 for some y ∈ supp(µx)
= α(x), we have f(x, y) = 0 for all y ∈ α(x), and f = 0.

If the conditional expectation Ψ is faithful we obtain an inner product C0(X) module structure
on Cc(α) by hf, gi = Ψ(f∗g) for f, g ∈ Cc(α). Completing Cc(α) in the induced norm kkα yields
a right Hilbert C0(X) module C(α) . We continue to denote the resulting positive linear *-map

of C(α) → C0(X) as Ψ . Note that kfk2α =
°°°Ψ(|f |2)°°°

∞
= supx∈X

¯̄̄
µx(|fx|2)

¯̄̄
, and since

(ϕ(k)f)x = kfx for k ∈ C0(Y ) and f ∈ Cc(α) we have that kϕ(k)fk2α ≤ kkk2∞supx∈X
¯̄̄
µx(|fx|2)

¯̄̄
=

kkk2∞ kfk2α . Thus the left action of C0(Y ) on Cc(α) extends by continuity to an action ϕ of C0(Y )
on C(α) . We denote Ψ by Ψµ and C(α) by Cµ(α) if there is a need to emphasise the dependence
on the map µ.

The *-subalgebra of Cc(α) consisting of functions with support contained in a given compact
subset K of α is closed in the sup norm, so is a C*-algebra contained in Cc(α). The restriction of
the positve linear map Ψ to this C*-algebra must therefore be continuous and Ψ : Cc(α) → Cc(X)
is a continuous map when Cc(α) carries the inductive limit topology, i.e., for K compact in α there
is a constant cK so that kfkα ≤ cK kfk∞ for all f ∈ Cc(α) with supp(f) ⊆ K. In particular the
inclusion of Cc(α) in C(α) is a continuous injection with dense range and so any dense (in the
inductive limit topology) subset of Cc(α) is also dense in C(α) .

Proposition 1.4 If X, Y are locally compact Hausdorff spaces with µ : X → M(Y )+ a positive
w*-continuous map, and α ⊆ X × Y a closed relation with α(x) = supp(µx) for x ∈ X, then C(α)
is an essential C0(Y ) - C0(X) Hilbert bimodule.

Proof. We first note that that the left action of C0(Y ) is by adjointable operators. Since
(k∗ · f)x = k∗fx it follows that the adjoint of left multiplication by k ∈ C0(Y ) is left multiplication
by k∗. To show that the left action ϕ of C0(Y ) is essential it is enough to see that ϕ(C0(Y ))C(α)
is dense in C(α) . For a given f ∈ Cc(Y ), choose g ∈ Cc(X × Y ) with g|α = f and k ∈Cc(Y ) with
0 ≤ k ≤ 1, k = 1 on π2 (supp(f)). Then clearly ϕ(k)f = f in Cc(α).

We may also consider the pre-Hilbert module Cc(α) over C0(X) as a module over C(X∞) , or
over the multiplier algebra C(βX) for example. The completion C(α) remains unchanged as does
the algebra L(C(α) ). Since Cc(α) is an ideal in Cb(α) the left action ϕ of C0(Y ) on Cc(α) defined
above may also be extended to an action of C(eY ) on Cc(α) where eY is any compactification of Y .

Given a relation α say that a map µ with the properties stated in Proposition 1.4 is associated
with α. The conditions on α and µ place some restrictions on the set α. For example, as remarked
in [17], we have that α cannot have “vertical” boundary segments.

Proposition 1.5 For X,Y locally compact Hausdorff spaces, µ : X → M(Y )+ a positive w*-
continuous map, and α ⊆ X ×Y a closed relation with α(x) = supp(µx) for x ∈ X, the restriction
of π1 to α is an open map.
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Proof. Suppose U = α ∩ (U1 × U2) with U1,U2 open in X, Y respectively and π1(U) is not
open in X. There is a net xη in U1 with limit x in π1(U) and xη /∈ π1(U). Clearly x ∈ U1 which is
open, so the xη are in U1. Since xη /∈ π1(U) we have α(xη)∩ U2 = φ, so supp(µx) ⊆ α(x) implies
that µxη(U2) = 0 for all η. Continuity of µ implies µx (U2) = 0 so that U2 ∩ α(x) = U2 ∩ supp(µx)
= φ. Thus (x × α(x)) ∩ (U1 × U2) = φ , contradicting the choice of x.

2 The C*-algebra associated with a topological relation

Given a closed relation α ⊆ X × Y with X, Y locally compact Hausdorff spaces we may form the
disjoint union X + Y and view α as a closed relation on a locally compact space X. Similarly, if
a positive map µ is associated with a closed relation we may extend µ to be a map defined on the
disjoint union, which is then associated with the relation defined on this disjoint union. Thus the
development in section 1 could have proceeded without loss of generality under the assumption that
X = Y , so that C(α) is a C0(X)- Hilbert bimodule. However it is sometimes helpful to distinguish
the domain and range spaces of a relation. The comments after Proposition 1.4 show that we can
also view C(α) as a Hilbert bimodule over C(X∞), or over C( eX) for some compactification eX of
X.

For a closed relation α and associated map µ define the C*-algebra of the relation α to be the
Cuntz -Pimsner C*-algebra ([13]) of the C0(X)- Hilbert bimodule C(α) . Denote this C*-algebra
by C*(α) - this is generated as a universal C*-algebra both by the linear space X and the algebra
A.

For a given Hilbert bimodule X over a C*-algebra A there are actually various Cuntz-Pimsner
C*-algebras that one can form. For example, for each ideal J0 contained in the ideal J = ϕ−1(K(X ))
of A there is a relative Cuntz-Pimsner C*-algebra eO(J0,X ) which is generated as a universal C*-
algebra by both X and the algebra A. One can also choose to form the unaugmented C*-algebra
O(J0,X ) which is generated by X alone. If ϕ is injective on the ideal J0 of J then the relative
Cuntz-Pimsner C*-algebra eO(J0,X ) is the unique C*-algebra satisfying the following universal
property: For T : X → B(H) a linear map and σ :A → B(H) a nondegenerate *-homomorphism
with

1. T (fa) = T (f)σ(a),

2. T (ϕ(a)f) = σ(a)T (f)

3. T ∗(f)T (g) = σ(hf, gi) for f, g ∈ X , a ∈ A
4. σ1(ϕ(a)) = σ(a) for a ∈ J0, where σ1 : K(X ) → B(H) is defined by σ1(f ⊗ g) = T (f)T (g)∗

there is a unique nondegenerate representation π : eO(J0,X ) → B(H) with π(qTf ) = T (f) for
f ∈ X and π(qϕ∞(a)) = σ(a) for a ∈ A. A pair (T,σ) satisfying the first two conditions above is
referred to as a covariant pair for the Hilbert bimodule X over A. Such a pair is called isometric
if it also satisfies condition 3 ([18]). Note that this condition implies kT (f)k ≤ kfkα . If, in
addition, the pair (T,σ) satisfies condition 4 say that the pair is an ideal, or a J0-ideal, isometric
covariant representation. The map q is determined by J0 and is the quotient map of the Toeplitz
C*-algebra associated with the bimodule X . This Toeplitz C*-algebra is generated by the creation
operators Tf and the diagonal action ϕ∞ of A on the Fock space over X . The representation π
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is denoted by T × σ and any representation of eO(J0,X ) arises in this manner. The unaugmented
C*-algebra O(J0,X ) is described in a similar fashion where A is replaced by the closed two-sided
*-ideal hX ,Xi of A, J0 by J0 ∩ hX ,Xi ,and the nondegenerate condition on σ is replaced with the
condition that image of T acts nondegenerately on H. If J0 is zero denote the algebras by eO(X )
or O(X ). The C*-algebra C*(α) is then eO(J ,X ).

We describe some examples of these relations with their associated diffusions µ.

Example (a) Let f : dom(f ) → X be a continuous map with α = graph(f) closed, where X is
a locally compact Hausdorff space and dom(f ) ⊆ X a subspace of X .

The next lemma gives examples of such maps f .

Lemma 2.1 If f :dom(f ) → X is continuous and proper with X locally compact Hausdorff and
dom(f ) ⊆ X then α = graph(f ) is closed in X ×X.

Proof. Assume that xη → x and f(xη) = yη → y for a net xη in dom(f ). If K is a compact
neighourhood of y, then f−1(K) is a compact neighourhood in dom(f ) containing xη for all η ≥
η0 some η0. Thus f

−1(K) must contain any accumulation point of these xη, of which there is at
least one. Since x is the only possible accumulation point we have x ∈ dom(f ). Thus f(x) = y by
continuity of f and so (x, y) ∈ graph(f ).

If f :dom(f ) → X is continuous with closed graph, with X locally compact Hausdorff and
dom(f ) open in X there is a continuous map µ : X → M(X)+ with supp(µ(x)) = f(x). For
example define µx to be δf(x) for x ∈ dom(f ) and the zero measure for x /∈ dom(f ). To see that
this map is continuous first note that δf(xη) → δf(x) in the w∗ topology if xη → x with x ∈ dom(f ),
since dom(f ) is open and xη ∈ dom(f ) eventually. For x /∈ dom(f ) we need to check that µ(xη)
→ 0 in M(X)+, or that k(f(xeη)) → 0 for k ∈ Cc(X) if xeη ∈ dom(f ) for a subnet of xη. However
if K is a compact subset of X then eventually all the points f(xeη) ∈ Kc since otherwise the f(xeη)
would have an accumulation point y in K and (x, y) ∈ α = α. Thus x ∈ dom(f), a contradiction.
Thus eventually k( f(xeη)) = 0 for k ∈ Cc(X). We therefore have a diffusion µ associated with the
map f, and since the elements µx are actually in C0(Y )

∗ we may view this map as a map µ : X
→ C0(Y )∗+. A slight variation of the continuity argument above shows that this map remains w∗

continuous. If dom(f ) = X this map is the unique µ satisfying the support condition along with
the condition that µx is bounded and of norm 1 for each x.

For f : dom(f ) → X a continuous map with closed graph defined on an open subset of a
locally compact space X, the locally compact space D = dom( f ) is homeomorphic to the locally
compact space α = graph(f ) via the map x → (x, f(x)), so the pre-Hilbert C0(X) bimodule
Cc(graph(f )) can be identified with the bimodule Cc(D) where the left and right actions are given
by ϕ(k)h = f#(k)h and h · g(x) = h(x)g(x) for k, g ∈ C0(X), h ∈ Cc(D), and x ∈ D. Here f#
is the *-homomorphism of C0(X) to Cb(D) given by f#(k)(x) = k(f(x)). Using the map µ : D
→ C0(X)∗+ associated with f , the inner product on Cc(D) is given by hh, gi (x) = h(x)g(x) for
x ∈ D. Under this identification the norm k kα on Cc(D) is just k k∞ , so the completed Hilbert
bimodule C(α) over C0(X) is C0(D).

Lemma 2.2 The kernel of the *-homomorphism ϕ : C0(X) → L(C0(D)) is C0(X \ f(D)). For U
open in X the map ϕ is injective on the ideal C0(U) if and only if U ⊆ f(X).
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Proof. For k ∈ C0(X), the restriction of k to f(D) is zero if and only if it is zero on f(D)
; in other words k is in the ideal C0(X \ f(D)). The second statement follows from C0(U) ∩
C0(X \f(D)) = C0(U ∩ (X \ f(D)) which is zero if and only if U ⊆ f(D).

Note that the maximal ideal of C0(X) on which ϕ is injective is C0(Int f(D)), which is zero if
and only if f(D) is nowhere dense in X, so when ker(ϕ) is an essential ideal of C0(X).

Lemma 2.3 If in addition f is a proper map then the ideal ϕ−1(K(C0(D))) is C0(X).

Proof. If A is a C*-algebra viewed as a Hilbert module over itself, the C*-algebra of compact
operators on A is isomorphic to A, with the operator corresponding to multiplication by an element
of A ([12]). Thus with A = C0(D), ϕ−1(K(C0(D))) = {k ∈ C0(X) | f#(k) ∈ C0(D)} . However, if
f is proper then f#: C0(X) → C0(D).

If f : dom( f ) → X is proper with X locally compact Hausdorff and dom(f ) open in X, so
that dom(f ) is also locally compact, then there is an extension of f to a continuous map F : X∞
→ X∞, so that F|dom(f ) = f . For example define F on X∞\ dom(f ) by mapping it to ∞ in
X∞. If U is open in X then F−1(U) = f−1(U) is open in dom(f ), so open in X, and thus also in
X∞. If U is open in X∞ and of the form Kc for some compact set K of Y , then F−1(U) = X∞\
F−1(K) = X∞\ f−1 (K) which is an open neighbourhood of ∞ in X∞ since f is proper. Thus F
is continuous, and this extension is continuous if and only if dom(f ) is open in X. The range of
the continuous map eµ : X∞ → C(X∞)∗+. associated with this map F can be altered by restricting
each eµx to the ideal C0(Y ), so eµ∞ = 0 for example. The map eµ : X∞ → C0(X)∗+ then becomes
an extension of the map µ : X → C0(X)∗+ associated with f. Thus we may instead focus attention
on base point preserving continuous maps g :X∞ → X∞ defined on the one point compactification
of a locally compact Hausdorff space X. The original proper map f is then the restriction of g to
a domain which is an open subset of X and with range in X. Of course, if X is actually compact
and dom( f ) = X then we need not restrict ourselves to base point preserving maps.

We now restrict attention to a proper map f, and let F:X∞ → X∞ be an extension of f as
above. The bimodule X = C(X∞) and A = C(X∞). Let J0 be the ideal C0(Int(F(X∞))) of C(X∞)
= ϕ−1(K(X )), the maximal ideal of A on which ϕ is injective. Note that ϕ is injective on A if and
only if F is surjective, so in this case we take J0 to be A. If (T,σ) is a covariant pair for the bimodule
then condition 3 states that T (k) = T (1)σ(k) is an isometry for every unitary k ∈ A, where 1 is the
constant function with value 1 on X∞. Condition 2 may be restated as T σ(F#(h)) = σ(h) T for h
∈ A, where T denotes the isometry T (1). Condition 2 is also equivalent to the condition that T∗σ(h)
T= σ(F#(h)) and TT∗σ(h) T= σ (h) T for h ∈ A. For condition 4 note that if l ∈ J0 then ϕ(l)
is the compact operator ΘF#(l),1 on X. Thus σ

1(ϕ(l)) = T (F#(l))T (1)∗ = σ(l)TT∗ by condition
2, so condition 4 states that σ(l) = σ(l)TT∗ for l ∈ J0. We also have that σ(l) = TT∗σ(l) for
l ∈ J0 since the right hand side is equal to Tσ(F#l)T∗ = T (F#(l))T∗ = σ(l)TT∗. In general if P
is a projection in a C*-algebra containing an abelian C*-algebra A then {x ∈ A |xP = Px = x} is
an ideal of A determined by P. Condition 4 thus states that the ideal of C(X∞) determined by the
projection TT∗ contains the ideal J0. The relative Cuntz-Pimsner C*-algebra eO(J0,X ) is then the
universal C* -algebra generated by A = C(X∞) and an isometry T with TF#(h) = h T for h ∈ A
and TT∗ h (or h TT∗ ) = h for h ∈ J0. If F is a surjective map of X∞ then J0 is all of A and the
C*-algebra eO(J0,X ) is the universal C*-algebra generated by C(X∞) and a unitary U with U∗h
U = F#(h) for h ∈ C(X∞). This algebra is C(ZF ) ×σF Z where ZF is the compact inverse limit
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space {(xn) ∈
Q
NX∞ | xn = F(xn+1), n ≥ 0} and σF is the homeomorphism of ZF given by the

shift to the left ( lemma 12 of [14], [19]).

Example (b) Let E = (E0, E1, r, s) be a directed graph where the edge set E1, and the
vertex set E0 are countable and r, s are the range and source maps of E1 to E0. There are various
graph C*-algebras one can associate with these graphs (see for example [10] , [8], [2 ] and the
references therein) with the Cuntz algebras On and Cuntz-Krieger algebras OA arising as special
cases when E0 is a finite set. Given such a graph which is multiplicity free define a closed relation
α on E0 by (v,w) ∈ α if and only if there is an edge e ∈ E1 with r(e) = v and s(e) = w. Then
α may be identified with E1, and Cc(α) = Cc(E1) is a pre-Hilbert bimodule over A = C0(E0)
where the diffusion µ : E0 → M(E0)+ is given by µv = counting measure on the discrete set
α(v) =

©
w ∈ E0| (v, w) ∈ α

ª ∼= ©
e ∈ E1| r(e) = vª and the right and left actions of A on Cc(E1)

take the form given by f · h = f r#(h) and ϕ(h)f = s#(h)f for h ∈ A. This is the same bimodule
treated in [3] where it is shown, slightly extending results of [8] to the case where E has sinks, that
for a suitable ideal J0 the relative Cuntz-Pimsner algebra eO(J0,X ) is the graph C*-algebra C*(E)
considered in [8]. In [3] it is shown that the unaugmented Cuntz-Pimsner algebra O(J0,X ) is the
graph C*-algebra G∗(E) considered in [2]. Since the C*-algebra G∗(E) of an arbitrary graph E that
is not multiplicity free can be described in terms of a multiplicity free graph ([2]) we can obtain all
the algebras G∗(E) in this manner.

Example (c) Consider the full relation α = X × Xwhere X is a compact topological Hausdorff
space with a countable base, so that A = C(X) is separable. Let µ be a normalized regular
Borel measure on X and assume that it has no atomic part. If µx = µ for all x ∈ X then the
pre-Hilbert C(X)- module Cc(α) is C(X × X) u C(X)⊗C(X) with inner product on simple
tensors given by hg1 ⊗ h1, g2 ⊗ h2iA = g1g2 hh1, h2i , where h, i denotes the inner product in the
Hilbert space L2(X,µ). The right action of A on simple tensors is given by (g ⊗ h)l = gl ⊗ h
for l ∈ A. If we view A as a Hilbert module over itself in the usual way then the completion
X of the above pre-Hilbert module is just the exterior tensor product ([12]) A⊗L2(X,µ) of the
Hilbert A-module A with the Hilbert C-module L2(X,µ). The left action ϕ of A on simple tensors
is described by ϕ(l)(g ⊗ h) = g ⊗ lh, (l ∈ A). Since the C*-algebra of compact operators on X
is isomorphic to A⊗K(L2(X,µ) ([12]), and since the conditions on X ensure that the range of
the multiplication representation M:C(X) → B(L2(X,µ)) has zero intersection with the compact
operators on L2(X,µ), we conclude that ϕ−1(K(X ))= 0. Thus condition 4 describing the relative
Cuntz-Pimsner C*-algebras plays no role here and the algebra can basically be described as a
Toeplitz type Pimsner C*-algebra. For (T ,σ) a covariant representation of X on a Hilbert space
H, condition 3 becomes T ∗(g1 ⊗ h1)T (g2 ⊗ h2) = g1g2 hh1, h2i on simple tensors. If (T,σ) is an
isometric covariant representation of C(α) = A⊗ L2(X,µ), the restriction eT of T to the infinite
dimensional Hilbert space L2(X,µ) is then a linear map of this Hilbert space into B(H), yielding
a representation, and so a unital injection, of the Cuntz algebra O∞ in B(H). For U a unitary in
A, multiplying eT on the left by the element σ(U) in B(H) is equal to the quasifree automorphism
of O∞ described by the mapeT◦MU of L2(X,µ) to B(H). Conversely, given an isometric linear mapeT of L2(X,µ) in B(H) and a unital representation σ of A in B(H) satisfying σ(a)eT = eT◦ Ma then
one obtains an isometric covariant representation (T,σ) of C(α) by setting T (g ⊗ h) = eT (h)σ(g)
on simple tensors g ⊗ h in C(X)⊗C(X).

If we set X = T and µ to be Haar measure then some of the structure involving the quasifree
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automorphisms simplifies. This is also the case for X a compact abelian group with diffuse Haar
measure. Let {χn | n ∈ Z} be the character group of T. We have for the unitary U of A defined by
the generating character χ1 on T, that U eT (χn) = eT (MU (χn)) = eT (χn+1) for n ∈ Z. Thus O(X )
is the universal C*-algebra generated by a family {Tn | n ∈ Z}of isometries with orthogonal ranges
and a unitary U with UTn = Tn+1. Equivalently, it is the C*-algebra generated by an isometry T
and a unitary U with T ∗UnT = 0 for n ¢ 0.

Theorem 2.4 The C*-algebra O(X ) is isomorphic to the crossed product of O∞ by an automor-
phism σ.

Proof. The Cuntz algebra O∞ is isomorphic to the C*-algebra generated by a family of
isometries {Sn | n ∈ Z} with orthogonal range projections. Define an automorphism of O∞ by
σ(Sn) = Sn+1 for all n. Since {U nTU −n | n ∈ Z} are isometries in O(X ) with orthogonal ranges
there is a *-homomorphism ϕ : O∞ → O(X ) mapping Sn to U nTU −n. By the universal property
of a crossed product there is a *-homomorphism θ : O∞ ×σ Z → O(X ) with θ(Sn) = U nTU −n

which is clearly surjective. The universal property of O(X ) implies that there is a *-homomorphism
η : O(X )→ O∞×σ Z mapping U to the unitary V in O∞×σ Z implementing σ, and T to S0. Since
η ◦ θ(V ) = V and η ◦ θ(Sn) = η(UnTU−n) = σn(S0) = Sn we have that η ◦ θ = I on O∞×σ Z, so θ
is injective and thus a *-isomorphism.

Proposition 2.5 Let {Sn | n ∈ Z} be isometries with orthogonal range projections generating the
Cuntz algebra O∞. The automorphism of O∞ defined by σ(Sn) = Sn+1 for n ∈ Z is outer.

Proof. Suppose U is a unitary in O∞ with USnU∗ = Sn+1 for n ∈ Z. Then UpnU =
USnS

∗
nU

∗ = Sn+1Sn+1 = pn+1 where pn is the range projection of Sn. Set Wk equal to the set
of k− tuples of elements from Z and W = (∪k¢ 0Wk) ∪ {φ} . For µ = (l1, ..., lk) ∈Wk let π(µ) = l1,
set Sµ = Sl1 ...Slk , and define Sφ = I. Since any nonzero word in Sk and S

∗
k is of the form SµS

∗
ν for

some unique µ, ν ∈W ([5]) there is a finite linear combination of words, x =
P
i∈J αiSµiS

∗
νi , with

kU − xk ¡ ². In particular kUaU∗ − xax∗k ¡ ²(2+ ²) for a in the unit ball of O∞. Since the partial
isometry S∗ν has initial space contained in pl where l = π(ν) and ν 6= φ, we have that S∗νpk is equal
to 0 if k 6= π(ν), pk if ν = φ, and S∗ν if k = π(ν). By taking adjoints pkSµ is 0 if k 6= π(µ), Sµ if
k = π(µ), and pk if µ = φ. Choose r ∈ N with both r and r+1 not in the finite subset F of Z where
F = ∪i∈J {π(µi) ∪ π(νi)} . Then xprx∗ =

Pn
αiαjSµiprS

∗
µj
| i, j ∈ J such that νi = φ, νj = φ

o
.

Since SµiSνj is a partial isometry from a subspace of pk into pl where k = π(µj) and l = π(µi) ∈
F, we have that the range of xprx∗ is perpendicular to the range of UprU∗ = pr+1 in any represen-
tation of O∞ on a Hilbert space. Thus kUprU∗ − xprx∗k ≥ 1, contradicting the choice of x to be
within ² of U.

Corollary 2.6 The C*-algebra of the relation T× T , O(X ), is a classifiable unital Kirchberg
algebra with K0(O(X )) and K1(O(X )) both isomorphic to Z.

Proof. Since the automorphism σ is outer by the previous proposition, and O∞ is a Kirchberg
algebra satisfying the UCT, so is the crossed product algebra O∞×σZ ( see Prop. 4.3.2 and other
results in [16] for example ). Since K1(O∞) is 0, K0(O∞) is Z , and the induced map σ∗ is the
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identity on K0(O∞) the Pimsner-Voiculescu six term exact sequence yields the stated K-groups of
O(X ).

Note that the K-groups of O(X ) also follow from [13] where it is shown that the Toeplitz algebra
is K-equivalent to A, which in this example is C(T) . We point out that the bimodule considered

here is an example of the bimodule discussed in [11] where the conclusions of the last Corollary are
drawn in a general context.

Example (d) Consider the closed relations on X = Td arising in connection with the solenoidal
C*-algebras of [1]. Let α be the connected component of the identity in

©
(x, y) ∈ Td×Td | ay = Fxª

where a ∈ N with a > 1, and F ∈ md(Z) has nonzero determinant (with T considered as an additive
group). For our present purposes we only illustrate the situation with the special case d = 1 and
F = I. We will later consider elsewhere the more general situation which can be obtained by
tensoring bimodules from Example (a) above with this situation. The situation considered here is
also a special case of a relation obtained as the inverse of a covering map c : T → T, c(t) = at.
The C*-algebra considered here is also an example of a continuous graph C*-algebra defined in [6]
and in more general form in [7]. Thus let α = {(x, y) ∈ T× T |x = ay} . For x ∈ T, the subset
α(x) is a finite discrete set, and if µx is normalized counting measure on α(x) we obtain a positive
ω∗−continuous map µ : T → C(T)* where µt(f) = a−1

Pa−1
k=0 {f(tk) | atk = t} for f ∈ C(T) .

The subset α is homeomorphic with T via the parametrization h : t → (at, t) for t ∈ T : this is
true in the general case if (a,det(F )) = 1. Thus we may identify Cc(α) with C(T) and the right
action of A = C(T) on C(T) is given by (fh)(t) = f(t)h(at) while the left action ϕ is given by

ϕ(h)f(t) = h(t)f(t) for f ∈ C(T) and h ∈ A. For f ∈ C(T) the norm kfk2α =
°°°Ψ(|f |2)°°°

∞
=

supt∈T a−1
Pa−1

k=0

n
|f |2 (tk) | atk = t

o
≤ kfk2∞ , so for {χn | n ∈ Z} the character group of T, it

follows that Span {χn | n ∈ Z} is a dense subspace of the Hilbert bimodule X = C(α) , the
completion of C(T) in the kkα norm. Letting U ∈ A denote the unitary element U(t) = t, (t ∈ T ) of
A, the actions of A on C(T) are described by χnU = χn+a and ϕ(U)χn = χn+1, n ∈ Z.Writing t ∈ T
as e2πir we have that the conditional expectation satisfies Ψ (χn) (t) = a

−1Pa−1
k=0 χn

¡
e2πi(r+k)/a)

¢
=

a−1e2πinr/a
Pa−1

k=0 e
2πikn/a = Un/a(t) if n ∈ aZ and zero otherwise. Thus the element Θ(χn,χ∗k) of

K(X ) applied to χl is equal to χnψ(χl−k), which is zero unless l − k ∈ aZ in which case it is
χnU

(l−k)/a = χn+l−k. It follows that for any n ∈ Z, all but one of the terms in the following
sum is zero and

Pa−1
k=0Θ(χn+k,χ

∗
n+k)(χl) = χl. Therefore the identity operator on X is equal toPa−1

k=0Θ(χk,χ
∗
k) ∈ K(X ) and the ideal J = ϕ−1(K(X ) is all of A. The map ϕ defining the left

action is clearly injective on J .

If ( T, σ) is an ideal isometric covariant representation of the bimodule C(α) on a Hilbert space
H it satisfies the conditions

1. Tnσ(U) = Tn+a

2. σ(Uk)Tn = Tn+k

3. T ∗nTm = σ(U (m−n)/a) if m− n ∈ aZ , and 0 otherwise
4.
Pa−1

k=0 TkT
∗
k = IH
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for k, n ∈ Z , where Tn =T(χn). Note that the third and fourth conditions imply that for each
n ∈ Z the elements ©Tn, Tn+1, ...Tn+(a−1)ª are isometries defining a representation of the Cuntz
algebra Oa. Setting T to be the isometry T0 we see that condition 2) allows one to define Tn as
σ(Un)T for n ∈ Z , while condition1) is then equivalent to σ(Ua)T = Tσ(U). It follows that
T ∗nTm = T ∗σ(Um−n)T which by condition 1) is T ∗Tσ(U (m−n)/a) = σ(U (m−n)/a) if m − n ∈ aZ ,
and 0 otherwise since condition 4) implies that the range projections of the Tk , k = 0,...,a−1, are
orthogonal. Thus conditions 3) and 4) may be replaced with the stipulation that T is an isometry
with

Pa−1
k=0 U

kTT ∗U−k = IH.
Conversely, if T is an isometry and V a unitary on a Hilbert space H with V aT = TV andPa−1
k=0 V

kTT ∗V −k = IH then this gives rise to an isometric covariant representation (T, σ) of C(α)
on H by setting T(χn) = V

nT and σ(U) = V for n ∈ Z. Note that by condition 3) the linear map
T may be extended to C(α) by continuity from the dense subalgebra Span {χn | n ∈ Z} .
Theorem 2.7 For a ∈ N, a > 1, the C*-algebra C*(α) = eO(A,C(α)) of the relation
α = {(x, y) ∈ T× T | ay = x} is the universal C*-algebra generated by an isometry T and a unitary
U with UaT = TU and

Pa−1
k=0 U

kTT ∗U−k = I.

Lemma 2.8 Let U be a unitary and T an isometry in a C*-algebra satisfying the conditions of
Theorem 2.7. Then any word in U,U∗, T, and T ∗may be expressed in the form UgT bT ∗cU−h where
b, c ∈ N and g, h ∈ Z. Furthermore h may be chosen with 0 ≤ h < ac.

Proof. First note that multiplying UaT = TU on the left by U−a and by U −1on the right
implies U−aT = TU−1, from which it follows that T cU b = U ba

c
T c for b ∈ Z, c ∈ N. In particular

any power of U to the right of a positive power of T may be moved to the left of this power of T.
Similarly,by taking adjoints, any power of U to the left of a positive power of T ∗ may be moved
to the right of this power of T ∗. The sum condition implies orthogonality conditions on the range
projections of the isometries UkT , so that T ∗U bT is zero if b /∈ aZ, otherwise it = Uk for b = ak.
Thus T ∗cU bT c = Uk if b = ack, and zero if b /∈ acZ. It follows , for c, d ∈ N and b ∈ Z, that

T ∗cU bT d =


UkT d−c

T ∗(c−d)Uk
if c = c ∧ d and b = ack some k,
if d = c ∧ d and b = adk some k,

0 otherwise.

Applying this identity to the inner three terms formed from the product of two terms of the
stated form UgT bT ∗cU −h again yields a term of the stated form, after possibly moving U terms
to the right or left of powers of T or T ∗. Since any word in U,U∗, T, and T ∗ may be viewed as
a product of terms of the standard form this finishes the initial claim. Writing h = ack + r with
0 ≤ r ¯ ac and noting that T ∗cU−ack = U−kT ∗c shows the final claim.

Proposition 2.9 For each n ∈ N, An = Span
©
UgTnT ∗nU∗h | g, h ∈ Zª is a unital *-subalgebra

of C*(α) with An ⊂ An+1.
Proof. The product (UgTnT ∗nU∗h)(UrTnT ∗nU∗s) = UgTn(T ∗nUr−hTh)T ∗nU∗s, and since

T ∗nUr−hTn = Uk if r − h = ank for some k ∈ Z, and otherwise is zero, the product, if not
zero must be = UgUa

nkTnT ∗nU∗s which is an element of An. The element UgTnT ∗nU∗h =
UgTn(

Pa−1
k=0 U

kTT ∗U∗k)T ∗nU∗h =
Pa−1

k=0 U
g+kanTn+1T ∗(n+1)U∗(h+kan) ∈ An+1, so An ⊂ An+1.

Since I ∈ A0, the algebras An are unital.
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Lemma 2.10 Let p0, ..., pb−1 be projections in B(H) with sum I, and W a unitary in B(H) with
ad(W )(pk) = pσ(k) for σ a cyclic permutation of order b. Then spec(W ) contains the b -th roots of
unity.

Proof. Let D be the C*-algebra generated by W and {pk | k = 0, ..., b− 1} . Defining e0,k =
p0W

∗k for k = 0, ..., b − 1 the elements ej,k = (e0,j)
∗e0,k form a system of matrix units for (a

representation of )Mb in B(H). The elementW b lies in the commutant of D, so is in the commutant
ofMb. Since W =

Pb−1
k=0Wekk =

Pb−2
k=0 ek+1,k +W

beo,b−1 it follows that C*(W b)⊗Mb
∼= D, with

the element (W b)n ⊗ ej,k of C*(W b) ⊗Mb corresponding to W j+bnp0W
∗k for n ∈ N. If π is the

quotient *-homomorphism of D toMn defined via a quotient map of C*(W b) to C, then spec(W )
⊇ spec(π(W )) where π(W ) is the unitary Pb−2

k=0 ek+1,k + e0,b−1 which has spectrum equal to the
bth roots of unity.

For 0 ≤ i, j ≤ an − 1 the elements Eni,j = (U iTn)(U jTn)∗ are a system of matrix units forMan

in An. The unitary Uan satisfies UanTn = TnU so it commutes with the elements Eni,j .

Proposition 2.11 Let C*(α) be the universal C*-algebra generated by an isometry T and a uni-
tary U with UaT = TU and

Pa−1
k=0 U

kTT ∗U−k = I. We have that spec(U) = T and the subalgebra
An ∼= C(T) ⊗Man .

Proof. Applying Lemma 2.10 to the unitary W = U and the projections pk = Enk,k where
b = an we conclude that spec(U) contains the an -th roots of unity. As n is arbitrary, spec(U) = T.
Proposition 2.9 and part of Lemma 2.8 imply that the C*-subalgebra An is isomorphic to the
C*-algebra generated by U and the projections pk. The argument in Lemma 2.10 thus shows An
isomorphic to C*(Ua

n
)⊗Man

∼= C(T) ⊗Man .

The proof of Proposition 2.9 shows that the matrix unit Eni,j in An is identified with the elementPa−1
k=0E

n+1
i+kan,j+kan of An+1. This is just the inclusion of Man into Man+1 which maps a matrix

A to the block diagonal matrix in Man+1 with A repeated a times down the diagonal. Also, for
each n ∈ N, we have that the unitary U ∈ An, where U is viewed as the element

Pan−2
k=0 E

n
k+1,n +

Ua
n
En0,an−1. Comparing this element of An with with the corresponding element of An+1 and using

the isomorphism of An with C(T) ⊗Man shows that the inclusion maps of An in An+1 are maps
which allow one to identify the closure of the *-subalgebra ∪n≥0An of C*(α) as the Bunce-Deddens
algebraB = B({an}), a simple, unital, nuclear, separable C*-algebra with a unique faithful trace
([5]). It is also clearly in the UCT class and an AH-algebra of bounded dimension growth, so it is
approximately divisible ([16], pg 48).

Theorem 2.12 The C*-algebra C*(α) is isomorphic to the semidirect product C*-algebra B×ρN
where B is the Bunce-Deddens algebra B({an}) and ρ is a corner endomorphism scaling the
unique trace on B. It is a classifiable unital Kirchberg algebra with both K-groups K0(C*(α) )
and K1(C*(α) ) isomorphic to Z/(a− 1)Z.

Proof. The isometry T in C*(α) defines a corner *-endomorphism ρ(x) = TxT ∗ for x ∈ B.
The trace τ on B restricts to the usual normalized trace τn on An ∼=Man(C(T) ), so τ(Enk,k) =

τn(E
n
k,k) = a

−n while τ ◦ ρ(Enk,k) = τn+1(E
n+1
ak,ak) = a

−(n+1) and ρ scales the trace by a−1. Lemma
2.8 and the comments above imply that C*(α) is generated as a C*-algebra by the isometry
T and the C*-subalgebra B, so there is a surjection of B ×ρ N onto C*(α) which must be an
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isomorphism since B ×ρ N is simple ([16]). We also have that B ×ρ N is a unital, purely infinite,
separable, nuclear, and in the UCT class, so a classifiable Kirchberg algebra ([16]).

The Pimsner Voiculescu six term exact sequence may be used to compute the K-groups as in
the manner for the Cuntz algebras (cf. [16]). Using that K0(B ) ∼= Z[a−1] and K1(B )∼= Z we
obtain the following exact sequence of abelian groups:

Z[a−1] I−K0(ρ)→ Z[a−1] → K0(C*(α) )
↑ ↓

K1(C*(α) ) ← Z ←
I−K1(ρ)

Z

Since ρ scales the trace by a−1 it follows that the first horizontal map is the injection (a− 1) /a
, so the left hand vertical map is 0. If p0 is the projection ρ(I) then p0 = E10,0 and ρ(U) =

ρ(I)ρ(U)ρ(I) = p0TUT
∗p0 = p0Uap0 = p0M ap0 where M is the matrix

Pa−2
k=0E

1
k+1,n + U

aE10,a−1
in A1 or the element

Pa−2
k=0 ek+1,k+Ueo,a−1 of C(T) ⊗Ma. It follows from this that the lower right

horizontal arrow is the injection 1 − a on Z, and so the right vertical map is also 0. Exactness
yields the stated K-groups.

For V a unitary in a unital C*-algebra A and β a unital ∗-endomorphism, β(V ) is a unitary in A.
If π is a representation of A in B(H) and {Sk | k = 0, ..., b− 1} are isometries in B(H) determining
a representation of the Cuntz algebra Ob then ψ(x) =

Pb−1
k=0 SkxS

∗
k is a unital ∗-endomorphism

of B(H). By definition (π, {Sk}b−1k=0) is a covariant representation of (A,β) in the sense of Stacey
([19]) if π ◦ β = ψ ◦ π . We note that this is the case if and only if π(β(V ))Sl = Slπ(V ) for each
unitary V ∈ A and each l = 0, ..., b− 1. For if π(β(V )) = ψ(π(V )) then π(β(V ))Sl = ψ(π(V ))Sl =Pb−1

k=0 Skπ(V )S
∗
kSl =

Pb−1
k=0 Skπ(V )δk,lI = Slπ(V ) for each l and unitary V. Conversely we have

ψ(π(V )) =
Pb−1

k=0 Skπ(V )S
∗
k =

Pb−1
k=0 π(β(V ))SkS

∗
k = π(β(V ))

Pb−1
k=0 SkS

∗
k = π(β(V )) for each

unitary V ∈ A, so π ◦ β = ψ ◦ π.
Now consider A = C(T) and the unital ∗-endomorphism β of A dual to the map t → at on T

(written additively). In the C*-algebra C*(α) the isometries Sk = UkT for k = 0, ..., a− 1, and
the unitary U satisfy UaSk = SkU , so β(U)Sk = SkU for each k. By the preceding discussion,
since U generates the C*-algebra C(T) , there is a representation of the (Stacey) crossed product
algebra C(T) ×aβN with image all of C*(α) . Thus C*(α) is a simple quotient of C(T) ×aβN.
Since there are covariant representations (π, {Sk}a−1k=0) of (C(T) ,β) that do not satisfy the relations
in Theorem 2.7 — for example the unitary V = I satisfies V aSk = SkV for each k — C*(α) must
be a proper quotient algebra.

Example (e) Consider an elementary closed relation on the compact space X = T which
is not locally homeomorphic with X, namely α =

©
(x, y) | x ∈ T and y = x or x−1

ª
. Here view

T multiplicatively as the unit circle on the complex plane. The relation α provides an example
of a branched covering ([7]) via the map π1 : α → T with branch sets S = {(1, 1), (−1,−1)}
and S0 = {1,−1} , however this is not a covering of a space by itself, so the approach considered
in [7] associating a C*-algebra to a branched covering does not immediately apply here. If µx is
normalized counting measure on α(x) =

©
x, x−1

ª
for x /∈ {1,−1} then one must have that µ1 = δ1

and µ−1 = δ−1 if µ : T→M(T)+ is to be ω∗−continuous. A continuous function F on α may
equivalently be viewed as a pair (f, g) of continuous functions on T where f(t) = F (t, t) and
g(t) = F (t, t−1), so that the space C(α) may be identified with the subspace {(f, g) | f − g ∈ B} of
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C(T) ⊕ C(T) where B is the ideal of functions in C(T) vanishing at {1,−1} . The right action of
C(T) on C(α) may then be written as (f, g) ·h = (fh, gh), while the (clearly injective) left action ϕ
of C(T) on C(α) becomes ϕ(h)(f, g) = (hf, γ#(h)g) where γ is the map t→ t−1 on T and h ∈ C(T)
. Under this identification the conditional expectation Ψ :C(α)→ C(T) is Ψ(f, g) = 1

2(f + g), and

the norm on C(α) is k(f, g)k2α = 1
2

°°°|f |2 + |g|2°°°
∞
. We have that kfk2 ∨ kgk2 ≤ 2 k(f, g)k2α and

k(f, g)kα ≤ kfk∞ ∨ kgk∞ . Thus the norm on C(α) is equivalent to the l∞ norm on C(T) ⊕ C(T)
and so the space C(α) is complete and forms a Hilbert bimodule over A = C(T) .

Theorem 2.13 The ideal ϕ−1(K(C(α) )) of C(T) is B =
©
h | h |{1,−1}= 0

ª
.

Proof. If ϕ(l) ∈ K(C(α) ) there is a sequence Kn with k(ϕ(l)−Kn)Hkα → 0 as n → ∞
uniformly on the unit ball {H | kHkα ≤ 1} of C(α) , where each Kn is a finite sum

P
Θ(Fi,Gi).

WritingH as (h1, h2), the elementKnH has the form (ah1+bh2, ch1+dh2) for some a, b, c, d ∈ C(T)
with a(1) = b(1) = c(1) = d(1) and a(−1) = b(−1) = c(−1) = d(−1). Since ϕ(l)H = (lh1, γ#(l)h2)
we need that both klh1 − (ah1 + bh2)k∞ = k(l − a)h1 − bh2k∞ and

°°γ#(l)h2 − (ch1 + dh2)°°∞ =°°(γ#(l)− d)h2 − ch1°°∞ are small, say less than ², in C(T) . Choosing h1 = h2 ≡ 1 and evaluating
at 1 and −1 we have that l(1) must be within ² of 2a(1) = 2b(1) and that l(−1) must be within
² of 2d(−1) = 2b(−1). For each t ∈ T\ {1,−1} consider those H = (h1, h2) in the unit ball of C(α)
so that the values h1 and h2 at t are either 0 and 1 respectively, or 1 and 0. It follows that l − a,
b, γ∗(l) − d, and c must all lie within ² of 0 on T\ {1,−1} . Since b is continuous we have that
kbk∞ ≤ ², so |l(1)| ≤ |l(1)− 2b(1)|+2 |b(1)| ≤ 3², and similarly l(−1) is within 3² of 0. Thus l ∈ B.

Conversely, let l ∈ B be a function with l(e2πiθ) ≥ 0 for θ ∈ [0, 12 ] and l(e2πiθ) = 0 for θ ∈ [12 , 1].
Set F = (f1, f2), G = (g1, g2) with f1 =

√
l = g1 and f2 = g2 = γ#(f1). Then f1g2 = f2g1 = 0

and f1g1 = l, f2g2 = γ#(l), so 2Θ(F,G)H = ϕ(l)H. Thus ϕ(l) ∈ K(C(α) ), and similarly if
l ∈ B with l(e2πiθ) = 0 for θ ∈ [0, 12 ] and l(e2πiθ) ≥ 0 for θ ∈ [12 , 1]. Since linear combinations of
such elements yield all of B, and since ϕ is linear, we have the reverse inclusion.

Setting v ∈ C(T) to be the function v(t) = t, (t ∈ T), define elements W,V ∈ C(α) by
W = (v, v∗) and V = (v, v). The functions W and V together separate the points of α so
SpanC {WmV n | m,n ∈ Z} is norm dense in C(α) with the usual sup norm k k∞ . Since k(f, g)k∞ =
kfk∞∨ kgk∞ and since k kα is equivalent to k k∞ , this subalgebra is also dense in the Hilbert mod-
ule C(α) . Letting U ∈ A = C(T) denote the unitary element U(t) = t, (t ∈ T ), the actions of
A on C(α) are described by (WmV n)U= WmV n+1 and U(WmV n) = Wm+1V n. The conditional
expectation satisfies Ψ(WmV n) = 1

2U
n(Um+U−m).

Lemma 2.14 For a, n, r ∈ Z the following relationship between adjointable operators on C(α)
holds

Θ
³
W r,W−(r+a)

´
−Θ ¡V n, V nW−a¢ = 1

2
ϕ((U2r − 1)Ua)

Proof. For H = (h1, h2) ∈ C(α) we have (Θ
¡
W r,W−(r+a)¢ − Θ (V n, V nW−a))(h1, h2) =

W rΨ(W (r+a)(h1, h2))−V nΨ(W aV −n(h1, h2)) =W r 1
2(v

a+rh1+v
−(r+a)h2)−V n 12(va−nh1+v−(a+n)h2) =

(12(v
a+2rh1 + v

−ah2), 12(v
ah1 + v

−(2r+a)h2)) − (12(vah1 + v−ah2), 12(vah1 + v−ah2)) = (12(v
a+2r −

va)h1,
1
2(v

−(2r+a) − v−a)h2) = 1
2ϕ((U

2r − 1)Ua)(h1, h2).
Thus an ideal isometric covariant representation (T,σ) of the bimodule C(α) on a Hilbert

space H satisfies
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1. T(WmV n)σ(U) =T(WmV n+1)

2. σ(U)T(WmV n) =T(Wm+1V n)

3. T(WmV n)∗T(W rV s) = 1
2σ(U

s−n(Ur−m+ Um−r))

4. T(W r)T(W−(r+a))∗−T(V n)T(W−aV n)∗ = 1
2ϕ((U

2r − 1)Ua)

for m,n, a, r, s ∈ Z.
The third condition shows that T(WmV n)∗T(WmV n) = σ(I) = IH, so the T(WmV n) are

isometries. The first two relations indicate that σ(Um)Tσ(Un) =T(WmV n) where T is the isom-
etry T(I). Relation 3 then reads T ∗σ(Ua)T = 1

2σ(U
a+ U−a) for a ∈ N, while the fourth states

σ(Ur)TT ∗σ(UrUa) − TT ∗σ(Ua) = 1
2σ((U

2r − 1)Ua), or after multiplying by σ(U−a) on the
left, just σ(Ur)TT ∗σ(Ur) − TT ∗ = 1

2σ(U
2r − 1) for r ∈ Z. This is equivalent to the single con-

dition σ(U)TT ∗ − TT ∗σ(U∗) = 1
2σ(U − U∗) since for r positive the left side σ(Ur)TT ∗σ(Ur) −

TT ∗ is the collapsing series
Pr−1

k=0 σ(U
k)(σ(U)TT ∗ − TT ∗σ(U∗))σ(Uk+1) = Pr−1

k=0 σ(U
k)12(σ(U −

U∗)σ(Uk+1) = 1
2(σ(U

2r − 1).
One still needs to check that the fourth relation implies the general form of relation 4, namely

σ1 ◦ϕ = σ on the ideal J of A. Note that both σ1 ◦ϕ and σ are *-homomorphisms, so it is sufficient
to show σ1 ◦ ϕ = σ on a set of generators of the ideal J. Since the two functions U − 1 and U −
U∗ separate the points of T except for the points ±1, where both are zero, it is enough to state
relation 4) at these two elements. We have just seen that these two conditions are equivalent, so it
is enough to impose the condition only, for example, on the element U − U∗ .

Conversely, if T is an isometry and U a unitary on a Hilbert space H with T ∗UaT = 1
2(U

a +
U−a) for a ∈ N and UTT ∗ − TT ∗U∗ = 1

2(U − U∗), then this gives rise to an isometric covariant
representation (T,σ) of C(α) on H by setting T(WmV n) = UmTUn and σ(U ) = U. Note that the
set {WmV n | m,n ∈ Z} is linearly independent in C(α) : this may be shown by considering the
inner product hf, gi = RTΨ(f∗g)(t)dt on C(α) and checking that this set is orthonormal. Thus T
may be extended by linearly without ambiguity to a dense subspace of C(α) . Conditions 1 and
2 are then true by definition while conditions 3 and 4 follow easily. We have shown the following
Theorem.

Theorem 2.15 The Cuntz-Pimsner C*-algebra associated to the relation α = {(x, y) | x ∈ T and
y = x±1

ª
is the universal C*-algebra generated by an isometry T and a unitary U satisfying

T ∗UaT =
1

2
(Ua + U−a) for a ∈ N (1)

UTT ∗ − TT ∗U = 1

2
(U − U∗). (2)

There are representations of this algebra with abelian image, so this algebra is not simple. For
example, if U, T are operators satisfying the conditions of Theorem 2.15 and if in addition T is a
unitary, then U must be a self-adjoint unitary: U−U∗ = UTT ∗−TT ∗U = 1

2(U−U∗), so U−U∗ = 0.
Furthermore U and T commute since U = 1

2(U − U∗) = T ∗UT, so TU = UT. Thus U = I − 2q
for some projection q commuting with T , and T = T1 ⊕ T2 where T1 = Tq and T2 = T (I − q).
Conversely, if T and U are commuting unitaries with U self-adjoint then since Ua is either U or I
we have the conditions of Theorem 2.15 satisfied. The universal such C*-algebra generated by U
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and T is isomorphic to the abelian C*-algebra generated by the projection q = (I − U)/2 and T,
which is isomorphic to the C*-algebra generated by two commuting unitaries T1 and T2, namely
C(T) ⊕C(T) .
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